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1. Ilfr.oductiorr. In this paper \ye stucly se¡¡er'âI valia,nts of thc para
metr,ical procedut'c [15] for solving fractional rn¿ì,x-min _prog'ramming
problems. ilhis procecluie lepresents a goncÌ:ì,lization fol 1,he fractional
inax-min ploblems of thc Dinltelbaclì pàIalnetlical rnetllocl lil given for
usual fràcfional prograrnming. 11, includ.es also t]rc pararnetlical procecLures

considered b¡. schaible [12] and Tigan 116 | for disclctc m¿ì,x-min problerns.
In the palticula,I ca,so of the bilinear fractional rn¿t,x-rnin proglàmmingt
a corrnection betrvecn the palametrical proccdure and the substitution
method [17] is established,.

The paper is d.ivided. into seven sections. llhe main definition's, nota-
tions ancl thõ general statentent of the fractional max-min pfoblem are
given in 1,he secontl section.

Section 3 d.eals with a farnily of au-xiliary nonfractional max-mìn
proìrlerns associated. to the fractional max-min problern. Sevcral op-t_imality
õonditions using the optirnal -r.alue function of this familv are derived.
These results gènetalize similar properties obtained in the case of usua,l
flactional progiamming probleuì,s (see' e'g. Refs. [4]' [7]' [8]' [11]' [14])'

Sectiãn -4 is devoted. to t¡e parametrical proced.ure for solving
fractional max-min problems. îlvo pa,rametrical iterative algorithrns are
given and a result coitcerning 1,heir convel'gence is proved. Roth algorithms
lnvolve the solving of a (finite or infinite) sequencc of auxiliary non-
fractional max-min problems.

fn Section 5 âpproximate finite variants of thc pararnctrical þro-
cedurc are consid.ered..

Applications of the general par,ametr.ical procedure in certain parbi-
cular fiactional max-min problems ale givcn in the last two sections.
In the particular cases coñsid.ered it is posstble to simplify the general
frocecluie by replacing, at each iteration, the solving,of the auxiliary
inax-min próUtem either by an usual maximization problem in the case
of sepalable fractional max-min problems (Section 6), or by a.linear_pro-
gramìning problem in the case õf bilinear fractional m.ax-min problem
(section 7).' 

Other applications of the paramel,rical procedure to certain d.iscrete
fractional max-min problems are given in }ìefs. [10] ancl [20.]'

Also, by performing the Charnes-Copper variable change f5l in.
the bilinear fraõtional max-min programming problem with linear con-
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straint"s, il, can be shown that the specialization of ure parametrical
algorithrn to this particular nrar-rnin p"óbt".n d;l; rãg.;ana as a me¡rodfor solving _a cerl,ain nonlinear rnax-min prograrnrnirìþ problem rviilr-a
quaclratic objective f unction and nonlineari coìistraints-bf a special typr:.

2. Prclinlin:rry n*otafions, Delinitions ¿¡ntr plopu'l,i¿s. Tret, x c R,and I c R," be two nonvoicl sets and let.'r be a'point-to-set mapping
from ,Y to Y such that for every n e x thc image sei r1r¡ is nonvoid. r.¡et
/ ancl g be t"vo real functions defincd on the sét -{.x y. tgoreov"", i;ñ;
assume that

Q.r) g@,, y) I o for all (n, y) e X xT.
Then u'e can define the ft'action¿¡l function h, : X X y __* Ã by

12.2) h(t:,ll) : IllU'.) for er¡erJ¡ @, !Ð e xxy.
g(a,' Y)

The fractiånal max-min programming problern under consideration
is:
lMM. F.ind

(2'3) z: 
T31",å1?, #3

. _Ðe;finit.ir¡n, _2.1. A 1ta,i.r (n', !l') c -Y X i is catlait an optimal solut,íon
Jor.t\9 fractional rn¿x-rnin problcnt lMM ,ilJ'ttle foltowing cond,itions øre
satisfied :

(2.4) 11' e '1'(u'),

(2.5) h(ø', y') : l/,

(2'6) 
,?i,l,,rr{r', 

y) : tt(n', !/').

ion 2.2. Lat e be o, giuen, nonnegal,i
Y is called, e-opttimctl sohttion jor
M iff besi,¿les con¡Iitio,r¿ (2.4) the 

"folto

(2.7) h,(n',3¡')]_e>- v,

(2.8) h(a,,,y,) _ 
" ",,$ll ,h(r,, a).

rt shoukl be noted that the notion of e-optimal solution introducedbv Defilitiol 2.2 genoralizes that of optimal solution. Thus the set of
e-optimal solutions,,besides bhe o_ptimat solul,ions (i.e. 0-optimal solutionsj
includes approximate optimal "solu1,ions.
r_ throughout the paper concerni'g problcm n M-ltt rve will assumcthat the following conditions hold :Hl) '1'(æ) is a compact set for cvor,v r e X.
Itz) X is a compaòt seb.

II3) g(n,3/) > 0 for every n e ¿Y and 1¡ e T(q)'
n+¡ i'alã g 

^te 
continuous functions on the set -Ix Y'

¡¡SÍ Tfne pðirrt-to-s"t mapping ? is co^tiluous on X in the scnsc of

I3erge [3].
'I.he above assumptions are satisfied., for in'stance, by thc max-min

tr¿lc6o"ai'p.oblems c^onsiclered in Tìefs. [6], [2], ltgl,. [)7] an^cl tlSl.
und.er the assumptions III) - f15), 'lve can clefine the function

lI : X--* 1l by

(?.e) 11(") :,,äll, h(n,Y\ for all neX'

coricerning thc function 11 rve can state the following result.

