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ì1. L. lì,\11.{,\ nntl N¡\NCY I{AUL
(I(ashmit')

r\.bstracl. Clerl,aitr l(tont'ot1-t¡'pc luìes with thcir errol' esl,imates have
rìr,olc simpl¡' been dcrit-ed b¡' the tlse of int
of the Fourri,er aoeff,icien¡ts, \\'e then lbtail

î
lulcs for' \t,'(Z)ll'lli ldT ¡ =- r1s, Ar: fil

J
c1

a,lttl their el'rol bouncls fouùc1 b;1t o."n of [ra'ur?"]11,s expansion. Meanwhile,
\ve show that cel'bain l(rotllod. r'rtlcs give liiic i,o thc genera,lizecl Gauss
integration lules.

l. Intloductior. the Jacobi pol.vnomialt P:T'þ)(n)) d., þ)- l arethose
poll'notrrials rvhich ale orthogonal I'ith lespect to the weight function
i1'tã.ittir) : (1 - .?r)"(1 -l- r)þ 

'an,cl 
/¿,, is the normalizing factor given by

¡
/r,8,,,:\ ll',"'þ)@)P:i'ø)@) l?:i'er1ø¡dø. rt is u'ell knoln that the rules

J

rvhich h-af,e the rnaximur,n degree of exactness (or polynornial clegree)
are the so-called Gauss-.Tacobi integratior¡ r'ules (GJIR) of the type :

i
't(1) r(.f) - ¡1'ø' etln).f(n)c1r : f, r1,,,,f(Ç.0) I R,,(f),

rvitli l?,,(.f) : 0, rvhcnever ,f(ø) is a polynonti¿tl of clegree 2n - 7. 'T}re
I(ronrod exlension of GJI1ì is given by

(z) r(l) - i u,f(u,) +'i!'r,ftu,) + n,ífl,
i:r i :r

rvith tlre clegree of exactness 3ø * 1, rvhere {ut}'i are.l,he zeroes of polyno-
mials orthojonal on [ø, ä] rn'il,h respect to W@' ß)1ø¡ and yr's are the zeroes
of certain polynomial E"*1,u(n).

the first to cliscover (2) was Kronlod rvho deali, with the case (ø, p) :
: (0, 0), the rGanss-Legcnclre rule. Su,bsequently, Pal,terson_ (L96T,),

Piesses & Braders (19?4) ancl ùIonegato (1976) improved on Kronrod.'s
original n'ork. l\fonegato (19?6, 79) points out the I{ronrod extension of
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.f(n) : Fì 

o' 
oriT-'i(n,),

givt'n tìrc funcl,io¡ra,l valu<.1 al ï poiiits r;: rlos (j I t \ "\ 2 /T
wc nee'.l instead .f(u'¡) : \'," u,¡T¿(í¡), given

d=0

il" Ðetcl'ürinnúion o1 cr¡er¡r,snicv coeffÍcienúri, tr ol u: r12,r,e lequir.eclto inl,rocluce

TC fi,{

z' 
oo : 

¡r *-!,,

r)N
2 -__,

/v 1':s

j:

that the funotiorL vaiucs at, the ¡t + 1 1;oints ,2.j : cs5 JI , j _.0(1)-òr.'À¡
!fl::: Iirgle rri'irle.inrlicates fhaf, ilre first t,mr;r is to rre harvecr ancl double
lr.uìre rl*ans flial {irst and l,hc ]a¡st ter,m is to be rnurtipiicJïy r12),

ftJince 0¡ : (2i - 1) -;i, i -= 7(1)ñ be ø pcints equi-spaced insicle

10, Tl, so th¿'r,í, æt. : Cos 0* are the zeroes of T¡($ over l-1, 1], Considerthc uricì-poinl, ai;ploxir.a,fion

(7)

l'or [(,f)

(,s)

an11

(e)

(t 1)

If l'e clofine the nunrbcls

,N

", - -7; ), /(r,,) T,(u¡), 'rl :- 111¡¡r,
1\' ;_t

1(ô:--'-,
2

ø"'¡ : ct,¿ -l- 
,,åì 

(a2ntri -i I cls,,u+i)t

'.f(rÐTt(ni), i:0(1)¡f, c¡: o

,t =- 0(1)¡/

ll, is of inl,er'esf, i,o c.*rpa'e trre interporation coer.ficients ø¡r aí with bheFourier, coe.tfieit'uts 1r¡ ù thtur;

(10) d'¿ : cL¿ + i: f -1)"(ør,',0-, I ur,,,t+ò, ¿ :0(1)lr-1
and-

(See Fox and Palkcr llglzl). From l,he abor.er trvo eilua,Liu¡r. \ïe ha,ve:
'Itrrron¡;u L !Í ^or,. 

ancl ai øre tlte ûlrcltlJ¡;l¡eu r ,.l,fi.t:í,tls ar1,l cL¡ *t,ath'e,'sunl Itom'icr ooe.i,ficí,ents cis clcïittctt oiií",, ti,",, '!'t'f 
i

(12) | @, I a|) : ø¡ * asu-, * ø+"+¿ -l-. . .2

\4re note that above is a_bette' approximation oT ø¡ fo' arr i, û ^< i < ¡ras comparect to (10) or (11).

