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Tt is lvell linorvn that thc subcliffore.ntial of any plollel fntrction ,/
flom a Bana,ch spatre -Y tcl lp is a c¡'clically lnonol,oÌto rrra,pping a,ncl if ./
is lor.vcr'-scnricontinuous, ploper Íìnd convex, then it, is subrlif-llelenti¿rllle
al, each int,erior point of its effect;ive rlomain. ìtloleovelr on t,lrese a;ssunp-
tions, the snllcliffcl'c'ntial of / is a rn¿lximaÌ cyclically rnotlotole malrping
(see I I, p. S9- 98'l).

this papcr tleals rvith sirnilul result's on e-rplicitl¡'quíàsicolvex
funcl,ions ând irnplot'es sorne r'osults of oul recelll, papcr' [121.

f . Irrtroducf ion. Let, -Y be ¿u retl llanach spacc and let / be a lunction
florn -l to IR.Ðenote bV r(./) its offecti,ue rlonøin {ueX:-f(r) < J--}.

1'he function / is called qu,cr,siconuen iÍ
(1.1) 1þ,-l t(y - r)) < rna,x (l(r),f(y))

for all r,1¡ e ,Y a,lrd I e 10,1_l;/is saitl to be sfrirflll qu&siaoil,'L\¿r if its ef [ec-
tive clornain is coirvex ancl

(1.2) "f(*,J- f(y - ,r;)) { rn¿rx (Í(n), I(y))

wherìeveÌ' r,'y e Ð(J'), J@:) * .f (y) and. l, e | 0,1[ ; / is saict t,o bc ,n1rl'fif tt'y
qll6s'LcorI,ücJJ if it is Lroth quasiconvrìx ancl strictl¡' qua¡iiconvex.

'Ilre Tnncl,ion ./ is saicl to I¡e lower (uppar) - setnir:onti,nttotr,s cr.L ,tio
if for each À <,/(ro)(l >"f(øo)) there t¡xists a nerighhourhoocl of rru such
that 7, <.f@) (L >/(*,)) u'ltetrevet ru bclongs to 1,his neighbout'hoorl;
.f is cctnt,inuotts ttl ro iÍ it is both lou'et - senicontinuous antl upper - sorni-
contirruou.s a,L no. \\/e sa¡r tltat, / is louer - savnicontittttous if it is lon'el' ,-
sernicontiltuous at each a; e .Y.

îhe functiou J'is s¿id to he hant,i.-lower (u.ptpet) - semícomtin,uou,s

at :a iÎ fol each l¿ e -L the function t---+ ,f(r f tir) ft'om [0, -]- oo[ to [R is
lot,er' (rrpper) - semicontinuous a,t tirigin ; / is called hent,i-crtnlitn.tptts u.t c;

if it, is both hc'tni-lotvt:r-semicontinuou.s and herni-trppcr-serrrÍcontinuous
Alt ø.



54 R. PRECUP 5lr2 c MAXIM¿\L PSEÛDOMONOTOINICITY

lIre shail tlenote by L, and E,(a e {p) flre let:el seús of /, narnely
(1.3) f,o: {neX:f(n) {o},
(1.4) I*: {reX:.f(r) < a}.

only if cach of its level sets is con\¡ex.
u ilrc scts tr_*: {r e .y : .f (n) : _ *1
rntinuci h ø satistying f(r) :

rluous at each ø beJo.girg ro r,he i,,tË,r?ilÏ*'o ¿l "" a"¿ ìs"òoíti
ancr {ø;ç r"'}i,i'; l.i ^r;; /l;-i:,",iì,J ,1í,,î,J-'l{ll,rurîft'ach of ils level scts L" js closcd."

