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Let I be & closed interval of the real axis, and C(I) be the Space
of real-valued continuous functions defined on 7 The present Paper has
considered the class of linear positive operators I - O(I) — o(1), satisfying
the property Liesy ) = e, (7 =0,1), where ¢ is given by e(@) = a,
w€l, j > 0. This clags includes some of the classical operators in the
theory of approximation of continuous functiony - the Bernstein operators,
the Meyer-Konig and Zieller operators, the Szasz-Mirakjan operators,
the Baskakov operators. The rate of approximation of continuousg funetions
by the operators of this class can he expressed with the second order
modulus of continuity, defined by wyf, k) = Sup { |fle + 8) — 2f(z) 4-
+fle — &), v & 8 €l,0 <8 < b}, for fe O(I), and '} >0. A standard
technique for the study of this rate in ‘the case where 7 is compaet is
based on the use of some fanctionals that admit majorants involving
the second order modulus of continuity. A recent unified approach, in
& more general context, thaf gives general and improved estimgtes by
developing this method is due to I, H. Gonska in ( [5]). In the present
baper a general pointwise estimate is obtained in ferms of bhe second
modulus of continuity, based on another idea. By applying this general
result to several concrete Operators estimates are obtained which gre better
than the ones known until now,

1. General estimates, We shall use the following notation. For @ E
we denote by ] g [ the greatest integer that is strictly smaller than .
If @, y, peR, and P >0 we put iz, Yye)=1]1lw — Yl/p[. Moreover
we denote by @ [0, 00) — [R, the funecfion defined by (?) = max{7/4,
3/2 4 2} for te [0, co0). In the case where I — R I8 a compact interval,
the space O(I) is equipped with the Sup-norm || -,

The theorem that we shall brove is based on the following lemmas.

LEMMA 1. Zet I be gn arbitrary interval of the real awis. T ffe o),
cel,and 3cR, § >0 are such thatc s S e and flc — 8) = ¢ = fle + §)
then the Jollowing inequalities Hold -

(i) f@#)] < (1/2) wyfy 8), f t=e¢
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(ii) fO)] < ofy 8), if [t —e¢l <38
(1) (@) O] < (4/3) «)fy 8), ¢f tel and |t — c| < (5/3)8
(iv) [fB)] < ((3¥(e, B, 3) + 8 A(e, t, 8))/2) wyf, 3),
if tel and § < |t — ¢].

Proof. (i) We have |f(e)] = |fle 4 8) — 2f(¢) + flc — 8)]/2 <
< (1/2) ouf; 3). _ B | A
cil (i — 8,¢ - 5] Do such that |f(u)] = max {[f(3)], |
(<H)S}LS€VZ ia,[g a;ssél’rfle—i— w%thoeut any loss of generality that u < e.
'Ehglll,‘;tb i ~+ 8 €[¢ — 3, ¢+ 3] < I and consequently : |f(u)] < | f(2u —
— ¢+ 8) — 2f(u) + fle — 3)| < wyf, 3). .
(iii) Let ¢ €I be such that [t — ¢| < (5/3)8. We can on1y4080nm3(:rg
for a choice, the case where ¢ € [¢ — (5/3)3, ¢ — d]. Then 4¢ - Eea,d
€le— 3, ¢c+ 8] and ta;kjngginto &C((:;uélyt E?Z;f:ll(}?t) l(1) ,—( 1%)) -?f(4c —y
1 | T < oy f, ). i
0 d—‘?t)h ‘. 3}{2(3 b 1) -I)"If(t)) Z13)(40 — 43 — 30)-(2/3)( (20—
— 28 — 1) — 2f(0 — ) + ft)| < (L3 + 13 + 2/3) wylf, 3).
(iv) Let t &I be such that § < |t — ¢|. We can assume thgt t >2§ t
~ 8. First let t € (e + 8, ¢ - 28], that is )_\(c, 1, 8) = 1. Heneq ¢ -+ vy
% — 3, ¢ -I- 8] and then by taking into account assertion (1);(11),
wo inter s 170 = 10 — 2f(0 + 8) I f(2¢ + 25 — 1)) + 2f(c - 3) —
— f(2 23 —1)| < 204, 3). . arth
: ;‘i—gally let ¢+ >¢ —}2— 29, and let us write &: = 7\((;]:_13; 8') and y,: =
0+ 84 j(t —c— 3k (j =0,k). We have f(t)= fly;)= ]_Z]l J (@ gig)—
11—k . Since' fly,) ='fle +
__}: ?)@’6) ;Elg(g/i_é_(lf;))—l——}_S?féy—l})— 3_85, Whél)lgza(ygom above it fololows that
If(g) | < 204(f, 8), we infer :

Ty (gg " 2k) odlfy 8) = (K + 31)/2) oy, ).

