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y.: t, '#i'liä | ,"9 I l,:,.::,:;u:{;7rX i.n(rttat oJ 
-the reat aais. rr r e (}e),

then' thc j"uirl;s'r"'rq|,àiäî:;''í,i;;,* ò er and'f(c - à):0 j?(; iii
(Ð l/(r) I < el2) a,(J, B), if t : c
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(ii) l/(¿)l < ölf 8), il þ- cl < à

(1) (äi) l/(r)l < gl3) ar(J, ò), i/ , eI and, lt - cl < (õ/B)s

(iv) l/(¿)l < ((À,(c, ú, à) -l- 3.À(c, r, à'))/2) or(,/, à),

iJ tel and, 8 < l¿ - cl.

. ,p.roo[.^ (i) we have l/(c)l : llk + à) - zlþ) t lþ _ s) l/2 << (1i2) o,("f, ò).
(ü) I-let uelc - à,c f òl be such that Lf@)l: max{lf(¿)|. tú -- cl S ò). We^can assume, vii,lrout any loss õf generality'tiít"w'a c"

\hen2u - c I I e [c^- ò, -c -l- à] c /.?ndconsequõntly : lJ@)l < lleù-
- c * 3) - 2J@) ¡- Í(c - à)l ç <or(/, ò).

(iii) Let f e I be such that lt - cl ç (5/a)s. we can onlv consiclor_
for a choice, 1,he case rvhere te lc - (5/3)t, c - ò1. Then 4c _l ¿¡ _ S¿ ée into accoult assertion (1) _ (ü) alreadyr '?,¡ñfitfÈ,i{}:: fyrãj$ (?;ltji;,_

< (u3 + u3 + 213) (,),(/' s).
(iv) IleT,teI .-cl.lvecanassumethattÞcg

=þ 8. l'ilst l^et ü e ( is À(c, f, ò) : 1. Ilence 2c { 2g -- t,e.lc - à, c f. ng i4to account assertion (1)_(ü),
we .. infer i l/(1) ) -t lea + 2s - t)) -l 2Jþ ï ¡l'-
- lQ" + 28 - r) I ç 2<or(/, Ð).

I'inally let l) ) c f 2à, and let us rvrite lc: : ),(c¡ f, ô) antt Ut i -_
ú + ô + j'(, - c - ò)/k,U :0,,tc).Wehave/(t):Í(uo):*l j.UWr-¡*i)-

j:r
- 2l@r_ù i l(ao_tì) * kÍ(yr) + (1 - k) Í(uò. Since f(u) : fk ** à):0 and the(a * ò, c -J- 281, rvhence from above it"fõit,ows"ihat,
l"f(Et) I < 2cor("f, ò), we infer :

l/(¿) I ('t'- + rr).,("f, ò) : ((k2 + 3tù12)cù,(.f, à).

Thus I-]emma 1 is provecl.
The following lemmas will establish in certain conclitions the

inequality:
(2) l/(Ð -/(ø)l < o(1, - nllh,) a"(f,h), teI, h >0.

IJEMMA 2. Let Z ç IR be am arbitrary interaal, o.f the real, auis.
LetJeC(Ð, g_el,.and,lL >0 ba sucltthat æ,l¡lt,eI and,-J@ - D):0:: l@ { h). Ihen ineqwality (2) holds.

ProoJ. We apply L¡emma 1 put
< I¿ we have l/(ú) - /(ø)l < l/(¿)

- nlllù) @z(l,h). If klù < lt, - øl ç
that is equivalently À(ø, \ lt) : k,ñe
< ((/t' + 3k)12) ! Ll2ar(J,h). On t
-nllh) > 312 -l- (, - n)'lh'>312 + k
4 2lt2 * 3 holtts for any k e ¡, Le
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ft be a closed, below
7 Q':
that æ

10fr<
¿7--rn

(*) ll(¿)i < ((B __ 1/gÈ)12),,tr(J,h), rot te(I¡, u "r/,) n ,g,
ancl /¿:0,f,2) ...

a1d ò' - Ir, ûhc hequalitv /x ì. Let norv ¿ > o 
"nh *rni,ì*ri

onsider trvo nonclis¡olnt äsã*
t e Io and relalion fx)
"3;lilliu l1:l*'lm
ñ,å,*u Iff , rrence

