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Sominario. In questo lavoro si introduce e si studia una nuova
classe di operatori lineari e positivi di tipo Bernstein. Si evidenziano
numerose proprieta e si dimostrano alcuni teoremi di convergenza.

Abstraet. In this paper a new class of linear positive operators of
Bernstein type iy introduced and studied. Several properties and some
convergence theorems are given.

1. Introduction. Let f be a continuous function on I = [0, 1]
(fe C%I)) and denote by (8%f)(x) the corresponding Stancu polynomial of
degree n. It is well known that

g 7 ,
(S2f)(z) = S5(f; ) = gfi(—f‘”))f(%) neN and e Rt

where
p n _ .8 A
Pa(@) = ( k) ph=a(l — g)n—h—a) g&]

and
o= = plz + a) ... (& + (k — V)a).

This operator was introduced in [16] and studied in [9 —11, 17 —20].

Moreover, from 87 operator one can obtain [17], as limiting cases,
the following two operators :

1) Favard-Szasz-Mirakyan operator M,

(55 0) = o §,020 7 ()

k! n

with & > 0 and |f{#)] = O(2f*), where B is a positive arbitrary fized
number [4, 7, 13, 22, 24].
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2) Baskakov operator P,

® (n-4+k —1 x® k
i =5 (" T): ()
) k 1 4+ x)*t n
with « > 0 and |f(x)] = 0(e®*), where P is a positive arbitrary fixed
number [1, 6, 237].
It is well known that S is a linear positive operator verifying the
following relation [11]:

D
lim—d— So(f; @) = fx), n>p >0
» da?

uniformly on I, Vg = a, = 0(n~2) and V¥ f e C?(1).
In [10] Mastroianni and Oeccorsio introduced and studied the
operator :

o uf3 ) = [T — (I —SO¥(F3 ) = ¥, (— 1) (7“

) s

)

where I is an integer number greater than or equal to 1 and (S%)¢ is.
the ¢-th iterate of 8¢ operator defined by

(851 = Sz and Vi > 1 (8)) = SYSH, ((82)° = I).

8%, is not positive in general, but, when f is sufficiently smooth, §% .

.k
approximates the function f better than S§,f [10].
The aim of this paper is to study the following more general

nperator
(L) S8a(f5 @) = [T — (I — SHT(f5 2) = 30, (— 1)'*1( ?)(Sfi)"(f ; )

with fe 0%I) and ¢ € R*. -
We point out many properties of S;, (Sections 2 and 3). Finally,
in Section 4 we study the convergence for m — co and A — oo, separately,

2. General preperties of 87, operator. S%., operator defined by
(1.1), for @« = 0, eoincides with B, operator, introduced and studied
by Mastroianni and Oeccorsio in [12].

In particular we have

Sha = 8% St =87, Sia(f;0) = f0), Siaf; 1) = Q)
and
2.1) 82 .(e) = e, ©=0,1, (ex(w) = aF, ke N).

So 87, has exactness degree 1 and interpolates the function f in ¢
and 1.
We denote now by L,f the Lagrange polynomial interpolating the

function f on the knots —, ¢ = 0,1, ..., n.
n
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Being
Sf = Infy
from (1.1), we have also
SV = L,f, ¥ x> 0.

Finallyz again from the definition, it follows that, if e (0,17, 82, is

a positive operator. '
Now we want to represent Sy, (V ae R') in a matrix form.

