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1. I-.,et us consider t'he linear recurÌence of order 2 :

(1)
þ

Lt(a,) : Ðj:o
il¡ ünt J

:OtnÞO

'where do : I nnd. tlo * 0. As it is l<nou'n (sec l2l), thc representation of
the secluences which satisfy this relation is relatecl to the solutions of the
algebraic ecluation :

(2) tnlt")lt,:f d,¡ti:fIA-r,1.
j:o ?: I

For example, we shall use the sequence (u,)u2o defined by :

(3) Ln(u") : 0, Yn ) O; uo : %t,-z: O,t ,trn-t: L

If the roots of (2) arc s¿ multiple of order qb Toyi : I¡ . . ., r (rvith
h-f ... I E,:p), thon:

u,,: i pt(n). s,i
í:1

where Pt is a polynomial of deglee 4¿ and

¡ "'U)'s{ 
: u¡ . lor j : 0, ...,,p - 1.

so, if , :'lt,that is tl_ . . . : tn: s, then :

'1.1,¡ :9tt n
p -1

and if r : fl¡ that is t¡ * t¡ far i *.f, then

Mtt:
t,

Ej:1
r|] lntu - ü)

i+i

o - c. allc
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Proo.f. It suffices to apply Theorern 2.

2. In [4], D. E. \\¡ulbcrt has proved :

IIausrTorff sltace wlticlt contai,ns
ct l? hc a subspace of f ín,i,te coil,i_
lineur opera,tor cle.finett on, C(X)
h J in, C(X) ønt(, aq,ch, tr,onisolateíl

using llheorem 1, the folowi.g rclatecr res*rt can be proved.
I'noposr'l.roN 2. Let.,y be a contpuct II spctce. Letspa,ce n,ensi,ott, in, C(X) which, il¿e cr¡n,sta

and, s ittts -of X_. 
^Le.t 

L'e (C(X\ il1i li: r,ch(p . rh,än rrf(z) : ttyl'¡"í c(ï¡ 
""asolq,te

_, ^ _.Pt'oof. \\'t, apply llheorern 1 u,iilr y :.tlrf{: C(_\:) an{ l: Ctì(ll)"rt follons tha,t r,f :¿on ch(p) for all ¡e c1x). No*'l'suffices to showthat each nonisolatecl point of -y is in" tne blósure of crrt?1.
Suppose _the exist a nonisolated poinl, y arrdarn open set [/ tv cloes not intorsect Oh(pi. l;;

?tr =: s66li1¡(P). As of pr,opositiãn 1 (seo f +ì, rí. 3gsj
w.e. construct nt { _ sr all of nor,rn olre, .ut ióti t a-.é
flisjoint suppo'ts ancl such that the support of e¿r,ch is conl,ained i' u.Then there exists a linear combinatioi I + o or irresð fìnctions ¡,rrich
Tjij;llt/'r.anishes on ct(p), hcnce rry tire l¡".,"r;r-^a,lirr,"* pr,i"àiprã
J va,nrstlos on _L, a eontradielioll.
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2. rn u,lrat follot,sl r¡,e shall d.eal rvith thc conc of convex Se(ìuenccs In

respecl, to the oPerator -L, , that is :

K,,(J'p) : {(a,)iLr: Lr(n:,) 2 o, o < ?¿ < ru - P}

or
I((Le) : {(n*),;o: Lr(n,) > O, n' > ti}'

1¡hc : 1 co itY of

order p as ). w9 I l'hese

(ordinar¡,) in [1]-r,], trar.Y)

irr [g] *rì¿ e in [16

lnuonnlt 1.. a) '!'he se{luan'ce r,')'i,l:o -l¡elongs 
to K''(L) iJ an'tl onll¡

if íttnay he reltresanlaaUu ê),wittt' 1¡t>' O for p < 1 < m-p'
b) ,l'lta seq o balon'Qs to K(Lt) if tr,+t'tl onlu iÍ it nr'ag be ra=

ytrasant'ad, bY (4) for 'i 2 'P'

The result f¡ 'rr"y 
l.le reformulatcd if v'c consider (ry i!

*., ¿å,iãi" I¡1" [10], [11] u*a ¡rz1¡tJre metric cl on rS', d'efined

by'

d(n,lt): fi z-' lu" - !t"l

,:o 1*lr,-Y"1,

for n : (au)n2,o and' r¡ : (y,),>o'Lct us also put :

Lo@) : (Lr(,r,,))po.