Thus Lemma 1 i3 proved.

The following lemmas will establish in certain conditions the

inequality :
(2) 1f(t) — fle)| < ©([t — @|/B) f, k), tel, h >0.

bty ' he real awis.

. Let I = IR be an arbitrary interval of i L auis,

Letfglg?}?lﬁvezﬂzjnd h >0 be such that © ¢ hel and flo — b)) = 0 =

— f{w -+ h). Then inequality (2) holds. : 10 b

ly Lemma 1 putting 8 := k and ¢ := a. ey e

b we have 0 — ) < |+ 1) < ©/9) o7, < ol

f— z|[h) ofyh). It kh < [t — x| < (B + 1)k with keN : =

that is equivalently A, ¢, k) = k, we infer |{(1) — f(z)| < [f(1)| + |f(z)] <

! ¢
h). On the other hand we obtain (|
S (?;c;)—];33lc/)2/2_)l_—}(—t 1—/22)2%,&2 ;3/2 + k= Since the inequality k2 + 3% --1<
_s—,w%z —t—/3 holds for any % € [N, Lemma 2 is proved.
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LEMMA 3. Let I R be @ closed below bounded wnierval of the
real aaxis, and let ys denote by aeR, a— min I, and by beR {oo}
b=supl. Let v eI and h >0 be such thai o < @ - h. In the case where
beR we assume the additional condition z < (Ba+- b)4, Then if f e O(I)

satisfies f(@)=0= (@), where d denotes  — min {b, z 4~ 2R}, inequality (2)
holds,

Proof. If d = b we shall use Lemma 1 hy taking & = (b — ©)/2
and ¢ = (b @)/2. Thus for 1 e [@, b], since § < 7 we have | f(1) — fla)| =
= /()] < wyff, 8) < P(|t — x|/h) oo(f, k) and if t e [@, ) since |t — ¢| =
Sl ls0—~a=8+g g s (b —a)3 — (@ — a)/3 = (5/3) 3,
e Sk We have |f(t) —f(a)| = f(1)| < (4/5] Wy 8) < D[t —
= @|[h) oy}, 1), y

Now let us assume that @ — @ —+- 2h. We shall consider the intervals.
Iy = [& — b+ hi3%, @--2k] and Jy = [@, @ 3h — hi3¥], for k —
=0,1,2, ... Therefore we have I, = Lisqy Jy & iy for ki = 0, R
and I, = J, = [#, ® | 2h]. We denote by & the interval § — (@, max{w |
+ 2k, 42 — 3a}). Tf p e R we have 43 — 34 < p, Hence § < I for every
belR y {co}. We shall prove by induction the inequality :

(*) I < (8 — 1/34)/2) wy(f, b, for 1e (L U Ji) 0 8
and h=10,1,2, ..,

)

Indeed for & — 0 putting ¢ = 2 -5 and §: — h, the inequality ()
i8 a simple consequence of Lemma 1 — (ii). Let now % > 0 angd suppose
relation (») true for J — 1. We have to consider two nondisjoint cases.
‘EI;‘ n g and ieJk n s.

