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AIS .{I,GORITIÌiVI Ï'OTù Ð]ìTjìIìMINING TlIlì BÂSþS OF Ä
trìE GI-IJ-, A tì ]\/I A.TIìOI ì]

DÁN(.Ì'l Ir,AIìcrJ
(IÌucharcs t)

'lhe regulaï rn?ìt,roids ¡nar'ìr an intcr'osting half-rvay stage l¡etn'een
the rnatloids coI'responding to graphs on the one hànd, ancl thc binary
rnatroids, colresponcling to chain-grouprs o\¡er. GI'(2), on 1,hc otlrer (see

t1.l).
In this note 1\'e gi'r.c a rnatlix algolithm for fintlir-rg all 'basc.s of a roguìar
lnatroitì.

îhc teuninolog¡. usetl in 1,his prìpcì,r' is thal, of l1l a'ncl f2l. Ilct' D :
: {et, az¡ . . ., c,,} be :l finite set and l[ a reguletr matloicl on 1? t'hose rank
is r. \Iie shall rlcnotc by i7 17rc uacùih¡ rept'asentccti,ue ntcdr'ì,a of 111. If B
is any subset of l? rvc dcfine Îì7(S) n* the subruat,rix of íii consisting of
tlìosocolurnnsthateorresponcltorlrtirnbersof S. If l/gl :t'itrna¡'liappen
thtut 17(S) is a di,artc¡nal mallir, 1.hat is, the <ìiagonaL elerncnts are all
nonzero ancl 1,he noncliagonal clements are ¿ll zcro. \Ve the.n say that iiv¡

is in tlía,gottul fomrt r.r'ith rcslrect to ¡S.

l,cl, JI¡ bc a rvcaldv leprescntntive lnatlix of -lìf cliagonal r.i'ith rospect
to a subsc{, ¡S of 7J. ft rnay happen tha,t ñ'(/S) is t}re unit rnatlix. In t}ris
case.fiis Íì tlue lepresenl,ative lnatli-x of r-lf (see [1]) and is ca,lled stancla¡'cl,
repre.seutalive rnal,rix of J{ assoeialtrtl rvith ñ.

Tnr.ronrrrr 1 (W. T. îul,te, l2¡J. Il lV is ct, sl,a,ncl¡tt'd, representctti.uo
mutrit o.f -t1'I , then 14r is com¡tletoly u'nirnod,t¿lcet'.

llrrnol¿nm 2 (Ur, 'I. lutte, f 2]). Let 1l/ be ç, stt.t,¡ulttrtl raprese'ntatire
rnøtt'i.n of II tr,nd, B ct su,bset of Il. 'l'lte ileterminant o.f 1V(ß) lt'cts one aøLue 7
r¡t' -l if I] is ¿¿ bnsis of M cuntl0 ot'heruise.

Iìy sl,antlard results of lintra,r algcbra the plopet'ty of being a t'ept'e-
sent¿¡tive lnatrix of Jlf is invariant (sec [1]) urlrlcr the follorving (út-rlernen-

ta,ry operations" :

O. I?errnuting trvo rorvs (or eolurnns).
Or. -A.tkling to one t"or' (or cohunn) a rnultiple, of nnother by 1 on

-1;
Or. Ìfultiplying a to11' (or column) by -1.
Let Ñ be any t'eakly represtntativc rnatrix of ltf and ¡S a sul:sel, of

Ð r¿f r elornents. Tlien rve c,an fincl a sl,anda,rtl representative rnatrix of ;lf
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If, is also earsy to sec Lllat usiug O, - Or lhe rn e¡)
Er¿rn Ì:o tlansfolnrccl irr a sLandald r<'pt'cscnta,l ive r ted
Y@t,er, ...,et.). \\re shall clenote by /3(/Jo, êyezt all
bases crf Ì1 otl-tainecl by rt'.placing {erier, ...,er} in }ve
have l,hc follon'ing

.rI lgoril lrrn
Steqt 1. Sl,altitrg .rvith a rvc¿ll<ly rrplescntrr,tir.c nratrix lñ of Jll and

wi1;h a basis ,I?o we obtain (u.sing 0, - Or) a stanclard leplcscntative matrix
W of llt associatetl to 1)o. 

