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al¡struct. rn this paper we shrùll give some i,heorems of r.eplesentation
for the lineär spaces by
use of 1' I and Tâpia [5j,and the iements oif tinãa,ï
subspaces.

pp. 3Bg). I:,ct X be a rcal
XxX'K(IR, e) is called

or' ¿-semi-inner prorluct,

12

Introduetion. DTJI¡IìI{ITIOT\ 1 (l3l, [1]or complex lineat, space. A mapping ( , )" I,semi-inner plod.uct in the sense of I_.,umer
;for short, if the following condil,ions holcl:

(i) (n*y,ø)":(n,ø)x*k/,ø)¡., ü,ytãeNi
t(ii) (on, !l), : a(n, U)¡¡ a e I{, Ø, lJ e X ;

(iii) (n,n)")0 if r*0;
(iv) I@, E)"1, ( (r, r)r(y, y)r, û, y e X i

(v) (n,)r?it:\(r,A)r, ì,eK, n,y €X.
tr'or 

^t_he 
proporties of l¡-¡lerni-inner product, we ßend 1,o tll pp. gq6 _

389, or l2l where further refe cnces a,re given.

DEIìINITION 2 ([5], t1l pp. BBg). LeL (X, ll .ll) be a real nor._

,merl'linear spacc andl:X --+ IR,,f(ø):f ff nlp. neX.
2tt""tt 

t we<.

'Ihen the lna,pping :

(n, g)o : (v+ fl(g) . æ : tilg t@Jtvl, $, lt € x itJ,o t

{e called semi.inner product in the sense of rapia or ?-gemi-inrìer product,for short.
n'or the usua,l_properties oT ?-se¡ni-inner product, wo send. 1,o [1]Pp. 389-393 or [2] where furthor rcferencos a-re giveá.

E-¡, 2fZ(



fn paper l2l we proved the following r.esults :

LDi\[n[A A. Let "(X, ll.ll) ba a nortnecl linear space a+tr] ( , )oa f,:senti-inmer product whiclt, generates tlte notnt, ll.ll. T-hen the fotloui.ng.
co,¡t,dilions are equiøalent :

(i) (.X, ll . ll) is ø smootlt, ttormed, linear spüca;

(ii) J'or etery ü¡ U e X th,ere enist tltelitnits

Iim Re(y, u * tlÐ¡, atñ' litn B'e(n' u t tV)t; - (n' n)t 
-

l+0 l+0 t

' LEMI\IA Il. Let (X, ll.ll) be a sm,ooth, normed,linear space attd, (,)¡
l,he Irsami-inner prod,u,ct tulticlt, gener.ates tlr,a norm, ll.ll. Tltett, use haaò:

(1) (y, n)r: rìe(lr t)":r'^ Tle(n' n I tY)" - (n' n)t
t,

Jor all n, y e X.
'Ihe follctwing lem,tna of L-orth,ogoner,lity hokls :

I;EMIIA C. Let (f, ll.ll) be a sntootlt, nornted,linear spa,ae a,nd, ( r)L
theLrsemi-inner prodwct wh,iclt, ge+aerates the norm ll.ll.# for eaer1l ),,eK,
we h,a,oe :

{2) llæ * ),u ll > lløll,
then
(3) nL' 17 i.e. (u, n)n: O.

Using the above lemnas, rve plovecl the follou'ing t.rvo l,heorems,
of representation:

TI{EOIìDi\I D. Let (X, ll 'll) be a, stnooth, refleniae I)anaclt
øntl (,)" Lhe I)-senLi-irxtLer product wlticlt generates the nornt ll.ll.
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spa,ae
Ihent

Jor aoery Ð a closed, I'inear subspace in X q,t1,d, tor all, fr e X.) tltere enists
0' e D (trnd fr" e DL suolt tha,t

(4) n: n' * ü",

uh,ere IJL d,en,ote tlte orthogonø\, aomptletnent itt Llte se+tse of ftLlm,er of E i.e-
th,e set {y . X I y I' n, for all u 

= 
It)}

TIIEOIEM E. Let (-l, ll 
.ll) te a smootrh re,Jleuiae Bønunh spa,ce

and (,)¡, the I"Þsemi-inner produ,ct wh,iclt, ¡lenuates the not'm ll.ll. Ihem
for eaerq I . X* thare enists an, element ur e X suclt, th,at:

(5) l@) : (u, uì", ll/ll : llø'll, n e x.
In adclition , if I + 0, then the replesentation elemont ø, is given by ;

corìor,LARìi 1., Let ^(r, ilJr) aa a s¡nooil¡ reJr,eniae r)u,nøch, spøce
over tlLe conr,plen .nn.tntber ;ftelcl. T;iíen for eaert¡ I e"xr,, Ll¡ere enists' an.
alentent u,¡ such th,u,[ ..