We have at once

I-¡]ì tl¡,¡r 3. If w1' ís giaeru ItY (6) then,:

Ln(tr)tur) : g Íor 0 < /c ç P - 1

and,

Lr(Eo u') : (òn,¡¡-e),r70 Jor k' Þ tt

uh,ere à,,,¡ is Kronecher's s3lnt'bol'

'Innonulr 2. Tln sequanca r belon'gs to K(I'r) iJ an'cl' on'111 if :

(7)
æ

s -litn frit - \ $t'
,¡+æ l_0

where

*" : i Ut' llh un, uit'h' Ut Þ o lor h 2 P
À:0

and, th,e timi,t is tahen in respect to tl¿e 'mettl'Íc d,.

Proof. As -/1" tt'P ltas the first ,i¿ componcnts zero, €rnY seqxence #

is the limît of such a linear combination (in fact, n and. n" lna've the same
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rìeferences to other methods of representation of recurrent sequencesmay be found in l1l.our basic meflrod of study is furnished by the following result.rvhichmay ìre proved. b¡' simplc comþutation (sce ¡io1¡ : 
-- -

L,nllrw¿ 1. If the seçluence (n,),>o is reTtresenl,ed, by :

(4) *,: y Qtru+n_¿_rll¿
¿=0

wltere (,ú,,),,>o is giaen by (B), then:

Lr(n") : !1,+p.

Tf (n,)*¿o is given, Lhen (y,,)n¿o m&y Lrc found, step by step, from (4),so that .vye get :

IrDrrMA 2. Let^^? c lR. In r¡rd,er _tltat Lr(t,) e p for eaoru n ,Þ 0it isnecessa,ry und,suffi-Aenl-ilril(n,),)robe represented, bu (4) uith yte p for1,>p.
Conor,r,ar¿v L The sequance (nol,>o aerifies the relntions :

Itp(no) : gn, n )- O

iJ and, only if it is represented by ft) with yi : ø¿_1,lor i Þ p.
CoRor,r,,tnn 2..I,he sequence (ru),>o aerifies tl¿e relatíon (I) i.f and, ontyif it is representcd br¡ :

(5) *,,: t u,7¿¡p-t-1 lli .
i:0

on 
-t-þ9 ¡rectol spaco s of ali sequenccs, let us considcr the shiftoperator Z dcfinecl for any r : (:rol,2ç Ëy :

Ðr : $' : Çri)u>0, n," : O, fil : uu_t¡ n ) L,
ff rve clefine the sequencc :

(5) up : (ut,-t*nln>,
the relal,ion (5) may be rcwritten ars :

*:'lrt 3r¿.rxi ue
d:0

where 1)0$ : n und, E¿is obtained by thc composibion of i exomplars of Ø.
'Ihus rve have :

Coßor,lÄl,v 3. 'L'h,a se(Luonces :

,4D, INr¡,1' r, . ., øþ-lrtp

form a busis for the su,bspuca of sequencas tul¡ich uerify (I).
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Proof.l'rom the theorem 2,lve.have ÐkuÎ e-Il(L') 'for 

lt' Þ O and'

atso - Dt,u, e I((Lù i;r ö^< i;: p, *o utäi tlã conditiò"s-(0i and (10) arc

necessâry. trrey are äis" ùiii"i"üi. F";;;"i-eIt(L,) n'ehave (7) ancl so'
first m f 1 comPonents). But

Lr(n"): (!/r,, .'.¡!1,,,0,0' " ')---+ L, (n)

so that r is in It(Lþ) it antt onlv it y* > O lor n ) pt'

3. In [16] lve have also characl,erizecl the elements of 1,he dual cone

ot K*(Lr) that is :

ì
Itf,(L),) : 16,,ll:-0, i (t,¡ n¡ç >z 0, v(ør)î:o e \t,,,(Lr)l'

tã-o)
e obtainecl for the first time for con-

refercnces)'
bY J. E. Peðarié in [1^3]'
îhe rePresenl,at'ion for

sY frorn 'I'heorem 1'

ll'rrnonnm 3. I'ha scqlúency (a,)i:o belongs to Kf,(Lò íJ and only if
it satísfias the r"lations:

n

2 onuu*r-r,-l :0 for O < /' < P -L

a,nd 
n:It

,n

Ð o, I't¡-¡p-t;-rÞ 0 for P 4h 4 m'

using ftJ; 2 rve can t'anspose the result, for the case of z¿

infinite. nîrt, as in-lf'¡l *,e wa^t to cieal rvibh a more geneÌal case' lYe
rãmind. somé d-efinitions. llhe lunctional -4 : B - [Q is saitl 1'o be :

al suPeradd'itiaa, iÎ :

