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ON THE APPROXIMATE SOLUTION OF OPERATOR
EQUATIONS IN HILBERT SPACE
BY A STEFFENSEN-TYPE METHOD'

M. BALAZS and G. GOLDNER
(Cluj-Napoca)

0. The classical secant method can be extended for approximate
solving a mnon-linear operator equation ‘defined in Banach spaces [4].
This method assumes the existence and the continuity of the inverse of
the divided difference [3]. But the examination of the existence of this
inverse operator and the evoluation of its norm are of great difficulties.
In the papers [1],[2] the author presented methods for approximate
solution of non-linear operator equations in Hilbert spaces, which -eli-.
minates the above-mentioned difficulties.

In this paper we give a Steffensen-type method for approximate
solution of non-linear operator equations in Hilbert real” spaces, which
neither supposes the existence of the inverse of the divided difference of
the operator. : - '

1. Let H be a Hilbert real space and let v;, v,y be the scalar product
of the vectors v, v, € . Consider the non-linear equation

(1) P(z) =0
and the equivalent equation .,
(2) | P(@)|? = {P(x), P(x)y =0

where P is a continuous operator defined on H with values in J7 , P:H—H.
Let [, " ; P] be a simmetrical divided difference of the operator P
for the points @', 2" e H, &' # «". (It is known that every operator P
has such a divided difference [3].) In this case the linear mapping given
by @ {[&',&"; P|(x), P(a') - P(&')) i3 a simmetrical divided diffe-
rence of the functional | P|*: H — R [1]. Let’s define a non-linear opera-
tor F': H — H using the above mentioned functional | .P?

X

3) L F@) =o—P@) - a0

@]

and (@,), @, € H a vector sequénce. Consider the sequence (), U, =
F(x,) € H and the sequence (2,), 2, € H such that '
(4) ffanl=1 . and

| [y 5 (| P 1PI(20) ] = [} -Ltny 105 || P 2]

Let us note that such a choice of z, is possible [1].
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Tunorust.  Suppose that the following conditions hold :
1° ihere exists the point xye H and the constant By >1 such that

Byl ([, ug 5 P, P(xz,) -+ P('“o» > 1;

2° there ewists the constant wn,>0 such that the Jollowing inegality
s satisfied :

I P{2o) 2 < 95

3° the divided difference of the operator I and the divided difference
of second order of the functional | P | satisfy the following relations

L@y 2" PI) < B, [ (@, @y a5 P21 < K

if @'y x”, &' e 8[w,, ], where S{xy, r] is the ball with centre &y and radius
7 == 3Byn,;

4° the constants By, vy, I, M satisfy the inequality

hot = 2BAK(M 1) 4, < ;

Lo

 Then the equation (1) has at least one solution z* € S|z, 7] which is
the limit of the approwimations given by the equality

: v | P(@e) |12
L%y, 100 5 P (22), P(wy) -+ P(u,))

n=0,1,2, ..., and for the error estimate we have the inequality

% < (g) (z)‘ o

. s 21\ [ 3 \aeh—1y
$: =B JuAL i
ov)okgo ( 3 ) (4)

Proof. From the formulas (3), (5) and the conditions 1°—3° of Theo-
rem it results .

(5) Pty = Ty —

zn

where

@0 — ol =1l @ — @ + || Plap) 222~ =
' it oo .

= P(@)|F <1 <7,

el | Play)| (TR
L o = e s BTy i) T Pianyy] ol < Bomo <
(6) ".uo — || ={| F(xy) — F(z)| = [y, T ; Fl(x, — xy) )| < M By,

[ @0 — g <@g — ol + || %, — Ul < Mg+ MByn, <
< Bono(l + M) < 7,

<
@ — woll < ||y — @, F Al @ — wugll < By + 1o < 2Byw.
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The conditions (6) show that the points w,, #;, ¥, are in the ball
NEEAE g
” Using the definition of the divided ditference of segond order, the
condition 1° of Theorem and the inequality (6), we obtain

| [0, w5 [ PHPT — Ly w5 | P12l
[l [0, wo5 [l 21?10
< Byll[wy w5 (| PIRT — [ ue; | PIP] -+ Loy wes | PIP] —
— [@oy o5 | P211 = By lI[ @1y wyy w5 [| P2 1(wy — 249) +
A [y, oy g3 | PARNwy — o) | < BIC (| 2y — @l [ 5, — o]} <
< KB2qy(1 + M) < hy.

