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secanl, mcthod c¿ìn be entenfled Tor a,nnr,oxima,te
opcrator equation 'dol'inccl in Ranach '*p**"* il1.the existence ancl thc continuity of tire lnverse o1
l3l. -lìnt the examination of the existence of flris

inverse operator ancl the evoluation of its norrn are of great difficulties.Iq lfe papc¡s El, [2] ntecl ,methocls -for ,approximaúe
solution of non-linear s in Ililbert spaces,tivhich ,eli-
minates the aÌ¡ove-rnen

this paper rve en-type method for
solution of non-linear o ns iri- Iìiibert real s
neither supposes the exi verse of the dividecl
the operator'.

1. Let H l¡e a rlilbert real_spac_e ancl le-t (u'un) be the sca,lar productof the vectors Ðrr,ùzefI. Consicler the non-lin'eär äcliration
(1) P@) :0 .

and. the cquivalent cquation
(2) ll P(n)ll' : (P(u), P(c)) : o

where P is a continuous operator cle{
T,'el, 'ln', u"; Pl be a 'sirimetrical
for
has
by
ren [1]. Trct's define a non_linea,r opera_tor oned. functional lj 

p ll,

(3) F(u):r-llP(n)il;4, n+o
llall

Lld.(rù ü"çI a vectol sequence. Conside_r tþe sequence (u,,), un:
F(u") e II and, the sequence (2,,), zne H suih that'
(4) ll ø"ll : 1 and.

I lnn, eh ; ll P ll'l@"),1 : ll ln,, u,,,; ll p llzlll.
lct us note that such a choice of ø, is possible [1].
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Proof . From the formulas (3), (ii) and the cond-ibions 1o-go of rheo-
rem it results:

ON THE APPROXIMA'|B SOLUTION 2l

'I'he cónctil,ions (6) sho'w that the points uto, fiú 'l¿1 are in the ball
ñ[ro, r].

Using the definition of the divided d.iffelence of second order, the
conclition 1o of 'Iheotem and the ineqrtalit¡r (6)' we obtain

ll ln' nr,r; ll P ll'l - lnu, øo ; ll P ll'l ll

llle;o,uo;ll Pll'l ll

E Ilollfr, ttr;llP ll'l - [øt, uoillP llt] -l [r, tt'r;llPll2l-

- lno, uoill P ll'l ll : Bolllut, ut¡ u,oi ll I'll'-l(ø. - øo) *
* lnr,$0,'tro;ll Plltl(r. - nr)ll < lJ,If (ll cr- noll -lllta - øoll) <

< ffËf;'a¡(l { M) < lto.

Forn tire evidcnt ineclualitl'

lllr,, tt,;ll plt,¡l > ll lro , ntoillt,ll,]ll 
1n -utn,'"ì,'i'#,,;l¡.,täi,ii,i,, 

t,,',)

using the abot e inecluality, it resu-lts :

1 Bo . D _3 o
ll ln' ttr; ll P ll'l ll I - rro - 2

whence we ol:tain

(?) Brll ([ør, ttr; Pl, P(n'\ t P(utl) ll > 1' BtÞ L'

Using equality (4) from the formula (5), fol n : O it results imme'
diatly

lru, u,r; ll P ll'l(øo - nr) : ll F(nòll',

whence we get

ll P("r)ll' : ll P(or)ll' - ll P(øo)lln - [ø0, uoill P ll'](rr - nJ :
: lnt¡ nrì llPil'l@, - no) - lno,uollPll'lþt - nù :
: lnt, no, xto¡, ll P lltl(ø, - wù(h - rò.

Therefgre, accorcling 1,o (6) and condition 3o of tìre Theorem, we obtain

(8) llP(ør)ll'< If llnr-wrll 'll r' - roll < ZI(BBq| { Dor¡o::nr

Oonsidering the formulas (7)' (8) we have

(9) lt1: :LB\K(M -| 1) rlr < - 
rö--" . +'- (1 - ltr)' 3

The inequalities (?), (8)' (9) show that the conditions 1-o, 2o and 4o

of the Theorem are satisfiecl for l,he points fibltrt

Tur¿oRrclr. Su,ppose llt,u,t tlrc fctl,Iowin,g cond,itíons ltolcl:
ro tltcre eri.sts tlte poínt roè il uncl" tln comsta,nt Bo)1 su,cl¡ th,at,