L¡:rnr¡. 2.1. If ttte assttm,ptions 11r) - Hit) lt'old, than II is a con-

ti.'nu,r¡u,s fn'nction.
I'rctoi. llhc conclusion of the L¡emma is a rlircct conseqllence o1 the

"'Iheorcm"of maximum" (sce fSerge [3])'
Fr.orn L¡emma Z.f aid the ãssurnptio.s II1) - II5) .''ccaneasilyget

the follorving resull,'

L¡uuivr¿. 2.2. 'L',lte problem Û'MXI h,as øt least am opti.'mal soltttion.

pt'oof. The asserted. result dirccbly follo'ws fronr 1,he continuity--oÎ
tfr" tu"åii.itr*l^t-t¿ fI and. the cornpactness of the sets ,Y ancl 'I(n) (n e X)'

iì. The Auxiliar.l, Par¿rrnrrttic¿il Problern and Ilel¿rted Properties. In
this séction rve deal'inainty rvith an auxiliary ma.x-rni' p.r'oblern asso-

ciated lvith l,he fractional mäx-min problern I IUI M.lhis auxiliary problern

¿ãp""¿* on a real parameter f a'd cá' be sl,ated as ïollows :

Pzl(r). Fintl

(3.1) r¡(,) :'^t?*,,å,å, (l@,y\ - tg@,T)).

I-.¡et us define the function q: R x X X f -+ /1, by

(3.2) r1(t, r, U) : T@, Y) - tg(r, Y)'

under the assumptions rll) - 115) the equallty (3.1) clefines a
function l¡ z R ---r.8, rvhiðh is called- l:he opti'mal aalua function of the pâra'

inetrical problem Pl(t), I e Iì.
ñu"'t *," .wi11 pìe's'enb some useful prope¡ties of the optimal value

function-¡. Firstly,-we note that, by tIl¡-- 115), rve can consid-er the
function E z EXX - R,'lvhere

(3.3) E(t, r):Ë;å, 8(t, û,v) for all (t, n) e RxX'

I.¡nmu¿' 3.1. (t15]). The fu;nction n is a nonilecroasing functi,on.

Lnrrnra 3.2. If the assumpttions -É11) - H5) holil, then 11 is a cont'i-

nuous function on Ê.
Proof. From -ã4) anct (3.2) it results t]nat qis a co_ntinuous function.

ft"n usi"g tn" "tn"ó"e- òf m.aximum" (see 131 or [18]) for problem
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wh,i,clt
Lnult¡ 3.3. Il t is a real number su,cl¿ tltat l,h,ere eaists a,eX for

(3.4) t : rnin h,(u', y), ::

tltett 
Ye'...'')

(3.5) -È'(¿) > 0.

Proof . Frorn (3.4) ancl (2.2) ib r.esults flrat

t < Í\,'',lt) for alt y e T(u,),
!(r', lt)

v'hencc, by -I13), rve get

Í(n',ltl - tg(r',U) > 0 for all y e T(n,),
which means that
(3.6) Ð(t, ø') :,11i1Ì, (l(u',, y) - t, s(a,, y)) > 0.

But from (3.3') it is evidcnt that
F(t) > n(t1 n').

therefore, by (B.tì), lve carì conclude that (3.5) holds.
Lnmul 3.4. tror a giuen rea,l n,um,ber t,rlet {x,,eX be suclt, that

(3.7) p(t,) : rx(t,, u,,),

and let y" e T(n") be an opti,ttzcr,l sohtti,on for ttr,a ,m,initp,iøa,t,ion pyoblem,

(3.8) ,":,,:Ï¡ï,,tr,(æ'',y).

Ihen th,e follotni,ng i,nequalttr¡ ltold,s :

(3.9) r" - t' > l(t')
g(n" 

' Y")
proof. Indeed, by (B.Z), (8.1) and (3.3), we have

F(t,') -- . min..(.[(r',, y) - t,g(u,,, /)) < "f(a,,, y,,) _ t,g(n,,, y,,).
.ie/(r")

Iìut, using Il3), it results that

h(n", y") - t' > JP)- ,
g(r", u")

whcncc, bv (3.8), rve dcducc thzr,t (B.g) holds.

5 MAX-MIN PROBLEIVIS

Next we 'lvill present some necessary antl sufficient opl,irnality con-
ditions for 1,he problem X'MM.

'Isnonnu 3.1 (t151). Let n'e X, !J'e'I(u') au,cl t'eE be suclt, that

(3.10) t' : lt(u't A') : 
,{lt1)h,(n', 

y).

Tlten, (u',r1') is an optimcol solution for the problenz PMM i,J and, only i,f
-tr'(l'¡ : 9.

?71

{9.3)r I follorvs lhat H is a continuous function too. By a,pplying againtllc ttTlleoleln of ma-timÌrrn" to l,ho ltroblon
(3.3') l7(¿) : max -D(f, c:),

we get that -F is continuous.

Trrrìon¡;u 3.2. I(f') : O il and, onl.r1 if V
Prooli. Let us supposc Lhat lr : ü'. then

(n',, !J') e -Y x Y, which is an optimal solution for'
fore, ì:y Dcfinition 2.1,

¿' - rq.in,) lt(r', .r1),

and then it follows from Thcorem 3.1 that ?(¿') : 0.
Norv, let us assurì'r.e lhat I(t'): 0 ancl t]nat V # ú'. First, let us

suppose thatt' { 7. Then, bJ'Lernma 2 from [15], the ecluaiity-F(ú') :0
implies y < ¿'. llut this inequality contradicts the supposition that t' < V.

