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ON SOME SYSTEMS OF T¡INI0AR I}I"$QT]AIJITIES

I. rìz\gA

(Ctuj-Napoca)

l' Let x be -a linear spâce oyer rrì_ a'ù let x# be ttre argerrr.aicdual of T. Let ñ bc a,,o^ó','npãv"# *:.q;__'iä"ïse5) c Xr+. Lcrl¡ e X14. Considct ilrc follorvi,,g. *;,ítri"", ot-ùuiar i,ìJåorfii.* ,
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0,(t)>0 forall aetL
b(n) I o

a(n) ) 0 for all ae A
b(ø) ç o
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"H;r 
-l't^'å,'iiÍ'.''J'iî"ïî'ällïl'ìlii: 

$iffiî¿,J,ll: ',,.o,,sisr'rcv 
or ,sr and

2. Tlrroughout the p_lpcr u,o shall srìppose tirat :'(I) Ttrere ãxisl,s *o..'x-ücll ili^r, Aqøo¡--5j" "-"," '

and a(no) : 1 1o¡ all ct, e A.
fEIlì I.--Let us cottsidet. the J,ottowirt,g stutemenüs.,(1) ttor 

2 -,y, ,b(r) <ïi,r,'ìïf , ) : tt, e .tt j(2) ö, is islct¿l.(3) N, is íslct¡t.(4) Ilor euclt r.{titere i,s aeA strclt,.f.huttt(ø) ( a(n)'(5) !ot' ea,ch a e x ,¿ere is ød.lu,,vt¡ l';,,;i;hrìùîiî,1 : nrr(n).

fr,!åirr[')rtf.nit 
(2) are eqrtiøutent, (3), (4)'nntt çr¡ uir"'îqrùoq,tent artt (4)

?roo.f. (l) == (2). Lal; n c,y bc a sohlliurr ol. rg,.

ÏsT ,,'Jí¿"i l.i':''' ro,';.t',*llt;¡ - " 
i; ;;; a j' l'l int {a(,;): ø e zr } <

'(2) + (.1). L,eLr e Xarrtl .I1 :s¡V!ø(ø):uc A) ( co.7.,cty: Jt[nn_ r,
,i""J" "{,()r'*url:t *" cr' e Ã; 

'i'ìãä s,'ií i'",',-ìi¡,ì,r,ii"J"orr,,ui tt bk/i ,- tr,
(3) - (a). I:cf, a e X, u == l¡(n;\n^ _

,sistonbr fJrere exisLs a é ¡ sriclí t'hat
(4) * (5). I-¡ct r e X. Usjlu f4ì \vô
nrrch that a'(n) 4 t(ø) < o'7ç*¡,'If. ã,

i1

I



'.i (b(u) - tt'(n))c/,ll@,,(n) _ a,(n)).

, T':ä,1i,1J.,ñr1;,1"'øn 
e conv ('4),

rìxa'\{p,,rì. 1: r"j r : r,t -.Jtì, 
.-;:: 

î,i,, ï,ij, i". , ,-1 < tt {to <1s i Ll, b("c): iùirjifói t,,i,,',lii,,,l', x.
ïJ,:i,"lr,"i- i¿r,l,isficd tr¡1f':,1).",(i,:. ì,,äoi,*ìot.nr,,"liru r(¿) = /a is a

IIence (2) cloes not inupty (B).

3. I¡or u e X let us clenote by un the f unction
'u, : rS -+ fl, ,"""(s) : 0,ç*¡.

l'J IEollEr\4 
.2- .l,ct s bc u, co, nccr.tr.IotrtttIogicttr sltacc rttur stLn,Dosc:,1,;;!{ï,"e.ucrt ¿,e r ti, þi;,r;;",;,;"';; ,.ortintiotìs"ii'. s."',t,t,.r, (B) is.irltti-

(6) 7'or eaclt reX tl¿ere eni,sts aeA sucl¿ lhat b(n): a(n).

.,rirh Jh\1,,t:t"T*E 
2. Let 0 < /¿ _< ¿ ancl rer -y : C,,Lo.,gl be cnrto.ryecr.

Ilrll¡ : max { IlJtl, ll|'ll, . . ., llJQÐll},

¡¡ '11 bcing thc s'1r-no'', Let x' be tìre toporogic¿lr crua,l of r.. Let' S:{(¿,, ..., l,*r)€[Rr+z: ø < 1t,.1 ...{tn+z( p}. li,or s:: (7r,_ . . ., tn*r) e B, lct a, : ¡tr) . . ., 1,,'*r; .1.

*otiriilil no(i,) : l',+1 anct teL it e X; i; such that tt(ro) :1. Then (I) is

.3 ON SOME SYSTEVIS OF LINEAR INEQUALITIES 
183

Ir'or s : (tt, t,c) eB ane-[ u e C(I{) Iet
rt,,(u) =: l(1 _ c) il(tt) _l cc(tr) _ n((L _c)t, _l_ ctr)ll

/l(1 -- c) æu(tr) 1_ cnog) _ no!l' _c)t, ! ctr)1.
T,et ð e _I, l¡c suciL bliab b(ao) . 1.
B,v fÐ'cr¡r'cm 1., if 8r_rls i.¡:onsislcnf, t^en g, is inco'sistc't. tìrecoltr'Ê-..r'ijc is ¿.¡ìso l,t'tre; scc 

-fBl, 
CorolJaly 1.