l

Btetrt 2. \{¡e obtain I}(lV, Ilo,1) accorcling to (2).
Step 3. [ìs¡ s¡r1¡¡'5' cornì¡ination oT /r; ].1: eleme¡rl.,,s é,¡,r e¡,, . . ., ø;,, "lvith

1 ( i, {'i2i1... <
all metnbc¡s of -lJ(/30 t Qi¡ ai,1 . . .¡ 0¡x) ì\re sh¿ùll consitlel' all 1,he nonsingular
squaile (r-rf ordor l:) subrna,tt'ices oli the m¿ltri-x .frþ,rrai,¡ ., eiu) obtainecl
rvitlr the colulnn¡; of lì,1r,,,,, ancl the rot's of Il¡ containing 1 in the colutntr
r4¿", .ß - Ir2, .. ., /i. Iìor 1,ìte sir-nplici1.1r, 1,Ìre nì¿ùtril T:1r1o,,, tt.í,s . ., e¡o) can
be consiclel'etl as ¿ù r\reakl)r rcll'csc'nta,tive rnatrix o1 tl[(e¡,, a:¡,, ...ra,,,)
for rvhich \\¡o tccoììsider the problern to fincling all b:r,ses b.r'r'epeating (if
it is necossa,r.v) tìte steps 1, 2 ancl 3 st:uting rvith tìrc st,ep 1. 'Io each þasis
olitainedfor M(c,,,ai,¡...rt¡¡) corresl;o¡ds al:asisof ,Ùf by addi¡g I)o-,
- {e¡,, eir¡ . . .¡ e¡n},

Ììnu.qn,x. ff, fo¡ a /¡ ;.1, r.i'e denote bv-I(/,:) the ,qe1, of all combina-
tionsasthefomr(1 ( r, <íz<... <

ll(lr) llo, rr) : 
,,,, ,.,.V,u rrul 

.11(Bot eít ei,,, . . .¡ ett).

11, is also eas.y to sec th¿t the abovc algorithrn clocs not procluce
dnplications ¿r,nd ge'nclates all bascs of M.

\V0rlierd lìrrrnt¡tle. Lct H : {n,b, c, (1, e,/} and ,4f a lnat}oitl on -Þl

wltose farnil¡r sf cjrcuits is C( l4J : {{b, !}t {a,.b, tl}, {ø, c,, cl'}, {tl, c, J'},

{ø,b,e,l}, {r¡,eop,J}). 11; is "ït ti 
",ïn 

r,!"trt urfollol'ing rratrix

| 1 0 0 I 0 ,l
I{':l-1 i. -l o o ol

L o 1 1 -1 1 ol

is a uioakly represcnta{,ive nratrjx of trI. LrcL Bo: {a,b, ç} hca fi-rect basiq
oï 'W.

Step 1. {Jsirg O, - O, rve obl,aitt the follot'ing Standard represen-
taüivc rnalrix of M:

¡. tìreorcms 1

(2) ; (Bo -. teij)u {r }. B(M, Bo;t) if a¡d onl¡r if :.þîrt¡ * 0.,

ilit'"+-: 
l'; t n'he fixeçt, 9¿,: a,+¿, ' - 7',2, ..., rn, and I4l partitiôr"d, *u

ot,,-,, - r lY';.i : i l|/br'.,u_r

c,\pansion of
{ø7}1, showsU)

l:

ur:

jnotes a,subm.aúrix of -[I¡ rvith p ro\\rs ân q columns.

Iro 'l Ir.Ílr':

lllf -r,* l'Í4-r,,,,-r
rows ancl q cohtmnS ancl T,lzro de_

. . .¡ ar rvith the
the rrrnttix;:

Or-r tt

rl
I--- 
lis.nonsingrrlarit and anlyil ïF"
I

r_ tr. J

/,,+1,
for
g,l1

;-
s a x,eakly re
a¡,+1ral.+2t ,.,t
,.) is also a
matrix of or

¡ .. , .¡ ot). Obviousl¡,, the
scf {e¡.* tt et:+zt . , . r-?,I is
te¡llacing Uu rr, . . ,', erl
' '' et\'

where at: &t az: b, os: c¡ e¿: l, a¡: c¡ cs: tl artd -Bo ,- {cy ez, ae)