Let us suppose norv that V < t'. Then there is a positive number r;
such tha1, t' - r : V.

Consequently,'lvc have

(3.11) t' - 1. 

" ,,*rlå 
h(s,y), for all s e X.

For every * e X, Iet M(n) be the set of optimal solutions for the
minimization problem (2.9), that is
(3.12) IUI(*) : {y" e I(u) Ih(n,y") : H(r)}.
Therefore, from (3.11) we get

t' - r, l@'8")
g(a, Y")

whence, from 113), rve obtain

(3.13) ï(r,y") -t'g(n,U") < -r g(ury") lor all ne -X and q" e M(a),
I3ut, from (3.13) it follows that

(3.14) m;in (J@,y) - t'g(r,y)) < - rg(r,U"), for all ne X
yeI'(x)

ànd y" e M(n).

._ .. L.¡et (u', g') be an _optimal solul,ion for the problem pA(t). 'Ihen, from
(3.14) we get at once thaú

?(¿') < -rg(n',y')tO,
which contradicts the assumptio4 that l(t') :0. Consequently, the suppo.
sil,ion t/latt'# V is not true. Therefore, we can conclude tÃá,t t,:T.

by Lemma 2.2 Lhere exists
the problent I M M. l'here-

for all ue X a,ttd. y" e M(u),



F.om Theorem 8.2 anrl Lemma 8.1 rvo irnmediately obbain ilrc fo[ow_ing consecluence.

C9nsequ,encc 8.1. (i) l!,(t_) a 0 _iJ and, onty if V > t.(ii,) _þ,e) < 0 il antl otìily i,¡ V < t.
I'roof : (i ) Lct us ¡r.o'e ürrat z > l.implics j'(Í)) 0. Fry r,cnrrnuù 3.1,thc incqualitv t, -t 'irn¡rties rU); t,Vi : ol,iî-¡ji) : ,,, rtrcn bythcorem 3.2 it rcsults t;hai¿ -- lz,'iúcn àoítra¿icfs LÀe,"ínequatity l.>t.Thelcfore, f'(t)> 0.
Co'verscl¡,, let us pro,'e 1;hat /(l).> 0. im.plics V > t. Incleed, ifwe supposc t]l.at V ( t, then by Lemmzi a.t, it totiorvs ifrat

J/'(r) <r(V):ot
rvlrich contradicts i;he inequality n(f) > 0. flence V >t.Thc part (r.r.) is a' obvioui cotìs",tr..nooe of par.t 1z¡"ano ,rheo.cm 8.2.

llrrnonnm S-5. Let t, e R ccntl r, e X lse suctt, tlt,øt
(3.15) | { V,

It(t') : Il(t,t n'),
ønd, let q' e T(:n') he an opti,mat solu,tiott ,for the mimitn,¡zctti.on Tt,oblem :

l" -: min lt(r,,1¡).
r e7,ø,)

If t' : t", tlren (r', !1,) i.s ccn opt,ima,l sc¡l,ution f or the problem I M M "Froof. Frorn Lcmrna 8.4 rve have

(3.16) f,- t,> F(t')
g(u', lt')

Rut, from (8.15) and Consequence 8.1 it follows that
(3.17) I,(t,) > O.

On by making t,, :t,in (8.1_Q),_.rve get.F(1,) ç 0, whichtog implies tn;at F(t'): 0': l,(i',).
ording to 'Iheoiem &1 anci óefinition 2.1, (n,,E,) isârì for the problem fMM.

" . T",Jqì,]owing-rheorem $ives an upper bound of the optimal vaLae vof the FMM probiem.
1'nuonnu 8.4. Il fhe junction g satislies the cond,it,i,on :
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(3.18)

then

(3.1e)

g(r,y)> p>O for at\ øeX ønd,yeT(n),

7-<¿+ ru)
p

for every real number f
Proof. Let (n',U')-be an optimal solution of the problem -FMMand let y" e T(u,) ¡e súcî thai

l(n,, y,,) _ t g(r,, U,,) : rygt,rff(n,, y) _ t g(æ,, y)).

Then it foLlou's by (3.1) that

l(n'r y") - t g(r'r y") < I(t),
'whence, due to assurnption 1/3), .rve get

(3.20) h(æ',U") -t < F(¿)

g(n', lJ")
Ì3ut, b¡r (2.6) we have

h(n', y') 4 h,(n', tt"),
and so it results that

h(u',!l')-¿< h(n',y")-Í< .1('). .

9(n' , ll' ')

Then, taking into account (3.18), it foliorvs that

h(r',y')-¿<4Q,
þ

whence, since from Definition 2.L V : h,(a',,A'),we get (3.1g)

á. Thc P¿rr¿rmetrieal Prooedur.e. fn this section firstl¡r rve reeall the
parametrical procedure for solving thc fractional max-min problen F M M
given in lìef. [15]. AIso, using the optirnality condition given in Theorem
3.3 a¡ a stop criterion, we consider a rnodification of this-procedure, which
will be appliecl later (see Section 6) in the casc of separable fractional
max-min problems.

Ðach of these algorithms produces a sequencc of points (r¡, y¡) in
XXY such that the sequence (h(n¡,yù) of the corresponcling objéctive
function values conr'erges to the optimal value Z of the fractionál rnax-min
problern fu'M M.

Algorithm I
Step 1. Choose noe X and set h: :0.
Step 2. l-ind ¿r e -R and llr e T(n¡) such that

(4.1) tt : h(urt u; :r#i?r,h(*r, y).