160 È. L. RAI|IA anct N.{NCY l<-¡,rrt,

ø-point GJIR cr¡r'rcspo-ncing to (o, f3) : (*I12, -tl2) antl (I12, Il2) in
explicit fonn¡. The nrlos aic exact for. poryno'rials'oi cleEir'òe'léss'iÍra"
4,n, - I antl 4t¿ -f ,l , respcctiveJ¡'.

. fret^?'",(r) : C9* (;ri.arc Cos r), r,? .- 0, 1. " . be tÌ,e Ohcbyshe\¡ pol),_
nornials of the first l<incl lcfinecl on [-1, 1-1. [f .f(ø) is corrtinuous and boun-
rledvariation on [-1, i1], bhen/has auiii:oiirtrli,."rr-n.r,ge;ib Che'byshev_
Fourier expansion over [-1, 1] i

(3) l@) : f)'ct,"?"(n),
t1--O

lflhg lrime^gn lhe ßurnmal,ion inclicates tlrat ttre fils t, 1er.rn is to bc halvecl)
\Yitlr ¿u : Cos 0, since 'I',(n) == Oos rz0, (B) becorncs

(4) .f(cos 0) ,: ).ì 'on cc,\ 1r0,
2-0

(5)

(6)
(-

L(Í): \f(cos 0)rt0 1t

J 2'fl0

!q pi'acl,ice,.the integrals are :r,pproximä,1,cd-!y surrrs ovcl a half pr:r,iorl.
The trapezoida,l rule is approxirnatecl using JV or, -l[ f 1 points

0¡ :. (j+ ") ;, 
j :o(l)lv-l, fol o, : l.

: 0(1)ì/, fot ar =-- ¡'
Our main resulbs in the paÌlet' rìt'e Lion 2 connertting
interpolal,ing coefficien'¡s to the ection B,"lve theñ
show that ceri,ain closecl forrn I( .wi1,h théir errors
turn out to coincicle rvii,h the extcnclecl Gauss ohebyshev quadratures. rn
Sec. 4 we obtain cxplicitly a family of exl,endecl lules rounrl the unit circle
C.y : lZ I :1: 

Çg_rt_aiir extendccl rulcs over [-1, 1] rvith the weight func-
tion (1 -u2)-1t2 lLave becn dei'ivcrl fronr fhc cxtentlecl lules"ovcr C,
for if .f(zo) is analyl,ic on f -1, 11, then ,(*#)eA(R(r-J, r)),r>r.
Using T,au{ants expansion, l,ire_estimates of ì,hese rules more simply turn
out to be tire satne as l'oulcl ob]rcls'isc result over Ililbert spaces'through
I)avis mei,hocl.

the n'ourier cosine expansion of thc¡ evcn periodic frinction,f(Cos 0) over
half the periocl_10, æ1. Thc coefficieritsin tle ri'ouricr cxpa.nsion (3) or (tt)
are given exactly as

L,et

n
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wltetrcr''r,¡ := flss 
;,#+r'Jìhe 

cortcsponclilg ellol is givon b¡'

Ilfr^., r(.f) : nl!,!í*:r((l - rz).f(n)).

' -[,: n;J rl,onr¡tcs thc Cl.leb¡rs]rev tr'o.uli,el coeffi,eients for' (1 '-' az).f(n), thcn

nI : tU- 
(2'u,, -- (t,¡t+2 --' (Llh-'2¡))

IIIí**,(Ð -- n ! rirî1,r,.ru,,

0r ItIL

girrcto

(16) : " i (lú4u,¡ ¡.1,, -, - 2ct,4rN.r4,o * uqr,rt,+qn+r)
4 ,,Et

flhe above intlicates that the above lulc is cxact fol the pol¡'¡-Lernials of
deglec 4M -l- L.