IJ@l : l(tlï)ff@ø- EÐ - 2Jpu _ ¿) + JAÐ _ FIB)JØn _ st) !
+ (213) (Jeø - t) - zJ(n)+l(,))l <

< (U3 + (UBXB - rþtô-t)12 + zlB) .t,r(J, h): ((J _- J lrt,)12) @zU, h).

r;îiy']îry;
+ g/¿ _ si e ¡n_, À,^1.

lÍ(t)l : I!ls)(f(+ø f_ 8h -=*.gt) _ 2Jen + 4t?, _ t) + JØ) +-l (2lBNJea | 4h _ t) _ 2J@ l2h) + J(¿)) _ (tlB)J@øf 8ø_sú)f ç< (U3 + 213 + (I/BXB - rl}rô-t)|2) ,orff, rt) : ((B _ tlst )12) az1, h).Ílte above inequalities plove (x).

6-c. 25?4
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Flom (x ) it foliorvs that for t e (a n l- 2hl we havc ll(¿)1. S
4 ß12)a:r(.¡ ir,), ancl l,hen using 1he contin[ity of _¡he fnnction lll, this

ineclúa1ltji"c¿ur be extcncletl in l,he point ø e 1 too. I{ence, finally s.e h¿lve :

:(x*) ll(l)l < Ql2)lor(J,L) forf e 1, ancì" lt-nl <2h.
I1l le 1 ancl lt-r',)21t, it follorvs that J >nf2h, antl tahing

into account l,einma I - (iv) and the fact that )r(a)- h,, t,lL) : )'(n,t,lr') -7
rve obtairr: ll(t)I{((À'z(ø-l-l¿, t,h)l-ït(nlh,r,lù))12) ^rU,lt):((}J(n,t',h,)l'I Ì,@, t, lt) - 2)12) iar(J,h).

If rve write tc : i(n, t, h,),ftomthe inequaLít'y lt2 -l h - 2 < 2lc2 -l 3,
Ltrat is true for arry lc ) 1 ancl from the inecluality l¡'lt, <1 lt' - nl it
follorvs ;

'{xx*) ll(¿)l < Ql2+(t - n)zlhz)i.rr(J,lr,), fol le -r, and

It - æl >211.

'Ihe inequalil,ics in (**) and- (**,*) shorv the valitlity of tire lremma.

LltlIi\{A 4. Let I : lu, bl c lR, n e ((3u + b)14, (u -l b)12)
)O be su,clt, th,atr s) < cL + lL. Il f e C(I) sat'isJies the asswtt'1ttrion'
: 0 : f(d,), wltere r7 : min Írb,, ú i 2lr,j tlten 'inequa,lity (2) ltold's.

Proof. Taking c ;: (a -l d,)12 ancl à : (d - a)l2 inlemma 1 - (ii)'
it folto'ws that l/(ú) I < .r(/, h,) lor t e fa, d,). By the assumption in l;emma 4
'we have lcr,, 2n'- af c. lu, d,l c. I. First rve shall prove the inequalil,y :

(*) l/(¿) -/(¿t)l < (312) ar(f, h) for te lã,, 2n - o'f.

Intlcecl lel t e lu, n).Then 'we ltave 2n - t e (n,2n - af, antl honce

l/(r) - l@)l: l$lz)(f(zr - t) - 2'l@) +/(ú)) + (Llz)lØ -
- (Llz) . lQn - ¿) I < (3/2) 6r(1, h).

The case t e (n, 2n - cr,f is analogous.
Now we shall prove the inecluality :

{*',) l/(¿) -/(r)l < (14)ror(f,/i) fot' telu,d,f.

trntleed., Iet ú e (2n - ø, r7'1. Ilrorn 1,he assumption in L,,emma 4 it
follorvs t,hat, 4n - ila ) cl and. consequently 4n - 2a - t e lu, 2r - a) c
,- la, cL). We have

l/(¿) - l@)l: lQl+)ff(+r - 2a - t) - zJQn - r',) +/(r)) + (3/4)/(ú) +

+ (LlzNlQn - û) - 2l(n) * /(ø)) - (1/4) lên - 2a, - t)l <

< (U4 + 314 + Llz + rl4) 6r(l,h) : (714) 6r(l,h).

tr'inally we shall prove the inequality :

(**,*) l/(Ð -/(r)I< @12+(t-u)21h,2)<,>2(f,lt), ¿e f n(d,æ).