Step 3. Finil an optimal solution (üo*uU') and the optimaivalue
E(t¡) of the auxiliary max-min problem PA(tr)t thal, is

(4.2) I(tr) : i?",:ïìî, ff@, y) - tr s(n, y)).

Step 4. i) If E(tk): 0r then the algorithm sl,ops, since according to
Theolern 3.1, (n¡rgr) is an optimal solution for the problem f MM.

ii) rf
(4.3) r(¿/,)> o

then tahe k: : k f 1 and go to Step 2.

6 7 M,4X-À4IN PROBLEMS ?g
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Norv lct us shorv tltat (n',y') is an opt,irnal solubion of the XMM
problem. The continuity of 1l and. the assumptionllr) imply the closeness
of 7' (see [3]), rvhence from ( .tì)and (4.9) rve get that

(4.11) y' e 1'(r')

Also, by the continuitv of /r,, from (4.6), (4.9) and (4.10) it results
that
(4.12) lin h(n'., yl) : h,(r', y')

l'he conlirLuation critolion (a.3) in step 4 is justifiecl by rremma 8.4.It vielcls arr improvcrnent of tìre oÌ:jecbiye lunction ïalue in the
ne,rt iteration, i.c.

(4.4) fr.+r : ÍI(t,¡*r));,II(n^) : ú*.

Norv, uncler th9 _assumptions 1r1) - trl)t a resulb concerning the
convergence of r\lgolithm 1 is givcn.

Trllonuu +.f. I.f
(4.5) /(fr)> 0 for eae,r.u nøtttt.al num,ber l¡,
then:

'i) lim ,ú'(tu) :0,
A+æ

il) lirn tt-:.1;t
h-q

ii,i)tlte szq,¿tence ((r,,,ltr)) oJ the feusibla solut,i,ons .for the problem Ij, jWilI
ge'nerrúecl by th,e pctr"ametr'ical procetlure (Algorithm 1) ft,øs at Least
(trù uccltn?uløtiltug point_, un,cl eaery ncctttnul,ating poi,nt oJ' tltis se-
qu,ence ,is o,,n opt.irnal solttli,on of tlre I M M problein.'

Ploof. fllhe conclusions r.) and r,r.) of the thcorem lcsult by Thco¡errr
4 from fìcf, | 151.

We rvill shtlrv nott' that there cxisl,s ab least an ¿ìrccumrÌlating pointoj thq scclÌlerìcc ((rr,yr_)). Incleetl, sincc ,f is a compact set 1seò, Af¡¡,
therc is a con\¡ergcnt subscquence (ø,.0) of tlie s,:q.rcncô (r,.). Let us â.truîõ

(4.6) n, :llï *,,.

On the othcr hand, from the c ntinuit¡' s¡ the point-to-sct mapping
?', it results that for cvcry r) 0, there exist,s a natuiral number rrlrisïcñ
thal,

4.7\ 'l'(n¡o) - V,(T(n')) for all Ia ) K(r),
(
'lvhere

(4.8) V,(L'(r')): {y.Iì*f1y'e T(n') such that lly - y,ll < r}.
Sincc ?(ø')is by I-I3) a compact set, the scl, V,.(I,(r,)) is a compact

set too.
thereforc, bv (4.7), all terms of tho sequence (/i¿) berongs to the

compact set v,(T(n' )) except a finitc nurnber. Then this sequence contains
a, convelgent sulrsequencc (t1 ¡ o). 

Let us clenote

(4.e) u' :Itu a,,r;

(4.10) n' - niìh and ll| : At,o.

^ -From (4'6) arrtl (4.9) it results that, (r',y') is an accumurating point
for the sequence ((nt,?/t)).

On the other Ìrand, ftotn ir.) it follox's that

\j5h(n|YL): v'

wltence, bv (4.10), u-e obtain :

(4.13) h,(r', y') - fr.

ìSorv, b;. f,emrna 2.1, thc function 1{ (given by (2.9)) is aconl,inuous
function, so lve have

(4.14) II(r') - lirn l/(øi),
¡t+ æ

\r'hence, taking into account (4.1) antl (2.9), it results that

(4.15 ) lim II(n'¡) : lim h(nL, y'ò.
A+æ lt+ø

Also, by (4.12) - (4.14), one obtains :

(4.16) lú.n',y'): II(n'): 
rüirl,,lo(*',Y).

I{ence according to Definition 2.1 it follows, from (4.6), (4.13) and.
(4.16) tlnat (r',r7') is an optimal solution of the I'MM problem.

No'rv rve plesent a variant of Algorithm 1 in which, by using the
optimality condition from theorem 3.3, we change the stop criterion in
Step 4.

Atgorithm 2
Inibiat phase :

Step 1. Choose noe X and take lç: :0.
Step 2. Find fo eIJ and yoe I'(no) such that

to : h'(ro, øo) : ff.i1"¡h(ro, 
t/).



11

("Ð.2)

and take

(5.3)

Step
(ru*t, Y'l is

(5.4)

(5.5)

(5.6)
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Gcnelal phase:
S!*p 3. Fincl o¡lt e ,Y for, wìrich there exists !l' E ,I(sr*) such th¿r,ù

(a*+t, !!') is an optimal solution for the auxiliary mai-min pro6lem pA(tk).
Step 4. Fincl 1**, e -R a,nd yÌ.+1 e T(no*r) such that

E[cncc, l,here exists a natural numbet /c such bhat

-n'(ú*) S c.