Along this papel rve shall use the follou,ing rosults :a) sh,icttu qucisicon,acn øncl L,, * Ø, then
!':,72\ 'n"''¡'oií'¿iiiìo"i,"1i'*'n" eaet¡ ttte eqttntitE

l))
t' r¡ n r e r,ct ncl c ons_e quentlq, e npLicitly qu

c) If a, k¡wat -sernico-,ntinu,öu,i

litc (r.c*', r:) insbeaä of n*(r)
tivalnccl rnapping ¿I: X -sr,L D(:i \ -_ t" e _L : .4,v f

Xlhc rmrlLiva,luecl ma¡rlring ôJ: X - 2x*, lr-hcte

(1.¡) ôf(n): {øxe ,Y*, :l(y) >,f(r)I(n*,!/-ø) for aII ye,y}

atl¡., i^f. / is not ilrc constarrt f oo,
ciion ,f is saicl to be sul¡cliffcr,entiablé

r¡n 1 in rrous l)ropcl' (,on vc\ f rl r¡ t,lio¡r.
3.?.1- l) antl Ð(d/) is a rlc¡rse *ubscú

rcntial of zr,n¡, proper funcbion / is

(1'6) (nf ,h-Ø,r) *...+ (rf r,r:,,-n,_rl, l@l,no-ø,) g 0

fol cv-e.r.1' finite sct of pairs ln¿, r¡*l e 1 .

\'vc rec¿r,ll th.at if-./ is a-loiver',serniconti.uous propeÌ convox f*nction,tlre.n ibs subdiffer.entiai a¡ is rnaxirna,l c¡.cliczitt¡. nil;ãü"; ("*ce 11, Theo_rcn 2.2.2'll.

2. Gt¡rer'¿rlizt¡d subdifle'cn{,iar. Lei / r:e any function fror' ¿r, rcal
-t-ìanaclr spa.c ,l to n.\\rc dcfi'o rhe generuLixtr sttrttriffet.entiar of ./ as a

multir.alued. mappingJr(.f) from X irl o ,Y*, rvherc for each lteX,I(l)@)
is tìre set of allã* e,Y*'satisf)'ing the follo$,ing tu,o conditions:

(2.\) (n*,! - n) ) 0 irnPlies l(Y) > l@),

(2.2) (n*,U - n) > 0 imPlies lQ) >l@l'

Tlris notion is closel¡' r'elatecl to the qu,ttsi-subrlifferpnt'ittl,ô*/ defined-

in [ril (sec also fl4l)b"r.usingonly contlition (2.1) ancl also to the ta'ngent'ial'

1'(/) cttTinctl in [3.].-"' Cl"o'lv, if 
-/ 

is not bhe corlstant function f oo (i.e., I * + oo), then
Dû'(f\\- it'f) anrl for cverJr :n e Ð@(f)) the set f'ff)(a) u {0} !s ¿ì-convex

.oìi"'íi, ¡-*ií.ô., it is closecl rvith r.cspcct to actdition ancl multiplication
l¡r' trotl-negaLi vc scala rs).-' 

.{t*of 0 e /(J)(r) if and oni)r iT l\y) > /(c) for all 17 e X arLcL iT(/Xø) :
: x* if ancl onti'' it l(y) >.f(r;) for all lt e X,?l * n: 

-.^
The follou,ing ieÍ¿itioo'is knou'n' betn.een subdifterenbial ancl con-

rrcril,i: an). functiorL / is corlYex ô/)'.r\lsot
anv tirnctioìr ./ is quasítronr¡cr orl e -4' similar

'*ilti"" "|u 
J¡t 

"ståUlishctt 
J.-¡ctn een tt erplicit

quasiconvoxit¡' :

Ilrrc¡pclstrroN 2.1. A .fttrtctir,tn, f is e:vplic'itly t1u'cts'icortLlen on each conuen

sttl,tset oJ D("Þ'(f)).

oT Ð(f'(./)) ancl let nt lJ e C and

- ltt: - t(y - a;) and. tl -'lL:
) > a or' @f ,y - tl) ) A, s'hele
ies is stlict, then clearlY :f(Y') <

fi - y,) : (Yf ,ll - .ttt) - 0, u'e have

f 
( {*i J'ï 

" 

J 

/Ri,lJ,li i iil, ii'.{! i} å
"tt tt'or, 

ns renra'l< bhat it f is a'¡, propc. tutrctirt' thcrL ð/ - ui¡¡. ,o
Dn¡.ticular,. if / is a lc,lr,ePsoiniCont,inuouij propel coTìl¡oK funcbion, then

irlótil -'J'(IiU)). iuor.e gensrally, l.e ]ravc tìte follo'vying rcsult.