We denote by S7 and si the Stirling numbers of first and second kind

respectively, defined by |

n—1 n—1

ath il =y Sjem=M and &' = ¥ ;SR Ve R and w3 1
0 o

One can verify easily that, v & > 1, it is

1 4
(2.2) [0, LS, ¥ = e,n.] — Jin,
n n nF1
1 1 e S S . -
where |0, g -—; e,;] is the divided difference of order 7, of the
¥ 7
function ¢, with respect to the nodes 0, —1—, ceey —1— We recall now

n n
that 8.f can be expressed in the following form [16]

(2.3) BF5 @) = 3, vk~ [o, aby, B f]
5 n n
with,
1(k,1/n)
Y = I(T“’)-’ Vie N, (Yz,():]-)-

Trom this, by (2.2), it follows

n
(2.4) Siler; x) = b IR AT Al A
1

‘Then, letting

h,—a = (@, 2B~ ..., 2®-9), up = (0,0, ..., 1)T ¢ RF,
Y::.I. 0

o
Fk,—n = Yu,a
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e gkl
hEL gkAY
Tk,h =
Rz skt
ho osFtt
and
1, k=0 Yhe f%
A (0 € R¥)
Dy, = (Dk;l,h _'i'k,h), i 90,1

(2.4) can be written as follows
S%(ex 5 ) = hr,—aTraDr—1,ynthy
Now, letting
Nh—a == x(k,—a)

and following [10], we obtain

(2.5) (Sﬂ)i('nk,—a', x) = hk,_,a( Pk,aDk_1,1/“1),?_11,_“)‘%,5 —
| = P, —a N} m,— Wi (VieN)
The matrix
(2.6) Negn—a = TraDir,ynDita, o
has as eigenvalues the numbers
Y3,£=M<1, (i=1,2,...,k)

L)

Then, we denote by Wi, the upper triangular matrix, having as columns
the eigenvectors of Niim,—s, normalized so thab the elements of the
main diagonal are 1. So it results

(2.7) Nim—a = WinalraWina
Therefore (2.5) can be written as follows
(2.8) (85— 3 ®) = B aWrnalha Wi, aUr

From (2.8) and being
(T3 )= 35, 10l 32 [0, i
17 ? Okn,kn y—ay ”l’b, ,%’
we obtain
” 1 k
(2.9) (S2)(f'5 @) = };kyz.k[o, = —;f]x

X {hk,—aWk,n,aI‘;C—QIW;,}:,auk}
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By this relation, (1.1) becomes

@10 Suafi o= 5, (=0 (Do i ]

1 0 n

. ; " co A
X Py a Wi o Uh i Wik oty = % .Y P, —aWena (-1 Ti.t X
k k k L} %.IY,L k, k,,{%],« )(j—l—l) k,}
! 1 1
X WinaWe [07 Y ACECY "“;f]
n n
On the other hand, being
x A
(2.11) }j,,.(—l)f(. )t' =L — (@ =M = 4, W), Yie(0,1]
0 JH-1
and
e &1, k=0,1, ..., n,

(2.10) can be written asg follows

, 6l e o R, i [

(212) S;z,l(f;,w): Ek Yn,kzn,k(a/'; 7\) 0, ;) el TN 7f
0 ,

where

sz.k(aﬁ, )\) =3 hk‘_(;—W;rk,n_aFk_a'lI'VI;;]i,au’k

and

= »
oy = % (—1Y Wy )
haer = 20 )(jJrl)( b

0

is a diagonal matrix whose elements are d(ya, A), 1 =1,2, ..,k

We notice that 2;, is a polynomial in x of degree not greater than k.

Therefore, from (2.12), it follows that 8%, f is a polynomial of degree

nof greater than n. Moreover, if f is a polynomial of degreec not greater

than p(p < n), then also Sy, f is. gk
Recalling (1.1), (2.12) can also be written as follows

«(2.13) Sialfs o) = ;: kpzb(gv) Y (_;/i) []_(n,—a)]—l
where

2.1 s - e ) A a\J 5
(2.14) y@) = 3, (=1) (j It 1)(&» )

Now we denote by Rj, the remainder of 8%, operator, defined by

R:.l =1 :,1
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So we have
00 YN
(2.15) Re, = (L — S8 = ¥, (— 1) (@.
0