A(m -l y) > A(n) * A(v), Yn,Y e I ;

bl posi,tiaetr¡ superltomoganeous, if 
"

A(an\ ) a' A(n\, V ne C, Y a Þ 0;

c) uPPer sernicontinuous, iÏ t

(8) tt13*"n A(n") ( ,4(lim r")'

lrrnoRnrrr 4. Lel, A: B * [R be a supperad'dit'ítse, Ttosíl'iaaly supe!-

Itonrogeneous, uppar"s'a"nî*nü¡nuå,,r ¡unition'øi' In ord,er tñ,at A(n) ) O for
euery" * e K(L,f it, is nacessary and' su'fficient th'at :

(9) A(Dhun\)oforh>o
and,

(10) A(-Eru"\>O for 0</d<P'

for n) P
I A,'l|"u') 2 A(Youe) t

A(r") : A(You' * Yt'lìu' *

t A(llr'Euo) + "' * A(y'' Ðu') > lyol ''4((sgn Y,.)uo) *

+ ." *lyr-rl ''A((sgn !lo-t)'ne-Lup) i !l'' A(Ileue) {

. + ' " * au'a(E'u'e) >' o

tlrus, flom (S), A(a) > 0'

Conor,r,¡nv 4. Let -4- : B * R. be--" ldneør und' contin'uous 'functional'

In ord,et. ttt,at A(n) ;'å' fir' îouri.iitn,¡-'ii is necessarv and su.fJicient

that:
A(IÐÈwa):O lo'0</t<P

and' 
Aglhu,) > o Ío' tt' 2 þ'

We remarh that in t'his corollar,Y tR'-can 
'bereplacect byan arbitrary

linear'i"p"ìàg*,f space wittr 
-a 

"posit'ive" cone'

Ifwedon,tworkwithd.ivergent.series,Corollary4takesthefollo.
ving form. Let us clenote :

I{* (Lp) : I

I
a¡, : (ar,)u,'o ) 1 n, i ütt : Ð 11 n) n¡

& aø : fr (tnfi:t > o, V ø : (nn)n>oe I{(Ln)

'l:o

oonor,r,¡rrvS,TheJinatQ¡nullsequenceabelongsto
K*(Lr) iJ ønd,

onl,11 if
a,Eh'tte:O lo,0<k<P

and' 
a.Ekue2o lor tt,2?.

Wepointo,'itn,ttheseresultsgeneralizet,hecorresponclingt,heorems
from [5] antl. [17]'

4. We can turt'her generalizethese results as tollows' Let á : S * S

he a continuous úi'ï" å;"üt;;;" s'ã"¿ L\'LL l'wo linear recurrences

ät" ti"i"ä"î[il'hnäit"bl-em is when holtls :

(11) A(K(L'\) c K(L.J'
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Tnronrcrr 5. Il A: B -Ñ is u linear conti.muous operü,tor, th,an (1I)
Ir,olils if and, onll¡ if :

Iio(A(Il^'wþ\l : O lor 0 < k < ?
q,nd,

L'.(A(DEwP)) > O for h 2 p.

Proof. A.s ftrbnPeI{(Lr)Tortc) 0antt -l')iy' e /(-tr,)for0 {k {p,
the conditions aÌe necessary' They are also sufficientlv' rnd'eecl, lct fi e

e K(Lr,)

So:

Ily (7), r: lim Ø", whete r": E llrE^'uÞ and y¡)O lot lt)'¡t.
n + oo lt:g

L'r(A(n)): lirn L'o(A(m,)l :

DISCRETE CONVEX¡TY CONES ?L

,: i lf t + /'--l) kup * pru,-r] z¡12¡ 2 o Jor hÞ p,
^3.L\ n l " J-"''"
As in l,he other cases this gives :

'Irrr¡onnlr 6. The linea,r continuous ,fu,ttctional -4 : ,S --* p aerifies
l;he cond,ilion -4(u) Þ A for euery ü e JII'K, if and, only if :

(u I p - I)A(Ehu') + (k - p + \)A(Ðhqn-t) - O for 0 ( k <p
and,

(u lp -7)A(Ilku')iQt-p +7).A(Dhryo-') > 0 for h2 p.

nn the special case í? :2¡ 't) : 1 this rcsult is given in [11].
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and only if :