'Ihen, by llheorern 3.4, rn'e have

v - [,. * ]'(¿¡') < *'.pp
FTence

V-lr,(nr,3/*) <-I' '

(r

anct by (4.1) ii, r'csults that (nr,T7*) is an -9-r¡pl,imal solution for the f MM
lr

problem.' 'l.he Algoribhrl 1(or 2) as w:ll as its approxirnate variant needs
in Step 2 the"fincting of an exáct optimal solul,ioñ for an ordin¿rrv nonlinear
fractidnal ploglattt-ing problom 

^(see (4 a max-min
problem 1säe i.z¡¡ muÈt 

-be 
solvecl. But n problems,

irspecially in the noulinear oa,sesr only a can be ob-
tained.

thereforc it is useful to considcr some variants of the algorithms 1
or 2 that need. in the steps 2 ancl 3 only approximate solutions with a

prescribed. appr<lximation.' Next riö rvill consider an a Algorithm 1,
rn'hich neecls at ever"\. itcration a the fractional
programming problem (4.1) in Step 2 ¿ lution lor the
-mai-min 

pro'ntäm (4.2) in Step B. IIère 1 and I are given nonnegative real
nuñnbers,'.which ròpresent the desirecl approximations in the Sl,eps 2

and 3 respectively.

Al¡¡oritÍt'm 3

Step 1. Choose ro e X ancl take 7c : : 0.

Step 2. Fincl y* e 1'(rr) such that

h(n*A) -y ( rninh(n*Y):H(url
yeT(r kl

tt,+t: h(nr*r, ur*) : ,ä\:_,lr(t^*y !J).

!t"p,5. i) ff t*+t: ú0, then the algorithm stops. By lfheorcrn 3.3,
tr - V a;ntl (ur*r, lr*r) is an optirnal solul,ion for, the pr,olilem FIIM.

i'i) If tt+r - to t 0, then go to Step 3 with h: : lç | 1.
It can be easily seen that each of the Algorithms 1 antl 2 yields ilre

same sequence ((ur, y)) of feasible solutions of the l'Mll[ problem. I{ow-
e;ver the algorithm 2 is more suitable than algorithn 1to be appliecl in the
case of a separable flactional max-min problems, u'hich will be consiclerecl
later in Section 6.

In the next secl,ion 'lvc will give some approximate variants of Al-
gorithm 1, which are rnore practical from thc numerical point of view.

5. Approxinlate Finitc Varianfs oI the Para¡netrical Proeedure. 1'he
parametrical proceclure (Algorithm 1) consirlered in the previous section
generally requires an infinite number of iterations. Elorvever, it can be
stoped after a finite number of iterations by using an approximate stop
criterion in Step 4. tr'or instance, Step 4 in Algorithm l can be replaceã
be the following :

Step 4'. ù fi P(t) ç ø, then stop.
ii) n P(tù ) ø, then 1,ake lt, : : lc * 1 ancl go to Step 2.

fn Step 4', a is a given nonnegative real number. 'I'o obtain a goocl
approximation of the optimal solution, ø must be taken sufficiently small.

Concerning this approximate variant of Algorithm 1 the following
theorem may be stated.

TnnoRnu 5.7 Il the cond,itioø (3.16) h,olds ønd, if a. itt, Step 4', is
a positi,tsa rea,l number, th,en the approrimate uariant of Algorithm 7 end,s

alter afinite number of iterations witlt an a-opfinrul solution Jor the IMM
ti

problem.

Proof. fndeed, if we suppose that

(5.1) E(tr) > a for any lc,

then, by theorem 4.1, it lollows that

limlî(úÌ) : 0.
/¡+ æ

which contraclicts (5.1).

tt, : h(r n, ll rl.

3. Fincl frr+te X for which there exists y'_e T(*r*r) such that
a ö-optimal solution for the max-min problem PA(t), that is :

g(tn,fit+t,Y') + I à l(t),

Q(h,n*t,Y') - I 
= r.ä11,, 

Q(t*,nr+uu\'

I-¡et us denote

Br : q(t¡, a*+uU').
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Step 4. i) If B/, ) ø, then go to Step 2 I'ith k: : lc I7.
ii) I1 Bk -< ø, then the algorithrn stops.

Next rve rvill dedve a sufficient conclition for the finite convergencc
of the apploximate Algorithrn 3.

Firstl¡' rvo obl,ain an upper J¡ound of the optimal value J/ of the
problem n'MM.

Tnnor¿rcn 5.2. I.f the cond'iti,on, (3.16) holds an[I if

Proof. 135' (5.5) ancl (5.6) r'r'e havc

-Br - à < ryin e(t¡. {ü¡¡1, r, 4 q(trt r¡¡y !jr.+t) :yç.f lr¡,1)

: ,f(frr+t, llt,+t) - tr g(rt+u !/r+t)t

wherìce, by ã3), (2.2) arid (5.3), it follol's that

(5.13) 
'Bt-à, 

(tr+r-ür.
9(fir+u llt'+)

Since ß¿, ) ø-, ineqlrzllit¡' (5.12) results immetli¿r,tely flom (5.13)

Tnnonrirr 5.3. {/ rln Algorithm ll

8<ø(5.L4)

and, if
(5.1 5 ) 0 < Í3 { g(r,g) ( o¡ forotllneXand,yeT(n),

th,en ÃIgo,"iblrrn 3 ,f inish,es tqfter a.f i.n,ite ntr¡nber of iterations wi,th an e-opt,i-
r¡'tal soÌ,ttti.on, of thr ltMM probLenr., toh,ere

