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The regular matroids mark an interesting half-way stage between
the mammds corresponding to graphs on the one hand, and the binary
matroids, eorresponding to chain-groups over. GF(2), on the other (see

1
I[nj‘)ahls note we give a matrix a,loonthm for finding all bases of a regular
matroid.

The teérminology used in this paper is that of [1] and [2]. Let & =
= {ey, €y, ..., €, be a finite set and M a regular matroid on E whose rank
is . We shall denote by W the weakly representative matriz -of M. If §
is any subset of B we define W(S) as the submatrix of W consisting of
those columns that eorrespond to members of S. If | §] = r it may happen
that W(S) is a diagonal matriz, that is, the diagonal elements are all
nonzero and the nondiagonal clements are all zero. We then say that W
is in diagonal form with respect to S.

Let W be a weakly representative matrix of M diagonal with respect
to a subset § of K. It may happen that W(S) is the unit matrix. In this

case W is a true representative matrix of M (see [1]) and is mlled standard
representative matrix of M associated with S.

THREOREM 1 (‘W . Tutte, [2]). If W is a standard representative
wmatriz of M, then W is completély unimodular. : 17

TiroreEM 2 (W, T. Tutte, [2]). Let W be a standdrd representative
matriz of M and B a subset of B. The determinant of W(LB) has one value 1
or —1if B s @ basis of M and 0 otherwise.

By standard results of linear algebra the property of being a repre-
sentative matrix of M ig invariant (see [1]) under the following ‘“elemen-
tary - operations’ :

€),. Permmuting two rows (or columns).

- . Adding to one row (or column) a multiple of another by 1 or
—1.
O, Multiplying a row (or eolumn) by —1.
Let W be any w eqkly representative matrix of M and § a subset of
E of ¢ elements. Then we can find a standard representative matrix of M
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L Ly be a fixed basis of M and k< » a nonnegative i

‘ o5 d b b < ative integer.
'?]1%1,11 ?ulmt-t,)b} B(M, By, k) the set of bases of I for \\'l;fieh‘f{}»‘mfg]gll _\th ;:
.__m every Be B(M, B, k). Without loss of generality let B“ be B, —
;d{i“ cf; caiy P,} and W the standard representative matrix ofD.M awoz}i;—
/bed to, By(W. can he u];)taljl;_n_,fsd using 0, —Qy). Thys. W,is.of the form

(1) ut W= [, | Wri»l]!r ¥t :
ghterelf,.{ii% tg!ae unit matrix of order » and m — 5 — 7

b 1e l,2, ... and je{r+1,r 42 n}. Th X i

: -.-yn}l. The expan;

det WI(By —{e)) U {e/}], Dsing the tows in W1k, — e | el shows
alf et Wl(By —{ed)u {&;}] = Wy (see (1)). Therefore, by theorems 1

nd 2, we have : , 7 o
@ By ~{ed) v e} € BUM, By, 1) it and only it Wi, 5 0.

follows<; k < r be fixed, g, 6riy =12, . . m and W partitioned, as

I,;- JIH 0 o gt i Lo ] :
O Okl W WY, =
W s e = § Wy TEASE ,
: i J N {'""m__""_"m‘-".' YR firer ] I
Or—'ir,k i -‘!"‘i'ﬁ'o"""' |' -7[/-[715.‘-’—k.k : | ]'Vg—k,m—-lc s

where 0,; denotes the null mattix wi ; _ -
. l. ST | £ 15X “’lth p TOWs aznd 'C()‘hl'nm‘ s o :
notes ?;iubr]natmx of W with p rows and ¢ columns g co. s and W " de-
- Interchanging the columns corre A ComE: 1 ey ity
icolumns C-Ol‘l‘f"SI)()n(gi,in r 10 ips -.981)01[[11]:1{;' to €y 85 ..., 6 with the
@ e ) GG L0 1y §2) - +5. g1 respectively, we obtain the matrix::
NIV S O T, y
W o Fekrt R0 M W

4 W Oy
Obviously, the matrix | —iefo .

B LW Ty 2

is nonmugulafr. Hence, by theorems 1 and 2, the set {g,, g, i €1

e i e o = § o . ; 3 b L g

,g; l;tzc;,u 5 a,,l 13,-1} is a _D‘EJ;:};{ Olt M if and only if W= is nonsingular, Therefor;n, ft)lr,'
ain. all bases of y replacing {e,, e,,... . s SOl N i

_ 2 - sy _ Y replacing {6, ey,... ., ¢} In_B, we must find all

nonsingular square (of order ) submatrices of the matrix o

Wy ey = (e w0,

1If1 Plg r[fi?;?; 5;} (ieef,“m W(g)“ PE’I{ ,(,} ;) {is a weakly representative matrix of
e 1992y « - oy Ox)=| M (B={liyy, 615, .4, € })-|><(E"{ '