(ICIìOTTLARï 1. (l,t,, Th.,). _Il g, rs ittconsistettt,, ,r,etr, Jor eac,,r e C(I() tl¡ot.c en,is[s s c g sã¿¿¿ tnaí U(h : a"(c). '"-"-"-'"¿

,""",rfrJíJÍ;.".t 
Ur be inconsisbent. By the above rcnrârt<, S, is atso

l.ct A : {(¿. l): t e I!¡. iiljlc lt|or,luct If x Jl is conucc[cd airdQ( x r( )\ ¡. -' i:i,'úrz rvrr'c'e c," *iíà c, nr,o 
"àun.åio,t cornpo'c'is;lyc lravr' (l , /,.,) c t, ilit (¿r, rt\.-Cr." ioreovcr,,

8: f(itxti)\Al><(0, 1) :lc, x (0, 1)lul7zx (0, 1)J,
.liet 3' : t', X (0, -f ).It is c¡rst' to st'o i lrrl

Ci,itþ t", c) : ã¡t", tr, 1_c¡

si'cc ,'s, is irc.rsisteut iL foDo*.s thar, ilrc follo*ing sr.stem :

{

1
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. using lrheorern 1 r'c tcclucc ,rar if B, is inconsistenl,, tren ñ, isrlnconsistenl,. The con\¡etsc is also true; sec f2], Theorem 1.oolìoLLAoY.r (T' {opov-iütt). rJ..8, is ittcottsisrettt, ,tert, Jor eacrt,J e Chla, pl th,ere erùsts s. S'ruri läo',t b(J) : a,"(J).
- Prou.l' r'et B,- be inconsistcnt. riy^ the abóve remarlr, iS, is arso,¡lrcollsjsLcnt. o' is a, c_onur.ctctr subspacc äi n" r, airi'tlrå'liu'crion s _+ a.(/),js eonûinrror¡s .ror na"n-¡ é"cíi),Ë1"]ftär, it surliccs 1o ap¡rry Tr¡eo.crrr 

.ä.

IìXAM''''E 3' ret 1r be a rnetrizabre cornpact convox s'rxet ofi,'ii'1li{ ff;lffJ'îiiijl 'ù,i""åiå'' n ilt ly : c"r"¡rr ¡" -d;i;;;i

s :"'{frr: tz,,c):,!,r, tre I(, tj + t* u e (0, 1)}.lLet uo e C(.r() bì ä Ãîríctfy' .'o""à" function.

c",(r:) ) 0 for al1 ,e, € ,S,

ir(r) ç 0

is also inconsisten'¡. .Bub ef iÊ conncctcc.l ; an :rpplication of rrreoreln 2finishes thc ploof ,

l4l. 
ììEI'IA lìK' '4'ÞÌrljcr'1;ir¡its of ('lrlrolla'ies l antt 2 

^,-e 
g*ivert in [2],

or-, u.'" 
t,.t /i(,\) Ìrc brr. ¡rracc of ar1 r'ear--r,aluecl, ..bo.nclecr f'nctiorts

"o.,or,Ïårltnì',lll'r 
3' sttltltose th,rt[ for eaclr, n e x, c, e lt(B). x,hett (2) is

(7) '1'lme cai:;ts' rt 7'srtsir,t:ue r,in.een. Jrtnct,iottar p on ß(s) sttcr¿ tl¿øtb(n) - p(a,) .lor tr,tt r e ).
Pr,ooJ'^Q') 

"-(?)' 
s_i'ce. (2)-irnplies (1),_rve càn use Er.rveite¡üer nlaxi-;murnssal,z ol rI. r{önis 11l;it folloir.s ilratïher.e 

".ii*i.1,ã"r(,s)r+ such tr;ìraÍ

,\.), ?!r) ç supio(s) : s,e /s) for, rtl o e l,(,S), arrd(l) ,(f') ( 2(o.,) for. rr,li r e _T.

porriirro'trlì.[J;(Ì]],;rñ,1';r.*t"* (i) *'c obtain r'(o) < 0 ; 1'ltercrore p is a
Let, a e ,T. Ii.r'orn (ii) it follorr.s l,ha1, b(_n)<fi(o_") : 1t(_u,,), i.e.,b(u) - p(a,,).

(7) =(2).'l,ei ue-r lroasolut,iorro[ i.TJrcrr y,(.r.,) Þ 0fr¡r,allse,srhcncouo Þ 0. rl, follou's rhar b(r) == 2(ns*) j o,ror,*"bl;í¿r:"" conbradiction,
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îIlEOlìIlM 4. IÍ S is a contpact Hu'usd,orff space ond, a,eC(S) Jor
all n e X, trlten (2), (3) u,nd'

(8) Ihere en'tsts a Ttrobubilil,u ll.a'dott, nle(,sL;re p ott B sttch, Iltat b(n) -
: 

to,(s)ae(s) 
for ç¡ll n e X a,re equ,i,ualent.

s

ProoJ. (3) =+ (2). See 'I'heorem 1.
(2) * (g)."llhe positive linea,r functional p-on /l(s) e.iven by 'Iheolern 3'

Èaîisfi"s'p(L):-tt(u,o) - b(øo) :1. Ffgnce thc lcstriction of p 1,o C(S) can
bc identifierl rvith a probrr,bility llatlon meâsul'e on S.