8s a6

011
-1 r l,
0 0l

e,r e2 e3 a4

r001
0101
0011
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e6

, w:e,
e4

e4 aS at

l,çe,, e,¡ : 
:: [i 3 å] , ß,(e,i,,, : 

::
Bfi : {e¡;, eo} and BIX[(e' er), Bt,l] : Ø;

a4 as ae

ftþr, e"¡ : tt ft
es Ll e4 0

-1 1

00 , I[r(er, rr) : oo

ål'
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XI¡\Pl'ifl l\ilIXOli
(Iiir¡'n-I-Ianotra)

Iltte¡ottue. Ilon,rorpatþr,rqecnr,re Nrero/Ihr llcrxerrr,rn ypaeneurarî rrpoilorrixaror
(loxllalItITb cìJolo aHl)railblrocTrr r,r llr-raqeHrre Äalrie B iloc,lreÄHr4e J(ecflTl,rJreTtr_fr)
HOr'Àa ycoBeplllel{clrBOBallrre ÐJreH'rpol{Frr,rx BrrlrrtrrcJrlfltcJlr,r{rnx Nraurl4rr rroJryqlrJro
ocoõ¡Iii paBMax. Ðro oõ'¡ncuiret'crr rejlr, -r1'o oõ¡racrÌr rprrlrerrerrr,rfi o1'r,rx rre1,o-
¡(o jl l.,I ÐJTeIif i.loI-Ilrbrx Br)iqr4cJII,rTerbHt r x i\,iauìr4rr rre coBIlaÄaro'r' rloJtrlocTLro.
lIecir,ro'rpø rra ux crpelrl,rreJrlrrroe paBBr,rnte, oco6errno B orrroÍIcHr,rr4 c]rolloc'r'r,I
B r,rqI,ICJIer{rrfl rr rroßbtrueHnor,i ct roco6rroc.tr,r coxpalrflTr, r,ru{opuarlr.rrc , e Jre r{-
TpOIIIII)!e llbJrILICJrlIl'eJILllLI€ ùIaIlIl,IlìI)i IIOtsBOJItIìOT TIOiI\rtII,ITb JIl,IlIlL ÉrOMOl.paMMLI-
ra6;urL1r,r c Mrrorr,r\rr,r Rxo¡taMu (r aalr,rcrrliocl,rÌ or rl,rcJra nepeNrer.rubrx ypaB-
rrcul,rl) . Ì-ì orr,rx T a6llr,rrlax rlreurìc arraqern¿rìï Her,rBßecl.iro-r'o oHallrrrtsae'rclr
oqellr, rpylluslM. [Ja novrorpaxrì{e Ì)cB)'iÌ],TrìTrrr rrr,JTarorc-s HeiloÄc',peAc.r'Benr'ro)
xo'tfl Ir c nen¡rueü, rro c rparirl,rqecrirr Irp14err.rrr,rlroü .t'o.{nocr';ro. IIpr,r t'L'ol'r
llolvlol'lliliuÂIa BLTflBJIfieT r,r I(T)yrlre cBfl3r'r Nreflì/ly l]epet\{eHl{r)r]\ttr lleirr,rqI,rHaNrr,r
ypaltrerllrrI, I{oropoe rtaoõpaltae'f cfl c rroillorrlr,ro or.oi,ï FTolrorpaMNrr,r, a rari}ne
rIoBIloJIrleurccJre,r{oBaHI,re iloBe/IeHr4rr r{prrlr;rx rl r./(. À{oilrno cr{âBâ1.r,, v1.o
<(O/JI4II PIIO\HOH CI'OI¿T TI'IC-FITIÌ,I CJIOB)).