Fom the evident inequality

2 ; Bl —[@gstq 3 P2
| Loy w3 1 2T > 1 [0y %o 21T (1—”[“1’"“”13“] Lot | P ])

[l [0y 05 | PIE]
using the above inequality, it results :

1 « B _p 3p
| [y w5 | L2 1—bh 2

whence we obtain

(7) B, || {[@, w5 P, P(w) + Plw)yl > 1, B, > 1.

Using equality (4) from the formula (5), for » = 0 it results imme-
diatly

- Loy o [ PPI(we — @) = [ P(wo) [P
whence we get
| P(ay) 2 = [ Pl |2 — || P(@o) IF — [0y to 3 [| P P12 — @) =
= [@y, @5 | P P12y — @) — [@y Uy |12 2], — %) =
= [@y %o, wo5 | PIPI(@y — wo)(, — @o)-

Therefore, according to (6) and condition 3° of the Theorem, we obtain

8) I P@)? < Ko, — ol || % — @all < 2KBid < hone: = m
Considering the formulas (7), (8) we have
h? 1
o — 2 Y 1 < —_— < — s
9 =B D € g <

The inequalities (7), (8), (9) show that the conditions 1° 2° and 4°
of the Theorem are satistied for the points , u,.
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i o By mathematical induction. w
‘ mathematical 1n 10N, We can prove the existene h
stants b,, n, such that ‘the following inemlgii(f);‘i]ees ﬁ%dﬁmteﬂbe oL Hhs con-

= gB”:_& 3\
I [y 105 || P )21 ) R (5) P
(10) IP@F < =y < (S (2 -
. 3 4 No»
hng J—_]— < i 2(271_1) 7-211
£l (L T whn—:1)2‘ \ 2 . % *

On phe basis of the formulas (10) we hav.e
(11) F s~ @l < @y — @ul . Gy — s | <
2 P nta || X
< B, Tt B?l+p—1 Nntv—y <

? (2 ntk g g Nouth_ g
) olzf .o

Yaaks 5 f e —1
e <Bine ¥ (-
B H k=0
DN 23 u —1 )
=B AN (2N S 2V 3 ek
0")0(3) (5{) 2 DYoo )<
. . k=0 3 4

2 ’7’1 3 \2*-1
< T e .
(5 ) ( 4 ) ’

where s is the sum of the convergent series
. ' 1 f /

. . o 2\Fr 3 22.’"'_]
e L Ba (—) il Lo
o) a

Because the space H is a Banach s i
is,aB Space, it results the exi imi
of the sequence (z,), and z* e H. Sin;:e limy, =0 ﬁ?lst%g cgogii;}iﬁtl;rmg

the operator P we obtain P(z*) = 0 e N v
- . - 4 Js -~ . ro 1 3 )
mequ%lylyy rwhich -we have for the error Gsi?m(agg .-It P — oo 1t’ results the
sing inequalities (10), we get that t iy : .
the ball S[ay, 7]. 'Iﬂdée‘fi;( Wo)e,' havegre that the points ., u, and «* are in

Mow —aoll <@ — @l 4l — @l F oo F | g — 2] <

b0 e WL Sane e <_B07J0+B17)1++Bn_17)n_1<

Vg 2V 3 Yk
g SB i — 4 | I
07)01?:0(3) (4) S : '

o) 2 k 3 k
< B ) S 2
S e (3) (4) T Apes

| %, .'—" -?q ” <[l % — o || + || @y — ws I < 2Byn, + || P(wlnwz <
< 2By g+ .M < 3By 7.
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Choosing 7 as in condition 3° of the Theorem it results x* e 8wy, 7]
Remark. The condition 3° of the Theorem can he replaced by the
following : [ <[, @5 P, P(a') + P(2")) — ([, &”"; P], P(2") +

’

+ P Dl < Kl — &',
namely the divided difference of the functional || P|

property in S{wy, r].

[2 has the Liepschitz-
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