l?uoposrl,rou 2.2. I'ot J be utt, c:t¡tl,ic'ith¡ quasicont.len fi,r,nctíon, .front' x
to R u,nr.tlet a e D(.Ð.rr ,f ,is t,tp,¡ter-seüticoytti,ntttotcs u,t'y whe'nctter l@) < l@),
then. r e D(I'(J))

l'roof. trÎ r is a rnjnimurn point of /, thcn 0 e .E(/)(ø) and so

r¡c¡t a,chicvc its miuilnum at r¿;' Then
Itoc i'is tlttil,sitotlr-t'x, it is also convclx'
t,oni,* at e'ilch 'ry e L¡r:r¡r -lve have thab
hcre e-rists anoir-trivial r* e 'l* such
(si:e [1, Thcororn,ltl'9]).: E[ence (ø*,

, ø* iatisfics couclil,ion (2'1)'

Clea,rly, (n"", ?l - r) < 0-{ol aII ø e cl tr¡1.,¡' In particular'' this il"-
cruaiitj--notä's 'fori 't.-"r.u' y- e L¡q",t.l-¡-e cáusc Ei,:u- c1trr..r. It fr¡lloivs thab

('a,t,r"__ n) >o irn'tiesJÊtiíl >ää¡..I.¡us, ø-* aìlq satisfjos conclitio' (2.2)'
i

il

l

I

i

l

l
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i 
.. 
Thererore, u* e&(f)(n) ancl rrence n e D@(f)), wriich cornpletes theproof.
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I¡et us set

I((n)-{h,eX:there is f }0 such t}rat f(nftlt') <f(r)\
-ß(*):{l,e;r:there i,s f }0 such thatJ(rf ltr') </(r)}

and derrotc

K'(r) : {n* e Xa': (r*, ft') < 0 for ali l¿ e Ii(n)\

ffo(r) : {n* e ,[* : (r*,lt) ( 0 for all /¿ e R(*)]'

l,noposnrorq 2.6. Let f : I -* IR be-any tunatiom'

0 ry I u,eltieues its minitttu'nt' d't 11 tlLem

-Í'(/)(n,) : I{o(u)"

Ðt
5

conor,r,rrnY 23. n'et f be a, Iowet'-san,ico,nr,inuou,s strictly rTu,asiconøen
functiora !ro.;nt x to p. l¡ J is tæmi-tt'pper-sunicontittu,ous at ea,al¡ itúer¡or
gtoi nt of Ð(J), tlten

(2.3) int D(f) c D(ßt(fl).

- llr?:t. rn our assumptions ilrr function / is explicitly quasico¡r,ex
and contin.ous aú each interior poi'1, or D(f)i Next ìvc 

'rä¡,äpn1,, 
p"o-

position 2.2 1o the.function f :,y -, ç rvil,tr D(f):intD(fi, itil:ltrùfor all ueintÐ(,/). !.inally, wé use the fact that' '

PV)@) : I(fl(a)

Gâ îË ,f''l,r;;îuV,.T ]'r".#ií.;':;3 ':få,,,i!^,1,;:rq,t ./(y) < .f(n¡,, thin, u e Ðe,g))"and, eÛ(fl¡qu).

,/iø) e t (J)(e;).

claimed.

2.5. Lrtt l;Ì* n. ^?u o.qucrs,icctn,ten futrcli.on. If ! is
¿otts q,ntr 

,Gâ,tcaun rri[Jerentiøbre at aq,crt, þoint oJ Ð(fl" antt
nl| c; e Ð(.1), tttcn,

(2.4) ¡¡rrulJ - It(_f).

In rvhat, follorvs u'e shall cleternrine tlie generalized subclifferentialof a strictly clnasiconvex function a1, any p'inî of its effective elomain.

(2.5)

il

lr

iri

i

I

(ii) ry f 'ís strictLy qunsi'conuen and' n € D(.f) 'is not n mini'mu'm prtint

of f, th,en

(2.6) ¡'(/X") : I{'(n\.

Proo,f . (i) Le l¿ he )' Then
.,o,e have (r*, h) ( (i'9:, qualitY

(n*,(n t tlt) - ø) i tl'í rvhich

is absurrl because n*,tí) ' 
hence

nt of
that
) ancl
(2.2)'

e anv element of I{@)' We 'lvant to
onnäsed case' from (r+,(r +th) -.-

fori att t, > o; which is absurd' be-

).
etus consider an arbitrary øt e K'(n)'
n) > O. Then 3¡ - r{ Il(ø)' Ilence

hence I((Q cnff)(r)' This completes

the proof.