In the first case let telyn 8. It t > @ then tel, and relation (%)
is immediate. If t< 2 then 4oz — 8¢ > pand on the other hand the inequa-
lity 1> a0 — 3 -+ h/3* implies 44 — 3¢ S @43k — /31 and then
4z — 3t e Jy_,. Moreover if beR we have 44 — 3l <4z — 34 < b, Hence
4o — 3t edy_,n 8. Using the assumption of induction we have

IFO] =1 (1/3)(f(42 — 31) — 2@w — 1)+ f(1) — (1/3) f(dw — 3t) 4
+ (2/3) (f(2w — 1) = 2f(x) + f(1)| < s

S (A3 -+ (1/8)(3 — 1/3%-3)/2 -1 9/3) Oolfy B) = (3 — 1/3%)/2) wy(f, B).
In the second case let ted,nd. If 1 < ©+4-2h then teJ,

=

and relation (*)ig Immediate. If ¢ ~ g + 20 it follows that do -+ 8p —
— 3t <@ - 2k, and on the other hand the inequality ¢ < & + 3h — h/3F
implies 4o - 84 — 3t > 5 — b+ h{3*1, Hence 44 - 8% — 3t €l_nS.
Using the assumption of induction we haye :
@& = 1(1/3)(f(40 +- 8h - 3t) — 2f(2x 4 4n — y) +A2) +
@B+ 4h — ) — 3f(e + 20) + J0)) — 131040 + 81—31)| <
S (13 +2/3 + (1/3)3 — 1/371)12) wuf, b) = (3 — 1/3%)/2) wy(f, b).

The above inequalities brove (x).

6—c, 2574
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it hat : N have [f(8)| <

From (x) it follows that for te(a x4 2h] we v S

< (3/2)159( fs (h,), and then using the continuity of the function []‘[},1 thlb.
iieQua]itSf can be extended in the point @ € I too. Hence, finally we have :

(#%) ()] < (3]2) wy(f, ) for tel, and |t — x| < 25,

d it S b and taking
It tel and [t — @ >2h it follows that ¢ > o -+ 2

into account Lemma 1 — (iv)and the fact that ANa-- &, ¢, b) = xgx,t,;b)h——_l}
we obtain : |(t)] < ((AHa—-h, B, h)4-3Mw-t-h, 1, 1)/2) @g(fy B)=((3(z, t, )
+ M, 1 h) — 2)/2) wy(f, k). : ‘
LI It Qve)write /Ic = 2)\(9,0, t, b), from the inequality & 4 &k — 2 < 2k% 4+ 31;
that is true for any %k > 1 and from the inequality %-h << |t — @] 1
follows :

(en) 1HO1 < (32 4 (¢ — @)2/h2) wyf, b, for te T, and
[t — 2] > 2h.
The inequalities in (#+) and (#+x) show the validity of the Lemma.

LEMMA 4. Let I = [a,b] = R, x e ((3a + b)/4, (o + b)[2] and h 2
>0 be such that ¥ < a + h. If fe O(I) satisfies the assumpivon : fla) =
= 0 = f(d), where d = min {b, @ + 2h} then inequality (2) holds.

Proof. Taking ¢ := (o + d)/2 and 3 = (d — @)/2 in Lemma 1 — (ii),

ion in Lemma 4
it follows that [f(f)|< wy(f, h) for t € [a, d]. By the assumption in 1 4
'lw;Gre (;la(?:: la, 2w|f(—)l¢] Cz[{t’, d] < 1. Fi{"st we shall prove the inequality :

() (1) — f(@)| < (3/2) oy(fy b) for té [a, 20 — a].
Indeced let t € [a, ). Then we have 20 — t € (z, 20 — a], and hence
|f(&) — fl@)| = |(1/2) (f(22 — ¥) — 2 (@) + f(1) + (1/2) f(t) —

— (1/2) - f2o — )] < (3/2) wylf; B).

The case i€ (, 22 — a] i3 analogous.
Now we shall prove the inequality :

() 11t — fl@)] < (T/4) wylf, b) for te [a, d].

