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ON SOME INEQUALITIES INVOLVING ISOTONIC
FUNCTIONALS i :

DORIN ANDRICA and MIHATI ONUCU DRIMBE
(Cluj-Napoca) (Romau)

Iutroduction. Let E be a nonempty set, # (B, R) the algebra of all
functions f: B — K and & @ subalgebra of Z (L, K). A linear functional
A - o — R is called isotonic if the following condition is satisfied : fe o,
f= 0 implies A(f) > 0. Let us denote by M} (#, ) the set of all linear
isotonic functionals normalized by the condition A(l) = 1, where 1 e &
ix the unity of /.

Some inequalities for the functionals in M} (s7, R) were investigated
by many authors in different situations for the set . B. Jessen [D] gene-
ralizos the well-known Jensen’s inequality for convex funections, P. R.
Beesack and J. B. Pedarié [4], [11] oxtend some classical inequalities,
J. 1. Petari¢ and D. Andrica [9], [10] study some Jessen’s type ine-
qualities in abstract spaces and Griiss’ type inequalities, D. Andrica and
(. Badea [3] give some generalizations for the ineguality of Griiss.

~In the first ection of this paper we give Lwo-new inequalities for
functionals in ML («#, K) and tunctional determinants. One of this inequa-
lities is a generalization of the well-known Gram’s inequality (see [7]
pp. 45). In the second section we improve the results given in [1], [6]
for convex functions. As an application we obtain & Korovkin type theorem
for Markov operators.

Inequalities for funetional determinauts, In the following we consider
the functions fye o, i,j =12, ..M fiy = fir. We assume that - for
every te i
(L Dty = det (fis (Di<ijer >0 k=12 ...,n

. Tor Ae Mi(s#, R) denote A[.Di] = det (A(fihenict
TreoreM 1. If Ae Mi(#, R) and A[D;] # 0, then
(2) A[Disy)[ALDY] > A(Digs/ D)
Proof. Tiet us consider the function I: B x R* — R, I, x) =
= kf Fis(t) @ @;, where @py, = 1. We observe that
ij=1

(3) T(t, 2) > min F(l, #) = Dean(t)/Di(t)
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Applying 4 to the inequality (3)we get :
k1 ; e it .
_Z] 44{"‘“) 2 a3 = A ('?)ﬁ'-l-l_/-Dk): & — (a/‘” o ", wlt) c ]'03"
By j=
It follows
k41

ml]l E f, )12//"[ it = A‘l(D;H_]/.Dk)
sj= S il e

¢GR1‘
and we obtain the mequahtv {2).
CoroLraRrYy 1. 7T f Ade M (S R), then
(4) " . (ALD»J N (])1/“)
Proof. For the beginning we su
: ppose that A(Dy) % 0, § —
-5 % Using (2) and the extended Holder mequahtxﬁ) (.see 54]) 1\\ e, Get

A[D,] —ALD =L _ALD,]  A[D,) B _Aj“l),i
AfDl] A[D,] A[Dusy) i )A(DZ/B)

DD = A VD " ,((I/'Ji‘?;’/bi)").--

A(( Vﬁ;]ﬁ;l_l))n >An( Vm ) — 4 “(i}jn

Dn 1

In the case when the eonditions Al D
0, k=
not satisfied we consider the funotlons IE Ef) I_]}é prnd
and A[D}]+ 0, % — 1, 2, 5 yl

We have A(f )= l(j,,)+ a -
y g5 and it follows that 4 [D¥] —
A[D,] + &, where : 0 w hvn g;;—0. Aecmdlno to the above result [we ]get

(A[DF M > A(DE™ and for ¢;— 0 one obtains the inequality (4).
CORROLARY 2. 1f Ae M (s, R) and A L]),,] # 0, then

(5) 1/4[D,] < A(1/D,)

Proof. Supposing 1;_th‘§ A|lD] # 0, I = 1,2, ..., n we observe that

< hoare
o+ &y \\ hele g€ R,

LY TOL (o Y (e Y B N
ALD,] A[Dy] ALD,) A, 5 A(D,) 4(1} )
: . tann 1 D '

DH—]’_

[4] we have b

-1

A,(D)A (-D-Z) A (]L) - A(i) > grh (VDIEZ-._ Dy 1Y
D, Jg). D, D, D, D)

R s

e ey () wheause trom the extended Hotter meaquatity
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“If the conditions" A[DA] %0, k'==1,2,..:, % are not satisfied we consider

the functions fX(t) = f; (1) + €5, @8 In the proof of Corollary 1.