Iìemark2.7.Letl:X--g1bea-stri.ct'Igøuasi'-conalnfunction'Iff
A"ur iåí"rä¡o*"¡it mínimun,, a,t n and, f is upþer-sam'icontinuous at eac¡

,point of L¡1,¡, th'en

(2.7) 'K'(n) : Roçn)\ {0}'
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(ì

rndeed, let ¿p* e r{_'(u) and h, e ll¡q). tr\re want to shorv 1,hat (ø*, /i) <( 0. since this inec}rality t'ivially holcis if h also b;I"ù. to zriø¡, n'exì
i.e
i1,

ch

shorvs t1nat R0@) \ t0) ,_ It,(u), hh

u t "IÍ:?{i¿".,},\,u"1ui.f?'i':yuii:'f:;;:f ,r,x:!":;;:nuolt t,lrut .l'(y) {.f(u), then,

(2.8) P(l)@) : {t srad, J(n) : t > o}.
nrogl. -By Proposition 2.4, {t grad.f(u): ú } 0} c lt(f)(r). For tìreconverse inclusion le1, us remarlc lÈal

{h e X : (gradf(r), h) < 0} c. I((n),
whence ,.Il'(n) ^c,.{.i Srad,f(ø) : ú } 0}. Next, ecluality (2.8) follorvs byProposition 2.6 (ii).

conolr,mn 2.9. Let f : x -- p ne a lower-sem,,icontinuou,s proper con-
uen funcl,ion.

(i) If æ e DQf) and, f d,oes not a,chieae ,its mi,ni,mum at u, then
(2.s) ctF(J)@):ct(u{xJ@): À >o})

(ä) # in add,i,tion u eint, D(f), then

(2.10) P(fl(u) - u{\af@): À>o}.
: K'(Ð; clearly, K'(u) c.
(r) - Ko(æ). Next Ro1ø¡ :
t).

sed and bounded (because neinb

cone. u !xg@): À > 0) generated o, :/äT,i:t;r:-"""Jïï#å,ä\ öî: u{^ÔÍ(n): À > 0}.

3. Pseudomonotonieily of gencrarized subdifferential. Let a be amultivalued mapping frorn X iñto -X*.
. We s_aV that A-ls--ps,eutlomonotone if for every n, g e D(A,1, the follo_wing condition is fulfillecl :

(3.1) (!l*,!J - u) > 0 for all U* eAy, whenever there exists
o* eAn such that (a*',8 - 4 > 0.

Olearty, any rnonotone màpplng ìs nse'udononotoue'

rf the,r,^plriniüfiì";;;äil;ih"'i condition (3'1) reduces to

(3,2) (Au,'!J - r) Þ 0 implies (Alt'lJ - n) 7 ot

whichisjrrstt,]ieconclitiorrofthepserrclomonotonicityclefinecliir|?]'""^-l,itn"say l,hat Ã- is cycticatly ltseulot¡t'ott'otone if

rnin((rff, nt- fio), "',(#ìl-t' fi"- fr'-t)t (nl'no - ø")) (0

'o'o' o, (t:f;, nr- ro) : (fiif-t', uu - fio-t): (nl' uo - n'): g''

for ever¡, finite sel, of pails la¿, nirle A'
obviously, .r,¡î o"yärìã*iiy',mo"otãne mapping is cyclicall¡' pseutLo-

A: B,

PR Thn followin'g statemett'ts are etlu'iual'cnt :

1o. A is Pseud'ont'ottot'one;
2o e Ð(A), we h'aae

ß o) [l:irr*,,î, l]rr{oî" v* e A'v' wh'eneøer tt¿erc eu¿sts n* e An such'

3". Wc \t'a'ue

min((r*,A - ù¡ (Y*,n - Y)) < 0

(3.5) or (n*,tl- ù:kl*'n-u) -o''
q* e Au.
3'l can"l¡e founcl in l12l'

in'n**:lt 
see that anv cvclicallv pseu-

Pnoposrtrort3.2.Th,egeneralized,subd,iJferentiall(J)oJan,Efunct'ion
f is cycl,icallY Pseud,omonotone'
' "" ""ili; ptoót is i*-"ai'te ancl can be found in[12]'