2h. In I,hat fullc\rrri \\_c shall anulw
rìg c :: r.r, I h, ancl Ð : _.- /¿.
e,irarc, J.tft¡ - j/(, ) l < l/(¿) l + l/(rl <It) L\t*l olr illc ofhcr lranri n,c obüain

,,.ii,.tìä" ", 
¡ rl {ù 1r- 

J 

$),),,; 
y l:b I

ilrcn ),(n, -f h,, t, h,) : ) ancl jrencs

ll0 -i(¡c)l < l/(¿)l + l/(c)l <
< ((l'(ø | n,, t, h) ! Ð,(a I h, t, tù -l 2)lz) o,r(f , tt) : 6o,r,(J, tt ¡,

and orr 1,he other hand. one oìri,ains B,r2 _l (.t _ r)zfli,z >:]12 _l Gi:l1r --: 12õ118 > G.

If úe (aJ¡4lt,,oo) nf b¡, clenobing /t:),(n,t, li), n.e irave
ll@ -./(r)l < iÍft)t i- l/(r)l <

< ((ir(ø | tt,t, ¿) + g),(ø _l_ h,,t,tt) ! 2)12)c,tr(f, tu) (
< ((/,;, f 3/r f 2)12) ar(,f,h).

On 1,hc othcr hand it._obtains BIZ + (t-r)zlt,z ) Bl2 | hz. Sincc 1,he

i::liî]tl{ llz ¡,tr,, >Ql" i.st; -l'2)l_2 lrokió'ior- ioy ì,: > s, 1,hc iue_qtt¿Ùrttry ln (*x:¡) ts 
^cornpletely 

pt'or-ctl. îlre l-.¡ernma is a consccl'cnce ol¡'eJal,ions (x,r) and (x**).
The follo.ll'ing lemma srr-mmarizes Lemmas 2_4.
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and, lt, )
z f(a') :

ry ,':b{rf :,,ft".,:f;::#{ .o:';'ï.,:::,.,I.'l}í,,if\",î,î}ì;'n:,1:,;, 
"

i!,, tttctt tlLe futrctiott, g, delined, by : g".,_ "f -i- 
,p: tu D;e;ûy

(2') Ig,ft) - g"(n)l < O( l¿ _ nllh) at(g,, h), t, e I, tt ) o.

Proo.f . In order 1,o find, such .a_polynonlial, a. e I,
þ e I, 

"f. .< f3 .þI- q",, -the 
,polynomial of'clegree ^(+¡ __: -/(o") - ((./(p) : Í@Dlß - ot)) (t - a.),ier. ii,? 

=
: I -l Øo,B satisfies g(ø) I 0 : g(þ;. we jíar.e to cases.

Çøse l: I: [R. fn flris case Lr^_h,fr+tL] c fr wê tal<e ltr:: qs_h,n+rù and we can apply Lemmá 2. J - |

Ca,se Z: 1 is of the form tr : la, co), ø e [8.
_ (i) Tt n > ct,+h rve have ln_lt,n+hlc1, and.ïve can appll-remma 2 taktng ?ri:g,_n,*+t.
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ii) If ø <n<a*lt' lve put Pt'i:

alitY :

lst,(t) - g1'(- rû)l < o(l' + nllt¡)ar(g\",h)' t eft' h >0'
.Ihe inequality in (2') foliows from the above inec¡uality by taking

lPt; : P\oos
oase J: t rs of the form I:lü,b1, aelR, bc[B and ø<#<

< (a I b)12.
(i) Ii r 2 a! /¿ {,hen ln- lt, fr+h'l c f, wo Lake yt':ÇIa-b,x+h

ancl vle can aPPl¡' Lcmtna 2'
(ii) If u 4 n < ø*/¿ancl n 4(3a+b)lL wetako px:Qø'at whero

o{ : r"i" (U, * + 2tr,} and" lYe cain âpply I'''emma 3'

(iii) If ct'<n<ø*tù Px:%a,üwhors
d : min {b, ã -l2b} antl rv

Case 3': I is of the to antl-(ø +-b)/? <
< ,t < b. Tlris "^" ãÁo¡" rà¿ucect t ^s 

the rocluction

of the Caso 2' to the Case 2'
Thus assertion (2') is Proved
Now we shall give the main result :