Bolf ([ø0, nto; .Pl, P(nò + p(uò) ll > t;
2" there enists tlrc constu,nf ro > 0 sttch tttctt the foltozaing inegalityis søt,isf,ied,:

ll 
p(al ll' ( .lo;

3" th,e diøid,etl tlí,ffnence gf !rt.. operutor !1 øntr the ttiuidect dí.,f.fcrence
of sacond, ord,er of the füncti,onmi¡ r'l), sati.Éfy th,e .fouowing retations'i"

ll Un', r"; .ãrl ll < XI, ll fx,, n,,, fi','; ll 
" llr lll < Jí

'il fi'l_?j', n"' eBløn, r'f, wltere ñ[ro,r] ísth,ebatt tuith, cer¡tre no anù ratl,ius
?: : 3-Bor¡o ;

4" th,e co,nstants Ë0, ï0, Iç M sntisfy the ,inequøtity

lr¡: :}B|K(M f t) ,lo a j .

th,e li,mit oj the appronim,cúions gitte,n, bu th,e eqtr,atil,T¡

(5) nr+t *, - 

--ll 

!@ù]l'
(fro, tt,, ; l'114¡31*; ¡ 1,1r¡' '"

m: trLr2, ..., and, for tlta etyor ,est.i,n'tate we ltaue th,e i,.nequatity

ttc* - )',,rr * (nU)" (-l-)'"-' .'
tt¡hero

: Boîoå (+)'(å¡"'^-'-'I

ll uo - uoll : ll n, - ro f ll P(nòll, =L :
ll ro ll

: ll P(no) Il' ( 4o ( r,

ll no - fftll : ltP( f0)ll
'llø' ll < Bo\o { r,

I(lro,uo ;Pl@ì, P(ro) * P (u,o)) 
|

(6) lluo-urll: il-Ef(llo) -I(nr)ll:llln'no;nl@r- ro)ll 4 MBov¡r,

llnr- Ørll ( lino-uollJ.lluo- ørll ( r¡o f _4fBo1e (
( Boïo(1 * M) 4 r,

llnr- ø0fl ( llnr- Øoll *llæo- øofl ( BoIo *to ( 2Bo10.
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5
, , r ,By mathematicar jnd.ctiorì. we can plgve the existenee of i,he con-stan ts b,,, r2,, -süch that'the roilórvin g'-i"à.1.räriti"u iliì¿"^'" "- choosing r. as in conclition 3o of the theorem it results ø* e s[ø0, r.],.

Ramurkl The condition 3o of the Theorem can he replaced ì:y the
follorving' ll ( [r', n"; P'.1, P(n') I P(n")) - ( ln", n"'i P), P(n") *
i P(n"')) ll < .K lln"' - n'll,

"*rrrdfy 
fjúe Aioidä¿ ttiffereüce of the f unctional ll P ll'z has the Liepscltitz-

property in ñ[ø0, r].

ll l'n,;, t,,,;ll P li'l li

< t],:'--!t t-- * (å)"",,
(10)

(11)

04 lhe basis of the formulas (10) rvs have

llø,*n- n,,ll ( llø,*r - n,,ll+ ... l lln^*r_t__ #,,+p l(
4 Bu\o + ... i Bn*o_tî¿+p_r (

, <Bd ,,:i^(e" 'o(+)'..,-':
..,:
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where s is the sum of the convergent series

BolqI
å:0

2 h' ò z¡zh -t¡
t) 4

Bpg,use the space { iu,^,B, urJ.r"\fpl exisüence of the limitof the sequence (n,), and ø* e _Ë1.* S fV tfre. Lìnti;îti;;
n P(nl) p -> @ it results the

fuii{{ uu,u,n amd ø* are in

Il m,, - øoll ( ll no - nll * ll rr - nrll * . . . + ll æn_r _#, li <
( Soito * .B. o¡ * '..+ Bn-tïr-t{

3 \zÀ-r

^) 
<( Bo rlo

( SoIo

,t-7

T
h:o

æ

x
å:0

(+)

(å)
h Dù

4 )'
:2Bo\o

'ltn - uo,l 1 nn - eol * ün -- ,ttrn 
;< 2Boîo * p(nn¡ , <

12Bs qo t 1o ( 3Bo Io.