13 MAX-MIN IJROBLEil{S 85

(5.?) I)r { ct',

th,en

(5.8) { ú¡, -l- _ail,

and (u¡,,y¡) i,s an e-optimal solution Jor tlt'e IMM problem, wlt'ere

, * -l_ l\.e: rnâxl-lr\ p)
Froof. From (5.4) and (5.6) we ìrave

-F(fr) <B*fà,
rvhonce, by (5.7), it follows that

(5.e) (úr)(ø*ò.
On the other hand, by Theorem 3.4 tl'e have

{5.10) v l=tt +4Qd-
p

tsut (5.9) anct (5.1-0) imply (5.8)'
In order to piove T,hat (n¡ru¡) is an e-optimalsolution ol the EMM,pro-
hlem, we mâ,ke the remark that in Step 2 of the Algorithm 3, yr is deter-
minecl in T(u¡) such that

(õ.1l") h(ro,Yò -y{ r#i,"r,h(rr,U).

Irrorrr (5.8) and. (5.11) we may concludg t};:at_ (u¡, gr) satisfies the
conditions (2.4)i P.7) and (2.8) of Definition 2.2 wit}t.

s : llìAx

Ilrrrof. ftrdoccl, l\,ììL¡nevtrl Br )> ø, tr¡. (5.2) anrl (5.3) we oJ:bain

lr - ^( ( rnin h(r¡,y) < V,
yE7 (r¡)

that is

(5.16 ) Ir( I,-f T.

On the ot,her hand, ltorn J¡cnìrn& 5.2, rvhenevcr -B¡. ) or, lve have

ø-8
Irvt -- r,, , 

,/Ø,^*rrlr,,*rl 
,

rvhcuce, by (5.1a) anct (ir.15) iL lollows

(õ.17) tt.+t - ¿,- ;' ar J ;' g.

llut the inec¡ualitiers (5.16) ,"la 1rr.iìl imply that (1,) rnust be a finite
sequence. Thereforc, there e-rists a /c'sucl't t'hat ßr.' ç ø.. ll'hcn thc Algoritlim
3 stcrps ancl b¡. lheorem l;.2, l;ll'e pair' (ør, i¡*) is an e-opbinral solution. This
concludcs i,ltc proof.

Ilemaù¡. The assumption (5.15) in Theorem 5.3 is satisfied u'henr for
instancc, lve assume toghcthcr rvith lll) - II5) that Y is a compacb set.

I

I

i

I

I

.

E:max ot, -l- Itrp

Ilence (urrUr) is an e-optimal solution for ttre IMM problem.

I-.¡olrua 5.2. IÍ Br ) a, then'

(5.r2) .,x+t- tr > -*'' g(fr**t,yt+t)
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6. Sc¡tarahle lìracúiorr:rl lt[;lX-ltlN ll¡'ohlonrs. In this section u'o u'ill
present an adapl,ation of Algorithm 2 for the particulal ca,se of the flactio-
nal max-rrtin problenr tr'Ì[,M, rvhen:

(6'1) l@, y) : M(r) i I'(v), Tor all (n, y) e -Y x Y,

(6-2) g(n, a) : lr(ø) * Q(v), Tor all (a, y) e 'Y x T ¡

(6.3) 'I(n) : Y, for all n e X,
where l[:X -.1?r -rY:.X--+Il, P:Y -' ]l¡ 8: Y*71 ¿r:egiven functions.

This max-min problern can be stated as follou's :

¡Sflll Finrl

(6.4) T/ : max rnin
M@) t I'(u)

'Çx rev rV(r) * 8@)

\lre, c',all tlre problern ñft',:11 sepalablc flactional max-rnin probletn.
If we t'ant to appl¡' the Algorithrn 2 to the rnax-rnin problern Bl'l:t,

at 1,hc /¿-th iteration the follorving rna-x-rnin probletn in Stcp 3 rnust' 
.be

solve,d :

(6.5) F(t,) : i".1I il;' Qr@) 1- It(y) - úl,(rY(ø) * 8(y\)).

Às a mattc¡r'of fact,itrnust fourrrl onl¡' ¿n nt.+telF for: rvhich thc,re
exists y'eY such that (ï^*t,a') is an optim¿l solution for tht¡ max-min
problom (6.5), because tìre sccond. ytnrt tl' of 1,he pait (ø¡,*r, y') is not used.
in the next itclal,ions. Xforeo\¡er, since thc problom (6.ir) can bc¡ rvlitten as

Z'(ú¡,) = rnax (l[(a) -- tr Àr(ø) + rËrl (P(y) - t,,Q(lt)) :

: màr (lI (m) - ¿u Ì(ø)) f rnin (P(y) - t,, Q0)),zex yeY

for finding ï¡,¡1 it is cnough 1,o soìr¡e thc f<lllou'ing usual rnaxirnization'
pro'blem :

PM(tr).Fincl ø;.*re X such that
(5.6) M(n¡*r) - d¿ Ìr(z¡,ar) : måí\ (II(n) - rr rY(ø)).

\Yc oonsider now for the probicrn SFn[ a'r,ariant of the algorithm 2,
-where the max-min ploblem PA(tì) is repiacccl lrv the ordinary maxitni-
r,atian problen P,lUí (t.^).