) (Suy

In particular, by (2.8), it follows
Rﬁ,x(")k,—rt; ) = ]lfk,_an’rk‘n,,u jIk,(r’Z l"V/:nl,a,’UJk

where M, ., is the diagonal matrix whose elements are (1 — «,f.ff,i)A s
t1=1,2, ...,k

The procedure given above can be used really to evaluate Sia f.
For example, we have

wo -1 T
@ D — 2 o — L _sauny
(2.16) 85 (ey; 8) = 2 -+ a(l m)[ TR ]
ne -1 ]
y 213 ) — . Qe __(_42.,7.: 1__« - 3
lin,?\(eza .’,l/) n,?‘((t 2‘) 7'2’) m( a’) [ ’lL(l + (Z) ]

salf5 @) = 200 — ON(fy — 2fye + f1) @2 -+ [(29% — 3) fo + 4L — ) fun-t-

+ (29 —1)f,] @+ fo
where
9 = (2¢ + 1)(20 + 2)7L

Finally we notice that §j, operator (e (0,1)) is a particular case of
the operator

o]

_,(f,m,z(f; Ty =% (= 1ymtiei (

ne-l- 1?

A
1

) (SO (fya), m<h<m -+ 1

However, it is easy to verify that, V m >0, g,‘,’,,,,,,;\ J does not converge
to f. So 87, is the only operator of the class {S¢,:)mex converg-
ing to f.

3. The properties of 8¢, operator (e (0,1)). The following propo-
sitions hold :

PROPOSITION 3.1. 8%, operator (xe(0,1)) preserves the conca-
viky (convewity) of every order of the function to approximate.

Proof. Tndeed, we recall [117] that S% and therefore its iterates,
preserve the concavity or the convexity of every order s (s € N) of the
function f to approximate.

So, from (2.14), if % €(0,1), also the function ¥ is conecave (convex)
of order s, and then, by (2.13), §¢,7 is concave (convex) of order s.
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PROPOSITION 3.2. S5 operator (% €(0,1)) verifies the SJollowing
relation, ¥ x € (0, 1),

Siraa(f5 @) — Sia(f5 @) = 2l — @)1 -+ ar*{[w]"

R o !
51) [ e i vieow

where T, T, and T, are suitable poinis of (0,1) generally depending on I

Proof. Recalling the expression of (She1 — S f5 @) [16], from (2.13)
we have . :

1 & kT +1 k _
(Shein — 8NS5 ) = M—\Z‘[J_,L, +1 ](n 1))(

nin +1) FLn w1 n I
ol —a (1 . m)(u-—-k, —a)
L4t —a)

So S, — 84, has exactness degree 1. Moreover, as noticed hefore
it f is convex of first order and r e (0,1), then also y is convex of firg,
order; thercfore (8¢.,; — So)f; @) # 0V xe(0,1). Then, by a theo-
rem of Popoviciu [15], we can find three points z,, T, and I, € (0, 1)
such that, ¥ « € (0, 1),

(81,0 — iS5 ) = (S — Siaes s @)[T;, Ty, 33 fl, Y fe ()

Recalling (2.16), (3.1) follows. From (3.1), we obtain

COROLLARY 3.3. If the function f is convex (concave) of first
order, then, Y x €(0, 1)

ne (5 ) S 99 (f § ),

We notice that, if ¢ — a, = 0(1) (n — co) and if 1 e (0, 1), then, by (2.1)
and (2.16), 87, verifies the hypotheses of Korovikin’s theorem and “there-
fore 8§, 1 converges uniformly to f on I.

From this and by a theorem proved by Moldovan in [14], we
obtain

COROLLARY 3.4. If f is a conttnuous Junction on I and if the
sequence {S55(f5 @) (A€ (0,1)) is not-decreasing (not-inereasing), then
the function f is not-convew (not-concave) of first order on I,

Corollary 3.4, together with the previous Corollary 3.3, gives a
characterization of functions convex (concave) of first order on I.

Now we denote by Lip,u the class of Hélder-continuous func-
liong, i.e.