(i,ä)'t4rtencleil, Gauss-Jacobt' rluo,ch'cr,tu,re.formulct, (scttt'i'open type).
'Iho exl,endntl tluath'atur:e fol'runr'la of the t¡rpe (13) appliecl ûo' lihe functiou
(t - ,r)/(ø) l'ith 2M -f 1 points giries

lfirnonnlr 4.

j tl Ï)"',,'''n' : i LlÐ. 
sin2(2j+ r);1 /("o' zl:i*\ *)'+

+Ë" sinz fiÍ(*- # )] + zl;r, (1 - n).r(n).

2Al(17) :ñå',t -a¡)f(u¡)+niln,*,,U')'.

rvhele r, : ('os - in 
- and the la"\t tollnl in the suuunation aboyt: is' 2N +2

to be rnull,iplied b¡, 712. ¿\bove is Send'-o1-tcx fotnula besause of I'eighl,
ze,-o aN n : 1. It is easy to obtain

(18) nlÏn,,,(/): t. 
i{on,"-, -zct,+*t¡.*ø¿,,0¡+r).2 ,il:l

\\iith the hellr of (18), (17),is exact for alLpol.vnomials oI cleglee < 4Àr - 2.
Nor', let e, denote the cllosecl elliptic tlish in the complex plane boun-

tlecl b¡r the ellipse witìr foci a,t, (J , 0) anù ( -1, 0) and. u'il,h half axes a antcl b,

u'here tr -l- b :1' ) 1. Lelb/ be real valucd on [-1, 1] rvitlt an extension
n'hich is anal¡'tic on e,, Tlten il, is I'ell knou'rr (Cf. l\{einarclus [11, p. 911) :

(1e) I ø* I ( ff', uu,: s'ulr il f @) lz e e,).

!l'hus, wit,h t,hc help o1'(19) flom (14), (10) ancl (tE), \Ye ca] fincl blie esti-
nates of erroLs of the c'ollesponding forinLilae:

t6¿ I]. L. P"A1N.4 alld IiIA.NCY KAUL +

3: Ilerivation of quadr.afurc folrnr¡lire

1. Extendecl Gauss-Chebyshev Q,tla,tþ'atul'e Folmulae (closccl ¡1'pe). TJ'ot'

i' :0, Eq. (12) gives

i r -r.\-, I

\,t - o')-)./(.r)crø: î LÞ: 
r('"- (zi -1, rî ) '

(13) 
-1 

*Ér,,, (,'". 1+ )l r rl;" ,1¡

We note that, al:ove is Klonlott t¡,1ltt cluatlr1tutes of the ftlrrn (lÌ)' Upott
si mplification, x'c havc

Tunonnm 2.

1

(18') 
5,,t - *,)-J'.f(a,)ci.r : r+,{,,"/lo,oo 

.#). It';!;,,, (.f).

-1

I\feanwhile, rve fincl that a,bove is simpl¡' iihe Kronrotl cxtension (1lrl)
of the n-point, GJIR in the closetl form correspolding t9 o - þ : -1'12"
as shorvn"byl\[onegato[1I?6I, lTpon oornparisortu'ith(12)' the corresponcling
error is given by

(L4) Ðll,*.,(Í):.' Ë,,u,,n.

We olrserve that (14) implies trrat {X ';- , rr(lr':O,wltenet,et'/ iir a ltolynomial
of degree less than 4ì[. If the Chebyshev coefticients for' ¿./' clecrease suffi-
ciently rapiclly, then for largc lI,
(14') D'iur* | ,U) - na rN.

above ind.icates that the above rule is exact lor pol¡'nomials oli clegree

4N -7.
C us e (ü) il nte'nihed, Gu,us s - Clt, eb y slt e'u quadr a'tut: e l ornt'u,la (2 y D lt'it1;þ',

The extenclòcl Gauss-Ohol¡r,shcv quaclratulc formuLa of the olosecl t¡'pc (13')

appliecL to ¡he function ( - u:)t@) rvith 2N + 3 point hasecl on I(ron-
rod.-rule gives

Tgnonnu 3.

5 
,t - -'¡" ¡ç,'.^r: ad,,i I

À't-t

Ð sinz(Zj - tl nñL_f , ,

x / (cos 
.#u") * 

,8, 
.t"u (r, r) / (,,u'' ¡ i l).1, 

-t , t",**,u) -
(15) : J 'ï'(t rj).f(a;¡\ 1 !:i|)n r, (/),

Zlt *2 ¡2\

-1



ì$ol' suJrstitriting the abot'¡r in (?4), Ntl ltavtr

(25) in,,(Il)t < ,..?T , (tr, -l- n[, '\.| '"\ 
rztL - l'

