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The purpose of this baper is to develop an integration theory for
probabilistic functions, with respect o a positive measure, using proba-
bilistic submeagures families and the topological ring of sets associated
to them. Since t,, is the unique triangle function which satisfies tho
functional equation

< F(jla), B(j[b)] = P(jja + v,
i this paper we will consider the commutative semigroup (24, t,,).

i Preliminary conecepts, Let #+ be the set of all probability distri-
bution functions of nhon-negative rancdom variables, i.e.

AR =D T [1dics] sot Troj17, F(0) =10, #lco) == 1,  ig non-

decreasing and left-continuous on [ 00, co]}

and let H, be ithe distribution tunction in 27" defined by Hy(z) =0
Tor @ < 0 and Ho(z) =1 for o ~ 0. The mapping Tu AN X Bt L ogpr
«defined Ly

(I, G) (@) = sup Min (#(u), Q(v))
ty=yv

is a friangular function, and (R*, va) i3 a commutative semigroup with
unit H,. We denote by (&+, =, dg) the uniform topological semigroup
with respect to the modified Levy's metric dz[2].

Ii'" j denotes the identity function on [ — oo, o], then for any i
in #* and any a > 0, the distribution function on %+, whoge value
for any & > 0 ig F(»/a) may be conveniently denoted by H(jla). In (8]
the authors showed that ;

“(I(ja), B(J8)) = F(jla + b); T e @, a b~ o,

In this paper we will make the convention F(5/0) = 4, F(j/o0) = @,
and we write

Full) = By, wp (1, . ol ln_y, I,), .. )
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¥ w18
if struetur ~on [Z27). . ey
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Lr,nttnll_‘]_?_-.bf‘-‘ ite [2+15(1) = ([2)5, Uy). For [ eg[_‘_ s conv_erges
by ‘th{ fq [fu generalized sequence from [27] .]‘{1- 11,;“11)};6;&8“1‘05 g
9y LIm*j]“(.-I‘r) we say that {f,} converges to f1i sul
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L : : and we will choose-
ol ]\1\1;3 {:i]ff{x' a positive measure F - tﬁa%oélfeo)following i
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mi ' probabilistic submeasu
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i ilu(I)) = H
¢,) For any Fe 2%, hnIl‘M B0 () .
E—>0
Ecs
R * o " O +'S.
2. The integrahility of the funetions 1.10111.. (2] N g o
DEFINTIION 1. Tt is said that a step function fe [ 4
erable if

isti 1R ..., e @
(i) f takes a finite number of dlst_mct values F1, I'?, ;
on the sets Ky, E,, ..., B, € & respectively.
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(ii) for 7 =1, 2, 3, .
(it B = Hg it re

My I = [ it follows that B is T
For ¥

o w~Tinite
sults that #, is I',-negligible) . ! :
€./, the T',-integral of S on K by definition iy
S Fdp = = BB, 0 B
& .
We denote by &(T,)
THEOREM 1.

() Relatively to the operation

T defined in &(T,) by Tl fy 9)s =
= (L, ¢), the space E(Lu) is a semigroup of LR,

(iiy For 7 ¢ sy the map f —>Sfd\u of &(T,) in @

E
S ) 9) @ = Sf d.u,s g d‘u) f, g€ 6(1,).

L I I

the I',-integrable step functions set.

T s addilive s

(i) For fe &( L), the map 1 V), Be o, v = V(i) = gfdp_ 8
additive :

I
7 ~ i} - '
Yl =ty (VE), Bin B = @, i # 3§, and Vo= H,
Use =1
=1
(iv) Tor fe (T3, lim ve= lim \fdu =H,
1 it
W L
_ E—>0 E—30 ¥
The proot follows from definition 1 and axiom .
The extension of the integral from the step functions to the arbitrary
Tanctions from [27]° is Dbased on the following resulf

LEMMA 1. Zet ab be a

generalized sequence from &(T,) which s
Cavchy in TR*I5(T,). {S Jadu

e order 1o be q Cauchy  sequence in g+

Uniform with respect to I e of y W18 mecessary and sufficient thai :

_a)y For any neighbourhood + of Hyin R there ewists an tndew o,
I finite = I and the nuwmber ¢ > 0, n > 0, so that : o > % and vi(e) >
>1 - iek mply Sfl due 7.

b) For any netghbourhood v of Iy from R+, there exists an ndex o,
and e sof , 0 T',-finite so thmgfa dpe ¥ ifo > ayand B e A, B < S — .