Indeed, let t€ (20 — a, d]. From the assumption in Lemma 4 if
follows that 40 — 3¢ > d and consequently 4z — 2¢ — t€ (o, 20 — a] <
< [a,d]. We have

|f(8) — fl@) | = |(1/4)(f(4w — 20 — 1) — 2f(22 — a) + f(1)) + (3/4) f(1) +
+ (1/2)(f(22 — a) — 2fla) + fla)) — (1/4) f(4w — 20 — | <
< (U/4 4 3[4 4 1/2 4 1/4) w,(f, b) = (7/4) oyf; h).
Finally we shall prove the inequality :

(o) 1F() — J(@)| < (3]2 + (1 — @) WAoylf, B, teIn(d, co).
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Indeed in this case @ — a + 2h. In what follows we shall apply
Lemma 1 — (iii) and (iv), by ehoosing ¢ := ¢ - 7 and § := J.
Ifteln(a-+2n a4 (8/8)] we have |f(t) — J) I <|f@) ] -+ | fle] <

< (4/3)wy(f, 1) = oy fy h) = (7/3)w,(f, 1) and on the other hahd we obtain
8/2 + (¢t — a)¥n2 82 + 1 < 73,

It 1 el n ((i'- + (8/3)?}, [ —l—- 3},}] we hﬂJVe lf(t) iy f(x)l < lf(t)’ _14
i ([Iﬁ’}?_, ‘*/;33"’2(]‘: k), and on the other hand 3/2 + (t — @)?h? > 3/2 +
Do) §

Ifl te(a -+ 30, a4 (L0/3)RIn I we have (i ~+ @ -1 2h)[2 € (a + 2,
@+ (8/3)h]. Therefore we have |[f(1) — J@)| < |fO] + [f@)| = |(ftt) —
— 2 I 200/9) - f (@ 4 20) 4 2+ F((a 4t - 20)/2))] -+ 1f(@)] <
S (L83 + 1) wy(f, b) = (14/3) @y(fy k). On the other hand  3/2 -
+ (= 2)%h? > 8/ 4 = 11/2 > 143,

If te(a+ (10/3)h, & - 4210 I then Ao - hyt, h) = 2 and hence

() = )] < 1))+ If(@)] <
< (%@ +n, t, B) + 3Ma - hy &, B) - 2)/2) w,(f, 1) = Gay(f, h),
and on the other hand one obtains 3/2 4 (t— 2)2h2 > 3/2 |- (7/3)% —
=1125/18 > 6. '

It te(a -+ 4k, c0)n I by deno ting k = Az, t, k), we have
IF@) = f@) | < [f)] + [f(e)] <
< ((A¥a - hyt, B) - 30(a - hy t, h) - 2)/2)w,(f, B) <
< (K2 4 8% + 2)/2) oy, 1),
On the other hand it obtains 3/2 + (t—ax)2/h? > 3/2 + 2. Since the
inequality 3/2 4~ k2 > (k2 - 3k -1 2)/2 holds for any %k > 3, the ine-

quality in (xsx) is completely proved. The Lemma is a consequence of
relations (xx) and (ss)

The following lemma summarizes Lemmas 2— 4.

LEMMA 5. Let I be an arbitrary interval of the real awxis. Them -
Jor every function f e O(I) and any pownt m €1 ihere ewists « polynomial D

of degree I such that the function g, defined by : g, := f 4 p, to verify
the inequality :

(2 19:t) — gal@)| < Ot — @]/h) ylgsy k), tel, b > 0.

Proof. In order to find such a polynomial, let us denote for o c 7 ,
pel, « <P by ¢,5 the polynomial of degree I defined by Gu,6(t) =
= — fla) — ({(f(B) — flaN/(B — «)) (¢ — @), tel. Then the funetion g =
= [+ Qup satisfies g(e) =0 = g(B). We have to consider several cages.

Case 1: I = IR. In this case [z — hy® 4 1]
= Qz_nz+r a0d We can apply Lemma 2.

Case 2: 1 iy of the form I — [a, c0), a € [R.

(i) If ¢ > a - h we have
Lemma 2 taking p,: = A

c I, we take p, =

(# — ], @ + 1] = I, and we can apply

haxthe
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apply Lemma 3.
3 & ¥
i) T o <@<a-+h We Pub Pri = (uesp DA WO 0B APP

Mmhis case can be
3 i T b1 I)ER‘ .thh() .I__yl—,
"+ T i of the form I = (— oo, 0], 'y and 8 : -
 Case 2': 1 "y i'}udeed let us denote I, ={f, —1 e (Ts‘i_l e ((I,) there
reduced to L-&B(} ""then _’a; e I, and for the tuncl;mnﬁ{ b anction gts =
i ey . {tﬁorgxi?ﬂ: .;p)*_,, of degree I such that for the
-?1?11&)(3111_{0_ ir;j‘i,: to s'a,tisfy the inequality :

T = L 0.