Pnot'osrTton 3'3' -t¿ú subset o'f X
a,nd,let f : C -- E¿ be Gâ,tea,un rad' 'f - F("f)t

it is neicessaru and, sufJicienl
rlition is immediate because, by Pro-

non-decreasing on [0' 1]' Therefore
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(3.8)

ancl
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Similarly, if (øt, /r,) : 0 ancl "tve suppose that J@ * h) < l@),
rve get

ø(1ì . fQt) >^ l@) . Ø(0).-Sitnilarly rve câ,n prove that (grad ,f(n), y - ø) >) 0 inrplies l(y) > ,f @). l'hus, gratr f (ø) e r (f )(ø) antl t he proöf iJ óomptete.
rlem,arh 3.4. Let c be a non-empty open con\¡ex subset of ,lI and.

C. ¿\ccording to Irroposition 2.1.,
(/) is tha,b ./' bc ex¡llicitly quasi-
,f - I'(Í) is that / J:e cprasiconvex,
for all a e C (see Proposition 2.S).
tlrat grad I - I(l) i.s that / trc

Next n'c sìrall prove a theolem on the m¿lxima,l pseudomoirotonicity
of the generalizecl subclitferential..

Pr¡,oposmrox 3.5. Lel ,f be a, fttnct,íon, frotn X to e antl let C a non_
-em,pty subset of. DQ|(J)) sttclt, tltctt

(?.6) _il neÛ a,nd !+heL,@¡, th.cn alth,eÐe,ff)) /or 0 ç t<to (to
deltencling on r ønd tr.).

_ Il .f is low_er-sent,iconlinu,ous at eu,clt, ne C, then I(f) is mar,ím,al pseu-
tlontonotone with respect to C.

._ Pr??.|. I'et r e C and. n* e ,Y*. Suppose that the rnapping I(/) u
u {lr, :,vr'l} is pseutlornonotone. 'l'hen

' min ((ø*, I - n), QJ*, n - y)) < 0
(3.i)

or (ø*, y - n) : (1Jr', ff - !l) : O

for all ly,E*l e¡'(/).
lMe shall pr;ove that (3.7) assures that

(n*,lt) )0 implies "f(r * h)> l@)

(3.9) (n*,h,) ) 0 implies "f(r -J- h) > l@).
To this enc[, let us first consider a
Suppose that, nevertheless, f(u I h,)
there exists Ío ) 0 such t}i'at, n I ttt

attoç1.
account
er(l)(u,)
>l@ tt <t <-to ancl s )0. fn particular,

Ìor s:1-¿ we have j(n+h)>.f(n+rt,) (0<ú<lo) and^for s:i
s'e have l@ -l2th) >f(n + th) (O < , < fo). ïIhence

T@) >- l@ i'h) >l@ + th)> ... >l(. * *to )r .,
whichjs-impossible tlue to the lo'weflsemicontinuity of f at n. Eence (B.g)
must hold

R. PRECITP :, II

l@) >l@ + h) >f(u Íttt) 2 ., f(. * ]tn)
rvlrich crnce again contraclicts thc lorvcr-sernicontinuity of f at' n' IIence
(3.9) rnust ìtold, too.

Tltcrefore n* etr'([)(r), lltcrcb¡' proving tho maximal pseudomono-
tonicity of -F(/) u'ith respccL Lo C.

Rentarlc 3.6. Untler llte øsstnttptions of Propostt'ion 3'5, i1(/) rls

mctri,tn,ctl ct¡clícctll11 Ttscttdctrnonr¡tone ui,tlt, respecl, to C. 
-

Indeód, it 'is easy to see tliab the maximal pscudomonotonicity
rvith lcspe ct' to ( of ä cr.clicall¡' pr cudomonotone nrapp_ing implics its
m¿rxirnal' cyclicall¡' pseucltinrolotonicit¡' with lespecl, to C'

conoll¡llr- 3.7. I'et f : x --- Q be u, I.ower-sem,i,conlinu'ous qtt'ct'sí!_onaen

fu,nctiin,. Il D(1,(J)) : O(J), tlnn -tl¡e 
.gcneral'izeíl ^stt.bilifferential 

I(f) is
"ntan 

i:n ¡aL cy cl,'ic atty" 7t s etrclomo notone u ítlt, r e sp ect to D (f ).