,(7) Í(n) : (n,u¡)r, -í (in,u,r)r, ll/ll : liurll, n e X.
\ 2.. Let.(4, ll .ll) be. a sntooiir, l.e;fteriue s,pa,ce'oasr nunúer-fiel¿ aild (,)r. th,e l.j_serni_i?nle1. ún¿chgener ll .ll. Then for eaery Í e Xt, there enists an w¡ e X

sucl¡

REPNES¡]NTAI'ION OF CON'¡INIIOUS LI.NEAR lrUNC'I'IONALS

l@) : ¡^ Åe(!r, 3t {--Jn)t Jþr1ll'
J+0 t

-i lim Ile(u¡, tt,¡ { itn)1 - llu¡ ll'
J +0 t

D
3 I27

(8)

(6)

wher:e.ø e Ker(¡fil .enú. N + f,t.

*': P*þ*

for al,l a e X and, llfll: llr¿lll.
DEr¡rNrîroN B. 'rhe elernen) n ex is ca[ecl orthogonal in tho

sense of Birkhoff over' .? e x iff lln t xyll > lløll for alt À ¿?. we noto'bJnat n L U.
Nov, let G be a proper linear subspaco not clense in X ancl

(9) Ø"(rò, : {3/ol llyo - aoll : inf lly - roll} c G,

bhe set of all eleme¡ts of best-approximation rcferring to øo e ,l\GThe following lemma of chaìâ,cterization in terms of tsir.khoff,s,orthogorlality holds :

LEMMA F. (|4]. pp. S5). !g!, ({, ll.!) t¡a a tnttned, tinear ,s,*rì,,'G a linea.r 
^su,bspace 

in X, øn e X\'d' àirri" go e e. ríen gr. Ø"¡":;¡ l¡i
æo -Uu IG.

DDFrNÍllloN 4. The propel linear subspace rI c. x is called proxi-minal in X iff for cvery n e X ilre set gr(*j is nonvoid
C. (tal pp..87). Let (,\, ll;1l) be a normed, tineat. space øndH a e in-x suct¿ that \eV.'_'ríen E ii piooirninat ïi .r i¡¡;thet'e X\{0} suah, ütøt, ø L H.

rt'or details concerning the theor y of elements of best approxirnal,ionin normed linear spaces, w1 send to monograph [4] rluä to'fvan singer,

¿r 1.,, Reprcserf.a[ion úhcorcrrrs. \vc shall begil our consideratious b.yÌne rouolv¡ng lemma u'hich cornpletes I,emnra c of rr-orthogon ality.
1.1. I-.¡DMMrL. Z¿ú (4, l[.ll)_be_ a smootlt, nortned. Ii,near sTta,ca and,(^r_)r tkc Irsemi-innæproduct únun genat,ar,es tt¿e norm ll.ll.'rtr,cn tlte

Jollowing conditions are -equi.aalent 
:

(i) ûLy;
{ä) æL y.



lf.grÍ.The implication (.(i) + (ii),, follows by L,omma C.. ll(:il = (i)". \{io shatr os" ír," iäiro*i"g;;út ã,iä'ro R,.C. James(see f4-l pþ. 85) :

-_-^^T#PO.ry,Pwl F. C. James). Let (X,ll . ll) be a reat norrneít tinearspûce. Then the foiluwing cord,iíions a,ie'e'futtöãtiit, """
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(i) ulaæ-lE;
(ii) - r(0, -E) < crlløll < ¡(n,y)i
whare r is gòuen bE z

(1.1.) .(n,U): : lim llø * ty ll - lløll
rJo t
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sp CllS. 1' Let (X, 
]l 

.ll) b r a smooth normed linearjs bspace in _;r- súch ih^ s,-;: \ï;.ñ.i.ji;1i..<.ii
n, mpacb in _1.., ll,h_en fo' ur;óry *,ë X tir"i.é,,"*ì.iå

^r""JlåJ,i.ï 
ro,rorvs #ï'l?;l'J"lîî;,";, ;,;;J o, onn by ,re

2. ff (X, ll .il) is a
dirnensionat' tineail suns pace antl Z is a finite_
ø'eJl 

^ul fr,, e¿, suc 
'er--Y o e -f, 1,here exists

-. .rhe proof follorvs cls.

linear subspace i¡ -1- is eveÌy finite-dimensional
B. Let

nortn i.e. a nach- space rvith a, differentialtlejn X. Then , and ,E a closed linear, *.,¡rìrä.u
ø : n, + a, ts ø,e 7/ ancl n,'e4i-siàj"íiliã

4. Lc1" (X- ll.ll) lie a normecl linear space and suppose that _\-*endowcrt rviuì mri äânonicai ïåì;,Ë fi..'
normerr rineai, space. rr r is a rinear -T.lil;";Ë'Íilt 

i* 
'" ''ä"átn

4

, urEeX.