‘g (4 gl ( ) | < (I)( It 4+ |/h)w2(g_x, h), te Il? h > .
z x . . l

The e by W Y y y takin

y d o<ge <
B %32‘@83: I is of the form I = [a, )], s €R, bER an
At (+) bI)‘[{25o >a -4k then [¢ —h) @+ D] <1, Wweo take P, = Qo_nren
i >
7 ly Lemma 2. B ot
and e 0??;]@;1); < a4 hand o < (3a 4 D)/4 wg take p, = G4, Whe
d= 11&11111)1! b w\+ 2h} and we can apply Lemma .t A s s o
- "'LI,fa<m<a+h&ndw>(3a+b)/4w§ ake P 0.4
(1.1111){1; a + 2h) and we can apply Lemma b ol ) B
=% ,3' . I is of the form I = [a, b], a€R; 0 )
<0 c;)seTllié case can be reduced to the Case 3 similarly
<o <b
Y 2" to the Case 2. .
i th%gﬁseasserﬁon (2') is proved in a,]l.the cases.
Now we shall give the main result :

] iirar nterval of the real
/ ' is an arbitrary closed interval of th
) THEO'RC’E I}I) 1 é’{l{ (fL:s I]j linear positive operator t.hat satisfies the
;fZ;ethdLl(le; oc() = g!, j = 0,1, then the following estimate :
)

(3) \L(f, ) — f(@)| < max {7/4, 32 4 L({e, — 2)* #)[h*} wqlf; b)
holds for any f e C(I), h >0, and zel.

ixed. From Lemma 5 there
007 ), h >0 and weI_fu{e - _ R
i PrOOf'l Iﬁe(fn{ia,el 15,,0 )(’)f degree I such that the f%nc;%%r}ll egbper);tor e
ex?:fsieg rlg(l)agion (2'). Taking into account the property
i N :
;aﬁd the equality ©y(gs h) = op(f, k) We have

| I(f, ) — f(x)| = | I{gzy ) — gol2)| = |L(gs — g:@), )| <
< Ilgs — g2} |, @) < L(D(le, — »|/R), L) 05(gay h) <
< max {7/4, 3/2 + L((e, — )2, @) [h2}oq(f, R).

inter the real -axis
! R be a closed interval of ‘
OOROLLA(];, }; l::e aI,; elfinia‘; positive operator ﬂmt,sahsffa}es thg gg:zpf; 7%
s :E(i} -3-"—_—(0, 1. Then for any f € O(I), any nwmber &k >
ﬁ(()sfr;two)c el the following estimates hold :

4) L, ») — flw)| < max{7/4, 3/2 + Fk} aqfy (Ll(ey — @)% @)[k)}%)
and for k = 1 it follows:

(5 \I(f, ®) — fl@)| < (5/2)oq(f, (I{(e; — @)%, ©)'?).
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COROLLARY 2, Let 7
r and L : (1) = O01) be a linear
| L(q;, x) =a!, j=0,1.
| estimate holds -

| (6) HE(f, ) — £l < max {7/4, 3/2 - o(L)[B}oyf, b),
where o(L) : ='max {Il(e; — @)%, @), @ el}.

2. Applieations to several linear

apply Theorem 1 and its
certain well-known line
A. The Bem
Bernstein operato

B be a compact interval of the real awis
positive operator that satisfies the property
Then for any fe C(I) and b >0 the Jollowing

positive operators. We shall now
Corollaries in order to establish estimates for
ar positive operators.

wsiein operators. Let B, : C([0,1]) — ¢ (0,1]) be the
I8 given by formuly :

Bi(fy @) = 3. flifn) - pus(o), where pu(z): — (J”) (1 — gy,
F=0
for @ e [0,1], n=1,2,.,.