Algoritltnt' tl

Ste,p 1. Choose a, e X and takt', /o : : 0.
Sl,ep 2. l:ì'ind an optirrral solutjon ll reT Tol the fril,ctionaÌ minimiza-

tion problcrn

(6.?) 1,, : min !_\nr!-r 
ttgÐ.

ler' -r\r(a*) -f Q@)

Stcp 3. ff ø¡. is an optimal solution for the problem PM('t¡), then
stop. Othervvise; go to thc lollorving step.
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Step 4. FincL an optimal solutiolt nr+teX for the problem PM(ttl
anrl go to + 1.'-The ctivc espccially lvhen some supplementary
convexity Sy''-tìf pl'oblern are imposed. For instance,
if ,l{ is a is a convex function, h is nonnegative over
xxY ancl x is a convex set, then the problem Plw(tll (in step 4) is a con-' rvhich there exist efficient algoril,hms

fractiona,l minimization problem (6'7)
suitable hypothescs to convex progra,m-

Z. ßiliue¿rr Fratrtiorral MAX-IIIIN Prol¡lcms. The bilinear fractional
*^*-^i,t ploblern, rvhich rvill be considcred. in this section' is the particular
case of tire m¿1x-nitr ploblem IMM) u'ltctc the funcl,ions / and- g aJte

bilinear functions of the¡ form :

(?.1) l(r,ltl : n.Ltll I d'c I cot1l* t¿1 lor nll (n,y) e XxY,
(i.2) g(t;,'¡¡) : rA2!/ -f il2n i a,'!l I wz lot nII (n,y) e XxY,
anìL 'Y antl Y are poll'hcclral set;s :

(?.3) X -{t:e Il;'f Bn <b, n> 0},

(?.+) Y - {ll e 11""f It)'4 >- e, Y Þ 0}'

in (?.1) (7.4) rn arrd y 
^rc-vari¿ùbÌc 

vec e R)ùxn

(i - .t, 2),' tì'e ¡¡nìxt, ltr e fl"", tl'.ie ß", tri e Il,"' ('í, ee \,
ìi' .l¿' (í'- t,2) alc givort rnatriccs, l'ectols and cbively-- 

Tùerefoi'c,' the ijilirtcar fractio'al max-min st'a'tcd

as follou's :

B1¡r71. llind
r,4r '.r¡ -l cllr i rf1¡ ! wI

(7.ri) l' : Tnax rnitl
^-€X y€)' rAz U * dzr 'l o2y ! tu2

The particular c¿rse of the pr.oblem BI 1I rvhen 21.2 : 0 ancl cr,z : O,

rl.as cot-Lsicleled ì:-v I3clenkii f 2l.'..- -Srìcfr 
problérns ¿l,r¡isr¡ álsô lrom 1;he minirrtuur rish approach applied-

to the nla*---itt bilincal'programrning proìrlem (see, 113-l)'-
throughoui; 1,his st]ctiiln 1\¡o 'supllos(l tirat ,(. anrl Y are nolcrrp.ty

antl compacú sets a'd that g satisties thc co'clil,io' 113).*-' 
coti""rning th.c usc of"Algorithn 1 to solve the problem ljtr-ll[ tve

can rnahe tho follou'ing remarlcs
fl,e,ntutlt: ,/.1. It ste1t 2 onl,1' an usual linear, fractional prograrnming

, frotn one iteration to othet', it changes
iî"ti;îïl.î",?lf*i;Itåï'nI'-",-"'!'f 

o')l;",l#iJi

as initial sorution. 
i. the pre'ious iLeratio* carr J:e taken

Ilemtttl¡ 7.2 It step 3, instead of the auxiliary max-rrrin proþlem

I'A(11,) onl5. ¿,.' .,*oãl htrd^r progla-rning problem (see, e.S'. [9]) rnust be

solvecl.
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fndced, taking into consideration the relations (2.1)-(2.5), the
nonfractional max-min problern rla(tù,lvhich must be solved in Step 3
is the follorving : '

(7.6) -E(úi) : max min (n(A, - to Ar) lt + kl} - t¡ itz) n *reX 1€Y

I @' - tr a2)lJ I @' - trwz)).

trìut, for a fixed element r itr X, rve get from (2.6) the linear,program-
rning problem:

(7 .7) 1l(t7,, n) : min ((c(,{t - h A2)!a,r -t¡ ar) y *(ttr -t¡ d,2) nlur -tr wr)

subjccl, to:
(7.8) Jx'y >- e,

(7.e) y ) Ð.

'Ihen try the duality property of lincar prograrnnringr wo have for
evely neX:
(7.10) H(ty n): mâx (eu { (dr - t, tt ) n * wr - t¡toz)

subject to:
(7.11) uÐ < lt;(Ar - tr Az) ! crr - t¡ az,

(7.72) u ) o,

where a e Il' is the vector of tlual variables.

^. _. Tal_<ing into account the relation (8.3'), it is easily seen 1,hat for the
finding of _Jr(ú,,) the follorving linear plogramming problcm must'[rc solrred :

Fincl

(7.13) þ1(t) : max (eu + (¿t - t¡d,z) n -l rþ1 - thwz)

sulrject to (7.11), (7.72) and

(7.14) llr 4 b,

(7.1c) n Þ O.