(8) + (3). LeL n e -X bc a solul,ion of S'r. llhen b(ø) <.0 ancl ø'(ar) > 0t
tt"îco,u"(s) >'0forallse iS. Itfollorvs ThaLnt': :uùn {'u"(s) :seS} >0.

I

Tlrcn b(ø) :\'u"(s)rlp(s) > nt, ¡0, rvhich conl,radicts b(ø) < 0.
l
s

}ìXAMI'LII 4. (see also |-1]). Itel øn e J-*i bc such thai;
(i) Ìlor all neX l,hcre cxisl,s ø*(r) :Iim a',,(n)e [p, antl
(i) thcrre cxjsts noe X I'it,h n',,(ro) : 1, tt ==lr 2) '..

,Ihen a_ e Ïtl ,l,ei; s : tN u { *} bc the Alexanclrov on_e-point com-
pactifical,ion*of the discrete spâce hl: It is easy to verif5' l,hal, o, e C(S)
for all neX..

T'et" b c xlt be suclr 1,h¿r,1, b(rru) := 1.. ll'torn Thcorcm l and- 'Iheorem
4 i1, follorvs tha1, (1)--(5) ancl (8) ar;e er¡rivalent. 'llhis means thnt l,he fol-
lorving statcrnertls are cr¡rivalonl, :

(1') b(r) ç sup{ø,,(ø) : n, e;V) for all u e X
(2') b(n) > 0 for all u e X u'ith. a,,(n) 2 O, tr, =- I,2, ..'
(3') b(r) >0tol allneX s'ith a,,'(n) )0,n -'l-,2,... zlucl 

,lim 
a'*(r)>A'

(4') for cacr øe -2i 1,hcrc oxisl,s se ì[u{co} srreh t'hat b(r) < a'(n)"

(5') for onc:n ne x theÏc cxists ¡uäeconvlûs:selNu{oo}} such thal,
b(n) : n+t(s).

(8') there al'e cæ¡ c!¡ cz¡ >-. !, .c* * cr -l- c2 1..... * 1, 1t-lch that'
l.¡(ø) =- c- lim o)(*i l- <:,c¿r(tt:) -l crar(n) + . . . for a'll r e X'

,¡ +æ
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oN TFriì 1\[oNolfoNlcrTY OF SE QUENCES
OIl BDnNSTITIN-SCIINÄBL OPERÄTORS

I" IìÀ$r\

(Clnj-Nupoca)
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Ltcl, x be a cornpãct, conyex sutrsel, o! a locatlJ' convex llausdolfÌ
Spâce or¡eÌ -8. Iìor each'¿u e ,Y, let ¡,,,, be a plobability Raclon meâsule on if:
näì,iog r as barycen¡er, ,lr€t pc., I Ir,8 . . . A ¡.r-,, the nulnbcr of factols,
'being ra

l'orøeX, n, )1ancl /e C(-{) Ic1,

B^!(n): i I (ta;-t)ctu.',,, (t,, . . .,t,)

xn

7),, ate 13"¡nsfein-schnabl type opeÌators (,sec_[2]). The classical

"p."oioi* 
of llcrnstein, the opcratöirs J3,Â Trorn. llsf.B,',,) B;f,,, from [12]

1i,,,,* antl l/,, floûr [6, Secl,. 3] can be obtainecl in this l'ay'
Âs a e¡nseqlence of Thcorcm 2 in l2l rlc h^a,,19.

(1) l,,rïj l),[(u) :,' ¡1n¡ un,i,fonnl,y on X, for ull J e C(X)'

lret/ e C(X) be 
^ 

cotwe$ function, n 7 l' allcl " 
e X; t'hen

(2) B,,t@) > Í(u)
¡21 tl,¡1n7 : J'(r) iJJ f is affi,ne orz cl(corrv(supp ¡r"))'
(See [e], (16) and (-17)).

the a,inr of llüs note is to plove lhe follorving

TIIEORIìIU Il i e C(X) is ct conaeu Ju,nct'íotu, tlrcta

(4) B,,J@) 2 B^nr/(ù for all n e X att'd' ctll +a 2 \'
Iror oilrcr types of gcncralizccl ernstcin operators such_ in_equalities'

Irar," bnén stucliecl in 11l, i4l, [6], [10.l, [11], [13]. Converse resull,shaYe l¡een

ol¡ta,incel irr [3], f5l' [7.l' []'41.

I'roof o! th'e '1'lt'ectretn. T-ot: (lr, . . ., f,rr) e J"+1 
^neli e t, l, " . .t 11, l- 1 ] lct' rr-s rvlil,e

- l lttt \
t¡ __: 

l,Ð, u _,,J