Proof . ApplJ' Plopositiorr 3.5, l'lLcle C : D(.f)'

Let / : -f --- 91 ntinttott's sl'rictlY
l;aø'inq int D j) -tLpper-sem'icott'ti.-

¡toin,t"r,tf ryJl"n btlífferentiul I(l)
ieuclotnonotòne w ).

I'roo.f . Use Oo¡glla1J. 2.3 and apply L'ropo"rition 3.5 's'il,h 6 : inü
Dff).
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NOIìM-OND PROJÐC1'IONS ON SOME IIUNCTION SPACDS

r. lìAsA
(tllu j-Napoca)

î. Let ,f be a compact I]ausclorff C(-X) be flre spaceof all real-r'alued continuou,s Tunctions ed.'rvith r"p_"ð"-.I'et' lt and ]1,' be lincar subspaccs of C( L e Ir c I,t/. 
-Denotc

by Plob(,Y) the set of all pro-bability Ra on zII;let à,, be ttrãDirac nreasure at u e ,Y.

{,s ir1.-[2], clefinc_the cho_quet bo'ndary of Iz rvith rcspecl, to IIl l¡y
Oìrr,,(ìz) : {t,e X:if ¡re Prob(X) ancl"¡;.: 3" on Iz, ihen

F : à* on IØ).

If V.

all ti'.

I2l ctti

Trrnorìnu I. f,ü Y_c. Ch,r( V) !!d tr e (Il , C(,y)),,11 L ll : 1. If Lp : ,p
on T .for eùl p e lr, llrctt,Lf :,¡ r,trt y 

J'or ul,l':f e'IV'.
\{¡e shall give a clir.ect pr.oof of this flreorem.

_ __Irct t!e Y. Let v(/) 7IÅ(y),.f e lIr. Then ve I[,and llrll < 1. SinceLeY, n'c har-e. 
"_q) 

__- i, hence"ll"il :1. Lrsing trre Hahn-Banach theorc¡r.
l:: f]:+ :r, ¡r e C(I)' I'ith ¡r^:, v on flr anrt llf ll": 1. Then,p(1) : v(1) : i;lìetìcc lt y.ll : {r(1) : 1. It follou's that, ¡r. e prob(,í).

Firr p e / u'e havc ¡-r(p) ^v(7r) 
:_ Lp(lt) : ?(ll), [errcc p -_ à, on I,.

Since,.g e Ch,u( 1,'), rve have-i à, ãir l,lr. 'fiié" ,': S, ;;i f,f.; i.c., ítlyl -: v(.1) : J'(y) fol all .[ e l[.
1'rrrr;ol¿u,'rr 2. Bu4tpose _th,al, l4r separatcs X cntd, Ch1lz¡ : Ch(

1.,.e(.lL!,ll-)', ll Lll:._t.1tnd t,1t: þ on Ch(ty) ¡or ,tt f .'lr,' tttnn L
Id.P.tLl,tllJ operul.or on llr.

fi,). rl
is tlte

rem 1
using

Ilriem

Oonor,rÄr¿y 1.. Su,ppose th,at W separotes X u,ncl Ch(IZ) : Oh(IV). If1'e(lV,7r¡' i.s a, norm-òie projcctíon, then V: lV nnd, i, li, ttr, :Ulr"t¡íy
operu,tor'.
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norrlincat ope-
9¡J2,297_302.
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r, r.\ct't'Jct.sel,

ll4l.Ztlrolin, \'. l.,,lior.abl(,\., A. 1., l(haJri.l¡ullirr, ll. ft.. Cotttlitiotts l.ctr ane't:rt(tì'trrr oI a fttttrtitrtttr i¡t t'use n¡:roi.iriì,,tr, r;yrrcr.reiics,'r,'çl¡iz_9gg (t925).

Rcceivcrl 80.\/III.1 g87

'-'.ßaltc;- Ilctlya i" U n iucrs ffi¡
I)rpnrltnrnl o!' lllolhenttilics

IlogdlrtictcrttLtr l
3 4 0 0-Clui- N apoca

Il.ontctttia