TIIEOEDMl.Ifl-tRisan,closed,interaal'of.th'.ercaI
on¿s ona i : C(I) -. óø X 1ì tinuor_ oper.utor. t'lr,at' søXisJies the

t råerlti nte,, ì¡ : *t , 
'i L 0 ,L, then tlt' g esti'mate :

(3) lL(f, n) - l@)l < rnax {71\ 312 * L((e, - ü)', n)ltl'} ^^U'h)
Itolds for (my I e C(I), lt, )0¡ und' r eI'

ProoJ. \et J e C(I), lt' - rom Lemma 5 thero

exists*a-1íolñ;n ia1i"'ót ¿ functio! g, -- f ,* It'
satisfies relation (Z;).ïakine rty of the operator Z
ancl the equalitY ,o2(9,, h) :

lL(f, n) - l@)¡ : lL(!,t n) - g'(n)l : lL(g* - 9"(n), r) I <

< L(lg, - g*(n)|, r) ( I(o(le' - ûllh), n)ar(g,,h) <

< max Ul+, gl2 I I'((q- n)',n)lh''z\u'(t'lr')'

0, tl¿a real, 'aøis

a,nil, ¿ lth'eProPertE

L(et, € 70 and' anY

poi,n :

(4) lL(f, m) - Í(n)l < max U l+, slz * k) 
"r(/' ll((e' - o)" ü)lk)uz)

ancl for k : L it follows :

{5) lL(Ï, ù - l@)l ç (5/2)orr(1, Ø((e' - a)2, n)ttz¡'

COÌùOÌ LAIìy.Z. L9t I c_ R be (ú Í,uat of ilrc real anis'uttl L 
.: C(I). -, C(l ) t,, I úuior- iåríriu,Jt(e^. n\ : -1 ; 'Ä

,r:tínàí, nitår,,- 
., i: -r";;;*r"L"i;:;'j 

i,.'3r;'ir,i!' rl;,f:r:i:ro
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(6) lltç¡, .', -/tt < max{714, Blz + o(L)lttz}<,r(!,lt),

wlrere o(-t) : : max {I((e, _ n)z¡ r), r eI}.

,r ,:il:i,å'îîîlîìî;nïJ'îl#ll_"i#erators.

.8, : C(10, 1l) * C( [0, 1]) be rhe

tt
B,(1, n): 

,ä l(iln)'?,ilc;)¡ rvhero r¡,¡(n) , : (î). u,(L _ n)n-t,
'1o'- ne 10, 1], qt:l.tz,.,.

TIIÐORIìII 2a. IVe l¡øae:

(7) llB,ç¡, .) -/ll ( (l,?õ)c,rr( l,n-r/r),
for an17 I e C[0, 1]) q,nd, m : I, Z, . . .

:, 
t f'í-!i l; ¡:i i ¡rfiä.,iiç,!,,ì tl ïiilä" {#f' 

*íij, 8"."lhiJ} ;
Bemarlc. the valur¡ _equal 1"o 1,75^of tho constant in ll.heorem 2arerines tho besr rrnorvr 

""r"äãq.iãúï' z.âÈ sr;"i fî;;:îy u*ooyi (t2r).A pointwise version of Tñeorem Za is tho toffã.#g,

,trrrrTh"ïÆOIìEM 
2b. tor q,ny le C(i0, \l), ne [0, 1], ønd, n:r,2,...

'(s) IB,,(Í,n) -Í(u)/ ç (1.?5)o,F,PU=),,,)"

Proof . fú follows from Corollary 1 _ (4) by t¿tring lo :1¡4,
Renza,h' Trre value -equal to 1.?5 or tr" constant in assertion f g)improvcs uro varue-9q"qr i; j ài lirr"n in rh.".ñööooiog poinrrviséversion esl,imate giveñ by H. c"fiiL, fî¡l)".-" 

-".^ooo,t

nrrrToïR?BEM 
2c. tor any .f e 0I0, 1l), n e ll,Ll and, n :L,2, ...

(e) lB^(,a) -Í(o)l ( (2,5)cor rr,(Ut*
ProoJ. ft follows from Corolary 1 _ (5).

t,r)
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llcmcu"k, 'Ihc value ecFrzù Lo 2.ij of the constant in ineç¡uality (9)

l*pr'oi,"*"ìirã r.allo cclual tõ 4 gi'eir in tho estimate in ([5]).