\\'(\ r,(,ìniìr,l( i:lrnl n l)r'()¡or r,'lurictr trf'a itt 
In, ,î] 

rr'nf ltt'lp tt, r'etluee t}e

nlrnl¡er of Î¡ncbion crvl-t'þla,i,ious. In parbiculâr', s'o notc tlte following extcn-
r1ec1 quatlrtl,tures.
Tor ø. : 0, tt': 2ìV -l lt

(26) DL[on*,(./) - r(/) *ï(r(1) + 2 Ë,rt"-#;l))
Iìor: ø -= liln, n -'.2Ñ I l,

(27) tt2l,',,,,(.t) ,= /(i) - ,:! :(,lt--1) l- 2 \ .[['',,*12j-t)/': \\',\.r./ 
f ,V.l_t\rt 

t)-r¿ år\ tM_l 1 /i
lìor ø -- nln,t n, ':2'N 

,

(:rs) Æ1ï*, , U) , - r(i ) - -;'r ,E,r ('"- 
(2i -' 1, * )'

lll¡c etlol cstimatcs for (26-28) a,t oncc follon'l'l'our (21ì)' llurtllcr
x'c ol¡scrve th a1, using (2J) the sài,me estimates clo lcsult f or (14), (16)-anc1 (18)

as clerivecl in srcctioi 3.'Atl these estimatcs l,uru out, rnore simply j: !"
ilìo-*i,,t"ó as o¡horrviso lcsult, Lrsing tliffcrcrnl, Ililbtrt't spaccs via lJavis
nrebhocl.
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Sin cre 'll 
,,(tt') :

It: I2n,, -!Att, .

It: 1 |2nt !{tt,,.
at *idtilü

0,
J
I
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(20)

Flom (t3') ancL (20)r tr'o ha,t'e 
¡ 4N_1 ini
l+

(?t ) 2tl!:,,\, , (/) -, /'il'l^ , , ( /¡)'- ll"1')'lt --r3- -E /.'(' 
À')

cr

\\ro obscrrtro l,hal, abovo is tt, palt,icrtlal castl of 'I'hcorcrrl 5'

'ù'rno ul t 5.

r|!/'(u) :

6

'í. lixlelrrletl irltr'1¡r'¿li¡9rl ¡'trk' r¡rrr¡l¡l I If /(r¿) ( tr' - !l(to)

i* ,,,,*ii'tir"r. i--r, iiir,ì,",i'trt*t" cxists 1' 'f(tu) e ul( eo) antl'

s,,t *cqu"rrt n,, (U#)e /'1Ir(r'-r, r'))' 
^ 

c]r'cle{J'( H(r-L'r))'

r)l ancl ruìclcl i,r'an-sfo.ríation zo :112 ('t') Z.t), ft-is tnappetl oulo

1,he intelval -f <ì; i1 coo,ttetcl' trvi't'e,'æu extentletl lule or;cl dr is

;ìi;t;i;; oùì"itt,,¿ ir,rt. ut'' ctlui'ale.t' rulc oYol' [-J' 1l'

Norv, lt'1, JQu) ezl(e,), r' :' I atrtl J"(r) - ,(Ùí:)' 
'tt*''

['(z) e rl(t'-r, t'), ,' ] 1. Siucc

tfI
I .\it1r;,tt = \ iL - ,,,21- tt'¿!(tt'rtl¿r - 'I("Í)
ZJ J

C1 -t

(22) [ ,rr"', ," - 'ï' .n .Jr1,,'r' r îiiN)) 
?

J " ¡'ä tt'
CL

Jur a :0 and n, :' 2'Lr'
The al¡ove rcl)r'cijorìis a..xttntled faruity of ill,eg¡at'j.¡ rulcs o\ro1 dr'

\vc nos, fincl the ..ii"r*|à*'tå, çzZ¡. Applyirg L.,aulaîts expanr]ion t,tt It'(ø),

rve have

(23)

lvher'0

æ

l¡(;) :1,u,,2"1\-,
u'Ïo k:

[ {']q ttt Eø bt.: t.-.[¿4-1¿,'(¿)ú7¿

I Lor, 2xi ^) .õ, c,-1

1
Ar:--" 2ni

If -8, cleuotes l,he er,r'or of solllo llullLelical apploxinrir"lrion, rve lta't'e lrorn (21ì)

(24)
.ææ

It),,(F(z)) -= 5 n,,-tN,,(øk) ¡ \,b¡Ð(z-k),
'-n 'Þ:1

lÞ),(1,(z))l *fr @¡ltN,,(ø^')l + Ë þ¡llL,,(z-t')l
n-:O lt=1'

Noting lø¿l ( T-t'M, ancl lÚr¡ | 4 t'-bM''-',

rvlrere M,: max l-l'(a) I on lzl : t '

ol
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