f[a;ror-reÌ,iruec ycoBepruerrcl.RoBarr],r() nr,r¡rr4cJrrdreJIbr.rbr x cLr,crervr, r{aK Ha-
rrprrÞIep ) ocl{artIeFrI4e r,rx rparþr,rqecrir,r1\{r4 polrdcrpàTallaMI,r, npl4BeJro ri r,rcrroJrË-
BOBaEII4IO 1l¡)ItllICJII,IîeJIrrl.IbIX t{AIIrlìn r,r g Oõ¡rar-lTII ABI'O]\{ATUÌICCXO]'O IIOCTPO0IILTfl
lrcl(oTOpIìIx l{onrlol'paMM, yiryrrrur.rB Holrorparþu.recrryrc TexrÌrlly. CrIOco6nocTr,
rpa(þonocrpordreJrrr (rr",ro,r.rep), coeÄr{HeFrLroro nerocpe/IcrBer.rHo (on-line) c
a,rIeHTpol{Iìotä ur,rqr,rc¿urre,tr¡rroi.i *ralur,rrrorî, prlcoBarÉ ;uo6orî TIIII fiprlnrix uoa-
ÌlOJII4itO 14clIOJIbSOBAllb eIO ¡{JIfl nOCl'POeIII4u I{Oi}I01'paMI,l CO SHAqI,ITe¡r'rrOl'i
CTCIICII6IO CJtO?Ii1IOC1I,I.

flepu.r,re rloÀ{onpaivrlrrr, paepa6orarnrbre c lroMouu)ro ajIeI{Tporll{oro Buqu-
cJtl,I'reJttr) lrorrlll,rJrr,rcrr u rrlecrr{À0crrrlrx lo/ìax. N4¡rolo.l,rcJreHHbre paõoru ttoc-
JIcÀITLIX ¡Irryx iìecflrr,uretr,rür, cpeÄlr rioroprrrx C. ll . Ropucon [1 ], [2], l3,l,,r\.
Jleuerrc [7], B. ts. rln6nco¡ [3-1, [5], Ä. l-. Jlarrrena llnl, Iì. 1\4orue¡r

U0l, Ä. I{irie;r¡xa;r [6'], 14. llfuxon [8], [9] ctsrrÄere.]rlc'r'Byrol' o rice
6o,nee roapacrarorr.leM r4rlTepece tr{ BrrI,rMaHtr{Id rt aBToluarl'rqecno[r]r rloc'rpoe-
Irr4ro ÌIor\{orpaÀ,n\r,

I-i oroü o6¡rac'rn orHocrlTcfl r.r Harrorlrlan pa6ota, r,rByqalotuarr BoiìNIoñt-
l{OCTIT aB'lOMa'lI4rIeCKOI'O IIOCTpOeIII4fI }IeItO.fOpì,IX IIOMOI'pAil'IM ltJlfl ypABHeUr'Ii'i C
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Step
{6r, en, er},

Stegt
follows :

2. According to (2) u.e have B(M,Bo, 1) : {{nr, 02, 0¡\, {aa, ez, et},
{e, c* er}, {e, ca, e.¿}, {e, e* eo,\}.'
3. For finding R(ll[, Bo,2) 1ve repeat ilre steps 1 and Z as

e4

1

BI : {eo, er} and tslnI@u er), Bå,1] : {{eu, cr}} ;

a4

W(e' er) :tu It
Úu L0

c6

rl
1l'

e.

o
e5 aa

fr1e'er¡:7rl 0

1

A6 O4 e5

tå i iil'
e,r

0

1

A6 c5

1 -1
0

73fr : {cu, en} and BIM@r, er), B|, tl : {{e' en}}.

îhns u.e have ß( ll[ r Bo, 
?) _:_-{{ty as, c¿}, {eo, e¡ e,r}-, {t:u, cE, 0z} , {e6, e 11 ey} ,{e;,co,er}}. Fol tinAiíg' "n1U, Bä"äiî" rrrost consider.:

a4 0., e6

1 01
e6

1

0

0

4,.

0

1

0

c4

0

0

l-

er

eq

fleceir.ed 1.XI.198?

vr e 1-1 1

1 00
-Bf; : {eu, as, a+t\.

cluplications (the matroid. of our exampre contains 18 liasãs).

IìEIrIfrì]],NCES

[2]. 1'n t t e, W. T , / Ctnss of Altelian Grou¡ts, C¿'¡. J. Aintn., ,l (f'OSO; tf _ Za.

I;'aculllJ oI llul litmolics,
UtrÌocrsilT¡ of I)ttclwrasl,

Acatlentici 14,

'i 0 l0 9- IltLclwrest,
Ilornania.
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