ß, 'Ilte Ãteyer-I(ötr'ig cttttl Zeller oyc;'utors. Ipt- !!": Ç( [0' 1-])- -'
-, CtlO, iil ¡" ttc ã1reríto¡s of ì1c¡'ei'K,ii'ig n.cl Zel¡er defiued by

IHEOIìEI\,| i.¡., I,or ::ry J. e C|0, æ)), re [0, co) anit,,:7,2, .thc ,fo\louittg cstint,utes ttottl,:' 
/ \ 7

(13) lV"(l,a) -l@)l ç rnar U11, Bl2 * r(1 ! n)jo4(f,n-ttz).

(14) I tr,,(r, n) _ l@)l ( (2.5)c,,, (r,(.(r jLl,)
M,U, ù: (1-ø)?¿+trr,Ë. (

n,!lt
It

)
I

.tt''f(ttl(tt,+h)), for 0 ( n4I, ancl

M"(l,L): "f(1)'' rvhete n, : I,2' . . '

TIlIlOlìEnI 3. lor att17 f e C([0, lf) ancl' tt: !,2,

(10) lllur,(Ï, ') - /ll E (l'?õ)co,(1, þt -l tr)-trz¡'

't'ltue hold,s z

REIìEIìTìNCES

netú.fot...ilrc. ì[cyer_Iiöttig aruI Zeller operators,gv, t)cilt, 1983.
e llrcorcnts for Bernslein ¡;olgnontials, Itrcliana

Iiott of boLutdecl funclíotts defined in art
'oblens. Constructiue T lteory of ltunctiotts,
I. Ibragimov, ed., Izclat. Akad, Nauli

tl p ¡ t r o t i ntaL i r.t tt rlu rch p o s i I íu e L i n c a r O p e r ato r e r L,

operatots-: Intptouetl esLiles, L, Analyse uurnó_
1., 7 _32.

tt dcs fonclíons conti¡tucs par Ics opérateurs
inar.ics Nr' 6, 19S4, 12J -121j, Ctuj_Napoca.

Rcceiverl 1.IIL1988

Proof . with the help of thc ineclualit¡r giÏc'r'. b-v J..ÅikeÌx2Ùc1c (11l) :

o(M,,1-<il(21n { ol, uy'11t5ing^/i 
=!,! 

-'r 1.-)-trz tt; follos's oQ'¡")llt'z 4

¿-2ló. 
-wli give áih + oQ¡,,)[it2 ç SiTrA 11i], .¡ni1 we c¿ì,n apply

Oorollary 2.

Re¡¡tctt'k. The value ecßral to 1.?ó of the constant in 'Iireoïem 3

impro'es the va,l.e eq*a to 3 + in the estimatc gi'en in (t5l)'-2t
c. The søasz-xlirttl:,.iun olterators. The szasz-l'Iiralrjan opela'r,ols

S" : Cf¡'0, "")) 
-- O(tO, co)i arc giver by the forrnula :

S,(1,n);:s-nr P^#'lØln), 
ne10, co), tt':7,2t '''

WelraveB,((¿r-fr)',n):nln'a'ndfromTheolenlanclrespcci'ively'
from CorollarY- 1 - (5) one obi'ains :

'jIIIÐOREI\{ 4. n'ot an'y J e C([0, æ)), tre [0, oo) an'd' tt':7¡2, "'
trh,e Jol,lowing esti,mates h,olcl z

LIníucrsitalea din BraSou
Caledra rle Malcmelicù

BraSou
Romîtnia

il
I

rl
tt

,ti

I

I

(11) lB,(/, o) - Í(n)l < max {71't} 312 I u\'r(Í,n-ttz)

(12) lB,(/, tr) - Í(u)l < (2'5) ro2(J,@ln)rtz)'

D. The Baskctlt;oa opet"atot s.The Bashakov operator,t Y 
^ 

t c([0, oo)) -'
-+ O([0, co)) are clefined bY:

v^(1, ù' : å(
n)-lc-L

lc
C(1 + s¡-n-tJ(lt,ln), üe l0' æ)'

n:ItZ, ...

\Fe have V^((et - n)', n¡ : 39 L ü) 
. From assertion (3) ancl (5) thero'

n
results