.- Âlso, iÎ (?', o') is an optimal solution of the problern (2.1S) - (2.15),
ú|e1 ø4qr :.n_' is the element in -trrvhich musû ble tleterrnìned'in Step 5
of the Algorithrn 1. so, it is possiblo to per,form ilre step B only by solvìng
an usual linear pr,ogranming problem.
., ^N 

ext let us pelform in the bilincal fracl,ional rnax-rnin problem BE ll[
the Charnes-Cooper variable change :

(7.16) u,:0n,,ø:0!t,
where ,¿¿ g trï", ø e Tl* and.0 e -R. 'I.hen probletn BEM becomes :
B-t. Fincl

(7.f7) Il : Íyritx min (uAIø | ïclL u j- 0ør z I wr 02)

subject to

(7.18)

(7.1e)

(7.20)

(7.21)

Concerning tbe pi'oblerns IIIM and. BL we catt sta,te the follotl'itlg
result.

ilnnol¿nrr 7.7. I'et X. ond, T be non,aoitl compu'ct sats an'd let g be ø
Ttositioe fu,nction on X xy. If (rr'r?'r 0') 'i,s an, oytti,nt'ul soltttio'n .for the Ttro-

blertt Bf,, tttett (\' , :.I nt nn uplitttctl sohrlirtn J'or tlrc IJF M '¡tt'oltletn.\0' 0'J
Cont:arsely, il (r',y'\ is an opti'm,a'l sol'utir,nr for th'c lll¡'M ltroblern, t'ltem

(0'n'r 0'z'r 0') is cttr, optitttu,l solttt'íon' for the problent' I)I', wltere
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Bt¿-b0<0,
Ðz-e020,

tt,42 ø | 0d2 tt, | 0a2 ø -l w2 02 : 1¡

u>-0røà0r0>0.

l

B9

0
g(r', ll')

Proof. rl.o irlorre thc filst pa¡t oT the theorent, \\'eobserve tha1, for
evcrlr fea,siblc solùtion (u,,2, H) oT tfue nrax-rnin problctn .I]I'we, have 0 > 0.

Tn the conl,r'ar case, if u'b taht' 0 -. 0 in the constraints (7.18) - (7.2l".)
of tho rlrar-min problem -Ë3-L, u'e obta,in Ure follorving relations:

(7.22) Bu, { 0,t

(7.23) lÐz ) 0¡

(7 .24) utL2 ø : I.

Then, l¡ecausc hy (7.21) u Þ O a:nd r >- 0, ít, follou's frorn (7.24)'
tha,l (tt,ø) is not, the null vector. lìut, taking into account the inetlualities
(7.22) ;and (7.23), iT ue'Y and. lJ e Y, the', by (7.{ì) antt (7.4)t it results
that

r -l tue X, ll * tø eY, for alI t >- O,

which is contlar¡' to the assurnption that the sets ,Y and Y are cornpact'
Non', b-y ernplo¡'ing'I'heorem l from IìeT. [1?], one obta,ilts the lirst part
of the theolem.

1.he second parl, of Ure theorem c?ìür be easily obtained by pgl-
forming in the llPM probletn thc Charnes-Coopcr variablc change (7.1qL

Iie,rce lve observe thzrt by Theolern ?.1 , the tnax-rnin ploblem /3JL

having a notrline e function ancl nonlinear constraints,
can bõ solr-ecl b 1 (for: the mar-min
problern RL'llt)j mming problotns (in
ßtep 3) and line (in SteP 2).

Nos, ll,c consicle.r an examplc of a fractional urax-min proble_rn rvith
linear sep::1,ratc consi.raints, for which fhc v¿riable changc rnethod seems
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1o l* r'ery efficient. Thus x'e will shou' that this problem can be solvedby lincar programming.
1.he f.actio'al rnax-mi' problem flrat u,e cleal rvith is :I']. Ilind

.lrAuId,r*o,ttIut \
"13;. l,til ( -r^ (/,, ?,+'l + '* ),

¿eK

n'hele ,T and Y are_polyhectral.sets giyon by (?.8) and (?.4), whereas
O.l¿ux1t,.ile R",cteR',',l!eR.,trr e _€(ie K:"{1,..,,/r}) ìn.'iZ are gi_
ven rnatrices, .r.cctors and constants respectivcli.

Next rve suppose tìrat

C(y) : irå (/,' y I r') ) 0, vy e y.

Norv lot us perforrn i' tlle problcm p ilre var.iable change :

ø:0y,
r+,ltorc z e E"' anrt 0 e Ii, 0 ) 0. lllhen we gct the problcm :
P7. .F'ind

(7.2irl max rnin (nAø ! \d,n | øz I tu} | cn)
{e X z,A

u'here ø and 0 are subjected. to :

(7 .2G) ltr:t - e0 ) A,

(.7.27\ 
iT (D'y ! rr0) > \

(7.28) øÞ0,0>0.
Concerning the problerns ,P and P1 rve can state the follo-r,ving result.
1'rrnonnrn 7.2. Let X and Y lte nonaoi.d, com,pøct sels antl, tet G be a

gtr.tsitire ftl,nction ctn T. [f (ø',ø',0') is un rt¡ttinta,[ so'l,ution for th,a problewt

PI,then(.', 
i,r) is øn rrytt,í,mat sotuti,on for ttro,probtem p.

. Proof. The proof can l¡e easil¡' obtainecl bv using similar argurnents
¿r,s irr the proof of Thcor,em 2.1 (see also ììets. ¡i], ¡S1 and t11l)."

lve rernarlc that the problem P1 is equivaient to a l:ilinear max-rnin
problern tvith linear cons-traints. This faôt rcsults sincc the nc¡nlinear
constraint (7.271 is er.Frivalent to the system of linear. constraints

(7.2gl h,i z ! rí.0 > I, i, e I(.

Let P2 be fhe mar-r'in problern obtai'ed from p1 Ì:y replacing
the constrainl (7.27) rvith (7.29). ?2 is a bilinear max-rnin prôìrlerìr rvitir
separate linear constlaints anrl so it can be solr.etl (see [Þ]) by linear
programming.
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