Lipyp = {f € C(D)f|f@) — f(y)| € M)o — y|*}.

‘The following proposition holds :
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PROPOSITION 3.5. If ¢ = a, = 0(1) (n — o), then
(3.2) felipup <= S5, f eLlipyp, Vazl and VY re(0,1].

Proof. Liet f be a function €Lipyu and o and y any two points on I.
Then, by a theorem proved in [3], also the j-th iterate of Stancu
operator (V j € ¥) € Lipyu, i.e
(3.3) 1f(@) — f()] € Mz —y " = (S0 (f50) — (S5Y (f; )| € Mo —y}
Therefore, from the definition of 8¢, operator, by. (3.3) it follows

85401 w)—&‘f,x(f;y)lZEZ,(—W(;) (89 (F; ) — (SOY (F3 0] <

< (@ —1)Me —y* < Mo -y

We notice that, if ¢ = a, = 0(1), (» — oo) and » € (0, 1], then, as observed
before, S5,/ converges uniformly to f on I; so, in these hypotheses,
{the converse of (3.2) holds too. A simple expression of the remainder Ej,

can also be given. In fact, because Sy, (A €(0,1])is a positive operator
with oxaebness degree 1, then, by a theorem proved in [8], we have

a1 — @) [ na +'1 fo”(g_)
9 n(l + a)

¥ fe C¥I) and with £ a suitable point in (0,1).
Now, letting

Dog(@) = [g(w + @) — g(x)]a™!, DT = D(DF™), (D"J( x) = g(a)),

(3.4) R:(f; %)) *—»R,,; ey ®) f''(E) = —

vael VaeR*and Vg defined on I, the following pl‘()pOSltiOll holds :
PROPOSITION 3.6. The sequence

3.5 {DUSuAf ), 0 <ma' <1, m<n, €(0,1] and z el

verifies the following monotonicity properties :
1) for m =1
. \ 1—a I i ]
a) if on the interval [O, T] the function f ts convex (concave) of first

and second order, then the sequence (3.5) is decreasing (increasing)

on [0 1_:_0&] b
2

.l

b) if on the interval [-E—a’ 1— a] the functton fis concave (convex) of

first order and comvew of first order and convex (concave) of second

— &
71—'0“]'7

order, then the sequence (3.5) ts decreasing (increasing) on[l
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¢) if on the interval [1 — a, 1] the function [ 1s concave (convew) of
first and second order, then "the sequence (3.5) 1s decreasing (increasing)
on (1 —a, 17; ‘

ii) for m > 2

) ; 1 — (2m — ,
a) if on the interval |0, {2’: La

-t
(convex) of order m — 1 and convex (concave) of order m and m -1,
—(2m— 1)a:|.
2 ?

L (2m — 1) : 3 ,
(B Ja , L — ma] the function f is concave
2

the function f 1§ concave

then the sequence (3.5) 1s decreasing (tncreasing) cm[O,

b) if on the interval [ -

(comwex) of order. m—1 and m end convex (concave) of order m-+1,then
—(2m—1)a
2
¢) if on the interval [L — ma, 1] the function [ ts concave, (convex) of
order. m — 1, m and m 1, then the sequence (3.5) s decreasing
(increasing) on [1 — wma,1].

the sequence (3.5) ts decreasing (Tncreasing) on [ , 1 —ma

Proof. Proposition 3.6 follows from (2.13) and from a theorem
proved in [2].

Remark., We mnotice that, for ¢ = 0, Proposition 3.6 gives a new
monotonicity result for the sequence

HBus Y @)}y 2€(0,1], m <n and wel,

This result is more general than that one obtained by Stancu in [21]
for the sequence: {(B,f)" ) z)},. Finally we prove

PROPOSITION 3.7. Let f(x) be a piecewtse linear 'function with

. , 2
at most n — 1 changes of slope, which can occur only at the poinis—>
7

i =1,2, ...,n — 1. Then, for all natural numbers m, Sin.is (f; x) 15 .0of
degree nm and, moreover, Sius(f; @) == Sguvin (5 @). i

Proof. Proposition 3.7 follows from (1.1) and from a theorem proved
by Freedman and Passow'in [5].