- : 1 By -y € &8s o
the’ f:s;_;.-j}) of M. By [1], _M{e,, €y ...y €:) 1y also a regular _111:3_,[1'0.{;1 ,:i.nd
vhe columns of every nonsingular submatrix of order § of the matrix
l11?’(;31, ez,f. <oy €1) corresponds to a basis of M(e,, ey, . ..., 6;).. Obviously, the
:a,'nb?ls:]“'qo' fgvMet;:‘ basis otl M(el_,_eg, .-y €) Wibh the set {ec.,, e, ..., e} is
& basis of M. T hus, for obtain all bases'of M by replacing {¢,, e,, ..., e}
I B, it is sufficiently to find all bases of Mey ey ..., 6. G

W=

is nonsingular if and only it W“

=
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.. Tt is also easy to see that using O, — O, the matrix W’(,ﬂl, By <+ vy k)

can be transformed in a standard representative matrix of M denoted
Wiey, € ..., 6:). We shall denote by B(DBy, e, €y, .. .,6) the set of all
bases of M obtained by replacing {e;, e, ..., ¢} in B. Summarizing we
have the following

Algorithm ' :

Step 1. Starting .with a weakly representative matrix 1V~.:0f M and
with a basis B, we obtain (using 0; — 0,) a standard representative matrix
W of M associated to B,.

Step 2. We obtain B(M, By, 1) according to (2).

Step 3. For every combination of k> 1 elements ¢, 6, . . ., ¢, With
1<, <iy<<...<ip<r wefind B(By, e e, ..., ¢,). For. determining
all members of B(By, e, ey, ..., ¢,) weishall consider all the nonsingular
square (of order %) submatrices of the matrix (e, Ciyy - - .y €) Obtained
with the columns of W, , and the rows of W containing 1 in the column
e, 8 =1,2, ...,k For the simplicity, the matrix W(e,, e,, ...,€,) can
be considered as a weakly representative matrix of M (61,91 65y5 -+ -3 Bg)
for which we reconsider the problem to finding all bases by repeating (if
it is necessary) the steps 1, 2 and 3 starting with the step 1..To each basis
obtained for M(e,, e, ..., €;) corresponds a basis of M by adding B, —
ek (NN I T ¥ : |

REMARK. If, for ak >1, we denote by I(k) the set of all combina-
tions as the form (1 < 4, < iy < ... <<4x < 7) we then have :

B(M, By, k) = B(By, €,y iyy ...y ).
lixs Tase0iy) € T(R)

It is also easy to see that the above algorithm does not produce
duplications and generates all bases of M.

Worked Example. Let K = {a, b,¢,d, e,f} and M a matroid on #
whose family of circuits is C(M) = {{b, ¢}, {a, b, d}, {a,0,d}, {d,e,f},
{4y 0, ¢, f}, {aye,¢ f}]. It i3 easy to check that the following matrix

a b ¢ d e f
i1 0 0 1 06 1

W=|-1 1-1 0 0 0 -
0 —1 1 —1 1 ¢

is 2 weakly representative matrix of M. Let B, = {a, b, ¢} be a fixed basis
of M. .
Step 1. Using O, — 0, we obtain the following standard represen-
tative matrix of M :
" ¢ 6 €3 6 6 G

¢ [1 0 0:1 0 1
W=2¢ |0 1 0i1 —1+1 §:

e 10 0 Li1 0 0O
where € = a, ¢, = b, ¢y =1¢, ¢, = f, ¢; = ¢, ¢g = d and By == {¢,, ¢, ¢;}.
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Step 2. According to (2) we have B(M, By, 1) = {{ey, €3, €5}, {6, €3, 5},
{6y, e, €3}, {1 €5, €3}, {e] ¢, €3}y {61 eqy 4}}.

Step 3. For finding B(M, B,, 2) we repeat the steps 1 and 2 as
follows : \ : :

€ €5 g e, € e
= Gl Lty 10 Oyl 1 0 1
Wie,e,) =1 y Wiey,e)="1 A
(17 2) 02[1 1 1] (17 2) 65[0 it | 0]'
By = {34? 65} and B[ﬂl((ﬁ; €s), Bé; 1] = {{667 05}} ’
64 65 66 es 6‘4 65
=~ a1 0 1 . e[L 0 :0
Wie,, 6) = ™ Wie,, e,) = 6[ ‘ ],
(61, ¢4) 33[1 ; 0], e ="
B} = {es, ¢,y and B([HM(ey, e,), Bj,1] =@;
ey €5 e Cs €4 €5
~ ' e 1 —1 1 e JITILE (s Ly
Wie,, &) = 2 Wiey e,) = ° {
ey = [T ] e = [0 0 Nt

b = {es, ¢} and B[M(e,, e,), B, 1] = {{e;, &,}}.

Thus we have B(]ﬂL By, 2) = {{ey, €5, €3}, {65, 59 3:;}7 {e6s s €2}y {€s; 04 &}
{5, ¢4, 2,}}. For finding B(M, B, 3) we must consider :

6 e ¢ G C5 - €y
e, Tl rdowa 16 Ty | Og +0
W ggld =12, W.selo. 1,..0]s
ezl 1 0 O e, 10 0 1

ne \
By = {eg) 5, ¢}

Now the process is finished and all bases of M are generated without
duplications (the matroid of our example contains 13 bases)
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