THEOREM 2a. We have :

(7) IB.S, ) — fIl < (,75)ay(f, n=1r2),

Jor any fe C([0,1]) and n — 1, 2,0

Proof. h:=n"12 Then o(B,)/h? = max {a(1 — x), w0, 1]} =
=1/4, and we find 3/2 4 o\B,)/h? = 7/4. Then we apply Corollary” 2.
.75 of the constant in Theorem 2a
Tefines the best known value equal to 3.25 given firsg by Brudnyi ([2]).
A pointwise version of Theorem 22 is the following :
THEOREM 2b. For any fe 0([0,1]), z e [0, 1], and n =1, 2, ...
there holds :

Remark. The value equal to 1

. 12
®) IBlfs ) = o)l < (L1505 ((4”“\”)) )
"
LProof. It follows from Corollary 1 — (4) by taking % = 1/4.

Lemark. The value equal to 1.75 of the constant in assertion (8)
improves the value equal to 3.25 given in the corresponding pointwise
version estimate given by

H. Gonska ([5]).
THEOREM 2¢. For any fe O([0,1]), v e [0,1] and n =1,2, ...
| there holds :

n

E © | Baly 0) = fl@)] < (2,5)04 1, (M)/)

Iﬂ Proof. It follows from Corollary 1 — (5).
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Remark The value equal to 2.5 of the o(')nsta)nij in 15nequahty (9)
imprové% the value equal to 4 given in the estimate in ([57h).

B 1 Z + operators. Let M, : C([0,1]) - |
Th Teyer-K.ontg and Zelle op\,ia@o;s. Te w2 O([0, 1 g !
i [0' 1Jfl1)hgbeﬂ g/lf} opemgtors of Meyer-Kouig and Zeller defined by |
—_ 9 -

e +7 3 I oT = '1’5(1
ﬂMﬁ@=G—@mDZ(L”?.ﬂfwm+ﬁmfmo<”< i |

k
k=0
M,(f,1) = f(1)., where n = 1,2, ...

1,2

THREOREM 3. For any f< 0([0,1]) and n =1, there holds : |

9 4w

(10) 1,(f, ) = flI < (L.78)oqf, (v + 1)7HE).

Proof. With the help of the inequ(aht]y lgg;x_;;) I;l\ lJ; 7 16%%612 (aﬂdfc )(/ %]é]);

7 9), by taking 2 = (n - ) A 7;3 /i <

Z(Igig é\?\%t/awé?vj 3;.‘,5 —}—} c(llIn)/?ﬂ < 31/18 < 7/4, and we can apply
aorollary 2. il

Remark. The value equal to 1.75 of the constant in Theorem 3

4 S e x
— 1 stimate given in ([5]).
improves the value equal to 3 51 in the estir g

C. The Szasz Mirakjan operators. The Szasz—ﬁ’[i.‘fznk.jan operators
Syt O [b, 00)) = O([0, c0)) arc given by the formula :
S,

—ne g (PO c [0 n'L'1, 2, NN
Sulf, ) i =e™™ kgo—ﬂ_ f(k/n)7 @ € [0, co), g 4y

We have S,((¢; — #)?, «) = @/n and from Theorem 1 and respectively
n 1 o g )
from Corollary 1 — (B) cne obtains : b
THROREM 4. For any fe€ 0([0, 00)); @€ [0, c0) and n =1,2, ...
the following estimates hold :
(11) | Sulfy @) — f(@)] < max {74, 3/2 + @}oyf, n™*7)
(12) |8,(fs @) — f(@)| < (2.5) wqlfy (w/m)!F?).

. The Baskakov operators. The Baskakov operators Vi C([0, c0)) —
- 0([0, co0)) are defined by :

D it b AL TINE S ~n=kf(k/n), ® € [0, o0),
Vaulfy @)+ = ,éo( I ) oSy A
n = 1, 2, 36 4

] 4) i 3) and (b) there:
We have V,((e; — @)% @) = I From assertion (3) (5)

results
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THEOREM 5. Zor any fe C([0, co)), 2 € [0, co) and n = 1,2, ...

the following estimates hold :

A3)  Valfy @) — f(@)] < max {7/4, 3/2 + oL -+ @) Joylf, n-12).
(14) [V, ) — flz)| < (2.5)0)2 (f, (ﬁ(l_nﬂ)l/z)

{48

- Berens, H-Lorentsz, G.
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