. On the econvergenee of S5 ,. Assume that A €(0,1) and ¢ = a, =
(1) (n — oo0). Then, as noticed before, Sg 5 verifies the hypotheses of
Komvkm s theorem on I and S5, f converges to f uniformly on' I,

¥f e €°(I). Moreover, following [12], we obtain the evaluations :

X £ a _ f < 707 . ’I’L((r:}—l ]7\/2) r OO
1) =Sl € - o(fs [ ), vre o

2) sy S fulee do L ]"’Z) (f.[_ﬂ,+1 ]“2), € 0(T).
T e el el I () v V1 e o)
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and the punctual estimates, V o €1,

- ) _ P T ona -{— 1 1 o..
f(a) — 85l 3)] € 20 (f,Vw(l — ) [7(1——()—] ) v/ o)

V ('l w)[%_]fm (f’ ;Vcc(l ~.m) [,_:g—j_%')]?‘),

Y f el

|f(m)7 u A(f?

We notice that, for ¢ = 0 in (4.1) and (4.2), we find the relations obtain-
ed by Mastroianni and Occorgio in [12] for B, operatoi'.

If A is an integer greater than 1, then “, was studied by
Mastroianni and  Occorsio in [1T07. So assume that n =1 4 3, with <
biggest integer number << % and 8 € (0, 1). Then, from (0.4) it follows :

| RS 5 @) = | RS §(Re (S @) |§»~|| R;ﬁlfw”[ ne A1 ]°
1+ a) ]

On the other hand, beeause [10]

I(Ri NP < Ol — 27 S [l ¥V fe 2 (I)

where

[/l 3 = max [
0<ig2e
and € is a constant depending on ¢ and independent of f and », we
obtain
COROLLARY 4.2, Let % =1 3, with i e N and 3€(0,1). Then,
Y fe 0¥, ot results

na |+ 1

LRSI < ol [ ] w2

14+ a

where o; is « constant independent of f and
Finally we prove

THEOREM 4.3. Let fe C°(I). Then, the following relation holds :
(4.5) Hm S55(f5 @) = Lu(f; @

where L,(f ;@) is Lagrange polynomial tnterpolating the function f on the

L gana
inots —, 1=0,1,
n

Proof. Rirst of all, we notice that, from (2.12), it follows

i Jeo
lim .,,‘; Z ® ”, k. iy 71/» —a w k. NI llln Pk «, ,] W [\,,,'a’U/kA]_/”

A—00
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Trom (2.11), rvecalling that the eigenvalues vi, ©=1,2, ...,k are
not ereater than 1, we have

nﬂl S:,L_)(f, .’1} Z,\ {,, EW— T 711( ﬂu” ko, rt k a”vk i, «“’I\A]/n/( ) =y

A— 0O

== Z P Yo hh oWy NG (W kou,a P a) Ll(’kﬁf/nf(o)

On the other hand, from (2.7), it follows
Tl.k,_(,“‘T,,,,,,[,,(TVk,,l,_uF;\-,a)—l i h’k —rt}Vk,u,ft(i\rk,1/':z,uﬂ’rlc,n,re)#1 i
— e W nsa Wik D1, oD iam Dicd
and letting
(AP T N LR T o
it results
7"1\»,_avH’rk,u,n(I’Vlc.u,nFk,ré)_l i Xle?ll.l/nPkirlz i 7”1\'.1/"11‘;@_,4}

0 S0 we can write

%

: n
T;nn Sen(fi5 o)1= Snnso s oy 30 Tiatte A, f(O) =
= CO O

v o.

7 _”I; ’ : )
Fo i 7].4' ahmAY, f(0)
0 e !

that is (4.5).
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