I :

Lroof. Necessity. For any neighbourhood ¥ of H,, there exists a
Symmetric entourage # of the uniform  structure from RZ* 8o that
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s f f ‘y FEe
WwyH,) < ¥. Let «, be so that (S « Ay, S aq de) e for an
]

A 1 ists € > 0
if « > «. From the theorem 1, (iv) it results that there exists € > 0,
@ = G

i i _=mgh o
» > 0, K finite < I, so that we have Sf% dp e W(Hy) if vh(e) > 1 !
7
E

' — 2, ieK that
i € K. Therefore Sfudpe“/f if a> o, and yi(e) >1 — 7, iek ,

he condition a i P’he condition b) is ob ained b aking F = {s € S
’ (S) # H } We have F e d, I‘,L—ﬁnite and S’ao dp. = HO WthheVeII
Jog (1314 )

E
would be Ee &« with F = § —F.

i ace for & and let «, K-
Y) . Let be a symmetric entomaige : o g
tinite ng{wz@g\gg 0 and F be chosen dgp%x;dlpgu&gnzlz?l qIll;lg]f-ﬂoo
‘ iti slm sly. "
i the conditions a) an -
W(HO%‘(?EC%I%(% :l? let the entourage % from £* be chosen accoraiilg

to axiom C;. We write ,

Faw = {585 (fu8), fu(s)) €U}, Fox € A . N
Since {f,} is Cauchy in [#*]%, there exist o, > o so+tha,t :ﬁﬂiijwr;et
ie K for a, @' > o,. For F € & in the semigroup 2% X R* we

(Sfa dgsy Sfa' du) e [m[(mg ’fa dp,,EnISm:fa' dp,);

E

(5o g b e § sl

"IN T NF ) N F
EN\(F g UF) ENWF  UT) (E\T gy )0 F . (EN MV
; At
e Tyl [(W(H) X W(H)), (W (He) x W(He)], #]
CC o[ FL WL, W E W, ay o >y

Note (i) In the previous proof, for any MN < R we used the
notation

N +
(ii) In the semigroup #* x Z* for (Fy, Gy), (Fp G)e Z* X Z
we used the notation
T [(Fyy G1)y (Fyy G)} = (mael(Fys G1)y Tu(F'ay G))
LEMMA 2. Let {f,} and {gs} be two genmeralized sequences from
convergent in [A*1(T,) to the same function. If {Sfa dp.} an_d{SgB dp,}
i bo)

From Lemma 2, it result that the above T,
We denote by #(T,) the set of I'-inte,

INTEGRABILITY CONCEPT 97

are generalized Cauchy sequences in R+

entourage W from B+ there exist «, and
there resulls -

uniformly in B e o, then for any
o S0 that if 2 > oy and B > Pos

(S Jo dp, Sgﬁ dlu) €W, uniformly in Be o.
£ E

Proof. Given a symmetric entourage % from #* so that
u[Tu(WY, WY, WE) € # we choose an entourage % from %+ correspond-
ing to ¥, in conformity with axiom Ci. We write Fs — {se 8, ( Ja(8),
9(8) ¢ %}. From the previous lemma it resulty that there exists %3 Py
€>0, A >0, K-finite < I, so that if ¥ e # iU 13 T-finite and « > o,
B> PBo vi(e) >1 —2, iel, Bc S —T, Ke o, imply ;

Sfa dp e % \(H,) and Sgg dp € %'y (H,).
By hypothesis there exist a2 o and £, =B, so that for « > %py
B > B, we have Yeg(®) >1 — 4, de k. Expressh;g the pair (S Jo dp.,

A
S 96 dp.) the same in the proof of the sutficiency from proposition 1, the
E

result is ‘obtained.

DEFINITION 2. The function felat]® is called I',-integrable if
: I
there exists a generalized sequence {f.} from &(I,) so that fis fand

{g I dpu} is a generalized Cauchy sequence in #*, uniformlyin # e o,

Then the I',-integral is the element from Z* defined by :

5fd‘uzlimgfady. .
bo) E
-integral is properly defined.

orable functions from (&),

THEOREM 2.
(1) Relatively to ihe operation <, the set Z(T,) is a semigroup
of [#FT5.

(i) For Be o and f, ge Z(L.) we have :

S “ulf, 9) dp = TM(Sf du,sg du)

& E E
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@iii) For fe L(Ly) the mapping I — vp = S fduy s additive :

E

11
v o, = TM(in), EnEi=®, ¢t #j, vo = I,
i i=1 Ot

(iv) For fe Z(T,) we have lim vy = H,
T

03
E—>D
ey

The proof follows from lemma 9 and definition 2.

w
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