'.:j ("*i_';-') +),r,2,)orork27t.
This may be transclipt a,s

Ln¡rrrrl 4. T'lr,e sequen iJ and only if :

fr+Ø

lim x
/i:0

It

yr. L'o(AQrþu,D)) : l* ¡ ?/r' Lä(A(t4ru')) Þ 0
1t)@

l

I,

I

l
i

l

I

I

I

\Ye remark l:hat A is usually given by a rloublc infinibc matrix .4 :
: (an¡)n,t,2o rvith the property that for àrry n) 0 there is a /i:,, such that
ã,¡¿h :0 for /c > /c,,. If u : (nr)nrs th.en

| @ 
, t,.ìA(rl : (*E o"" 

lu>o

The case of triungul,ar matrices, that is /c, : ?0r wâ,s studied, lor L, : Li :
: A in f4l and, [?]. His special case of generalized aribhmetic means is
effectively "solved : the case p :2 ir [21] and" in an intproved form in
[18], while the general ca,se 'was initiated in [6] and accornp-lishett 1tr 119_lt
'üVe-'stralt give this result in the next paragraph. AIso, the case L, - LL
is studied in [8].

5. L,et e: (8),>o be a sequence of positive nurnbers. Ib defines an
operator' 0 : B - ñ by : ilr : (n),2o t'ln.en Q@) : X : (Xnl"zoisgivenby :

,yo : (qrn, I ... + q"n")l(eo+,,. I q"\.

\Ye denote hy IÇ: Il(^e) the setof (orclinary) p-convex sequences.
In [19] we have proved that Q(Kol c. I{, if and only i1-.

(12)
aln-L

n
n)-l

with tr : etleo, where :

(i):'' ("):ry1orn>r'
T-¡et us denote by MoKo the set of sequences ra with the property that
Q@) e 1(r, where q is given by (12). Iu [19] it is proved that n e MoKniI

t1l

I2t
13l

t4l

t5l
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(Cl ttj-Napoca)

1. Ilfr.oductiorr. In this paper \ye stucly se¡¡er'âI valia,nts of thc para
metr,ical procedut'c [15] for solving fractional rn¿ì,x-min _prog'ramming
problems. ilhis procecluie lepresents a goncÌ:ì,lization fol 1,he fractional
inax-min ploblems of thc Dinltelbaclì pàIalnetlical rnetllocl lil given for
usual fràcfional prograrnming. 11, includ.es also t]rc pararnetlical procecLures

considered b¡. schaible [12] and Tigan 116 | for disclctc m¿ì,x-min problerns.
In the palticula,I ca,so of the bilinear fractional rn¿t,x-rnin proglàmmingt
a corrnection betrvecn the palametrical proccdure and the substitution
method [17] is established,.

The paper is d.ivided. into seven sections. llhe main definition's, nota-
tions ancl thõ general statentent of the fractional max-min pfoblem are
given in 1,he secontl section.

Section 3 d.eals with a farnily of au-xiliary nonfractional max-mìn
proìrlerns associated. to the fractional max-min problern. Sevcral op-t_imality
õonditions using the optirnal -r.alue function of this familv are derived.
These results gènetalize similar properties obtained in the case of usua,l
flactional progiamming probleuì,s (see' e'g. Refs. [4]' [7]' [8]' [11]' [14])'

Sectiãn -4 is devoted. to t¡e parametrical proced.ure for solving
fractional max-min problems. îlvo pa,rametrical iterative algorithrns are
given and a result coitcerning 1,heir convel'gence is proved. Roth algorithms
lnvolve the solving of a (finite or infinite) sequencc of auxiliary non-
fractional max-min problems.

fn Section 5 âpproximate finite variants of thc pararnctrical þro-
cedurc are consid.ered..

Applications of the general par,ametr.ical procedure in certain parbi-
cular fiactional max-min problems ale givcn in the last two sections.
In the particular cases coñsid.ered it is posstble to simplify the general
frocecluie by replacing, at each iteration, the solving,of the auxiliary
inax-min próUtem either by an usual maximization problem in the case
of sepalable fractional max-min problems (Section 6), or by a.linear_pro-
gramìning problem in the case õf bilinear fractional m.ax-min problem
(section 7).' 

Other applications of the paramel,rical procedure to certain d.iscrete
fractional max-min problems are given in }ìefs. [10] ancl [20.]'

Also, by performing the Charnes-Copper variable change f5l in.
the bilinear fraõtional max-min programming problem with linear con-