T
AN AppricaTioN. In the case A= 2 and A =ML (5 R A(f

(f 21) + f(#s)): from ;.QQI'QH&’:’Y:_ 2, with fi, = f; fio.=far =03 :J32 = by, we
obtain
1 { et '--v<\:;'.'1 o pgilesy ity o b ok
m+ ) —(g(@y) + (@) ) NE

- 9(,) +9(23)) ——Uf(’l‘ } + »‘Bz)) | s it

2O | = w|r—¢l

LeL i _j r,), by _g( r,), o = M), =1, 2 anrl 11; ruultq the ine-
‘quality - !

8 1 1
(6)

g = [ =t + 1 PR
(e, o) (0 bf 6Bt e — b

under the condmon% a; >0, @ 6= b >0, 1 =1} 2.
The 1nequfmtv (6) is the problem 3.31 of [8].

. Turorem, 2 IfA e Mi(A, R) and (1) is true thep - .
(7) E A[DQJ:]_ =z 07 pP.= 1, 27 P

Pmof Flom (1) we obtaln 2_' f,j x:'fv‘j > 0 for évéfjr 2 e R and
__t/l . ' 4105
f01 evcxy teE Applslng A we geb Z A fir) @ m, > 0‘ for every o =
£,7=1
= (@ ..., /p)eR” I
According to the theorem of Sylxrastel we obtmn (7).

An inequality for the: funections in 02(7”) ‘We consider # a compact
convex subset with nonempty interior of the Euclidean space R*. Let
Pr: /> K Dbe the k-projection, defined by pﬁ(z“ L3y -y mj,,) = %,

k=12 ..5,mn The followmg result is given in [9].
, TI[IORI‘M 3. Af fe C(E) is. convex on I then for every fmwlwnal
Ae ML(C(R), R the followmg znequahtdl holds . : J
(8) ' CA(f) = f(A(Pl) o Ape))

Our next result improves thc mequahty (3) in the cage when f is &

function in C*(1]), not necesmly'convex on B. In this case we (ons1der

the Hessian matrix of f defined by

O o8 hI,;&[I(f)(m):( W e ) ..meza.

aw; day
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Denote by |H(f)(«)| the Frobenius norm of H(f)(z) and by K, = max

THEOREM, 4. .If fe CXE) then

10) AL — AW, . AP < K, S [A0E) — AXpa)]

k=1
Pfroof. Aecording to the Taylor formula we have
() = f(4 ; T Of R azf iy
J(z) = fy) +k§1 (e — y») > W)+ B —— (B} — y) (% — u)

Xy i=1 83&8:0,-
80 that

J@) — fty) = <O f) @ — 9> = CHEN® — y), & — g

Wherel <,» denotes the inner product in R*. From the Schwarz
we get J

ingqualitgiy
@) —fly) =<V f), 2 — gy = KH(f)(EN® — g), 2 — ¥l <
FHEE @ — 9 e —y | < [HEE | Iz — g |? < K, o — 2.
It results
—Hllr —y P+ V) @ — y) < f@) — ) < (VHW), & - gy +
+ Kyl — g |2
Applying 4 with respect to & we obtain

1)y - Iffj{): (A(P}) — 20 Alps) + 42) + Z (A(pi) — 1) a7 y) <
=1 : k=1 oY
< A — f) < 5 (4@s) — g0)-P )+
k=1 &y

B

+ K, Y (A — 290 A(ps) i)

k=1

Taking yp = A(p), k=1,2 n fr

y b= 1,2, ..., n from (11) we get (10).

%11 :]ll‘ianmse n = ]t 11‘0}1': ((1‘?%‘ )we obtain a result cunbtaingz.d ;n (17

_ e dnear operator L : O(F) — O(F) is called a Markov operator
it L(1) = 1 and L(f) = f for every linear function Jon K. e

CO]T’QLLARY 3. Let; (L) be a sequence of Markov operators on C(R)
If L,(¢) = e, where e(z) = || |2, then Lo(f) = f for every function fe O(R).

Proof. From (10) with A(f) = L (f)(z) we et |L, &) —
< I{_.,_[La(e.)(:x;)_—- e(@)|. So it results ||"Lu(j()‘”i }H < .IE. []LL(Q)('{)—(-JJ|[ -Fo{:(f\)rLrg
Tanction fe ({Z{E), where | -| is the suprenhun norm in C(K). Frmilt-hﬁ
above nequality it follows that Ly(f) — f for every fe C%(K). But CYE)
Is a dense subspace of ((E) and the corollary is pl:(]ved via. the Banach-
Steinhauss theorem, beeause it is eassy to see that M|l = 1. ’ |
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In the case » — 2 we obtain a result due to A. Lupag [6] and V. T.
Volkov [12].

The authors are greatfully indebited to Ion Raga from Politehnic
Institute of Cluj-Napoea for many interesting remarks on the results
of this paper.
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