:i;, ï5i? 
ìrY 'rheorem or ramcs'

results (7,y, r)": 0 for. all ). e -I(.
cause we have by I_¡emma R'

ll u -l t(t,y)ll > llnll for alt ú e [p and 1,, e It,
from sense of Birkhoff.

gives can prove the following result which

r \ r' fX,-ll..ll) be a, stnootlt normetl linear spa,ce,.\ ¡ )r. L ct_^uhicl¿_-getterates tl¿e norm ll .ll, a,nA 
-i--å

closed
t,iotts I.f n e X an,cl {n, € E, ilten, th,e iAi)áu,tng alnai-

(i) T'ltet'e enists n" e EL such, that
(1.2.) fi : st -l nt, ;

(ii) n' e Øu(n).

. PTyol.:(i.) =(ii),,. If n,,.: n_o, e-EL, ilren by T_.,emma 1.1. wch^yc n" _L -Ð in the' senqc of Rirkhoft and'fy: l"ilrn, F;; î;å";;that r' e Øç(n)"

,, _(iil -ifi)". Tf ,.a' .e Ø"(u) it results cj _ n, L E i.e. there existsfr" e Er : -DL 
'such 

Lhat, n ll n, : i;ì aod retation"li.zi'notar.
The theorem is proven.

1.3
( , )" the a'r s?a'ce,

i¿nîar su a closeil

(i) lor
ç: fi, I Urr;(ii) D is pronim,inat in X.

The proof forlows by ttre aborre theorom. wo omit the details.

I is olX+, X)-closecl i¡ X* i
Sr. ,: {g e ll llgli < 1} is cornpact in o(X,F, X);

,S¡' is 'w'eak 'F sequentially compact;
,Y'F thele exists 

"f, e I and;f,, e l¿ such that
I:.f' -t- 1".

(i)
or
(ii)
oI'
(iii)

then for every / e

(1.3)

.gj"¿ by Corollary 2.5,Theorem 2.2IÃ,e omit the tletäils.
result of this section u,hãt
_lepresentation for the conti_linear. spaces in te"rir,"s..ät

( , )' /rl} not'nted, ..litrcar spüce
ønd g oulû n,ctrm ll'll, le Xn\iOl

&|',e

(i) Í(uò (ro
, neX;Í(n) : c, - 9o)

lluo - {toll'

ll@òtil/lt -
llno - soll

9o e ?xu'Ø(Øo).

L

(ii )

(iii)



132 SEVER, S'ILVESTRU DR,AGOMIR

2.1. TI{EORDI\I. Let (X, ll 'll) b¿ a smootl¡ not'med,lineat'spaae, (,),
thelrsemi-inner prod,uct wltich, generates th,e norm, G a closed, lineur subspa'aa
,in X, øo eX\G and goe G. Ihen the Jol,lozoing cond,iti,otts ate equiaalenti

MATHEMAI.TCA _ RBvUE D,ÂNALysn NuuÉnrqun
E1'DE TFIEORIE DE L'ÀPPROXIMATION

L'.ANALYSE NUMERIOUE ET LA'{'I{EOIìTE tr}E L'APPROXI]UATTON
Tome 17, N. p, lg8g, pp. IBB-140

MATHIÐMATICAL PROGRAI\IMING IN COMPI]EX
SPACE; A COMPTìE}IENSIVE BIBLIOGRAPHY

I

(i)

(ii)

(2.r)

(iii)

(2.2)

go e Øs(nr);

Jor eaery I e (G O [n0]){' su,ch th,at G : Ker(,f), we h,uae

t r^-!9')@tÐ-\ , neG@ løol;/(ø) : [*, llno _ Joll\ )",
for euery I e (G @ Løol)* such, th,at, G : Ker(,f), we h,aae

, r, : l/(øo)l
rr'/ rr 

ll ro - yoll

DOREL I, DUCA

(CIn j-Napoca)
I. i\I. STANCU-MINASIAN

(Bucharest)

and

The proof follows
spacc X,o: G@ [no].

Ifinall¡', .re have

2.2. COROI=/LARY. Let (X, ll 'll) b¿ a snt,ootl¿, tt'or'med, l'inear spu,ce,

G a closedlineur subspace itt, .Y. TltentheJollowing sentences are etlu'iualent t

(i) G i,s proriminal in X;
(ii) Jor eaeru øo e X\G and, f e (G O lnf)* such, that Kar(f) : G¡tharø

enists u,o,¡ e G O lnof suclr, that:

{2.3.) l@): (u,tt,,o,¡)r, reG @ ln)o;
(iii) J'ot' et:erry ø'o e -X\G atd, f e (G @ lnol)*' suclt tltut Ker(/) : G, tltere

en'ists ,tu,o,t¡e G 6l [ro] such, that

2.4) 1fqzu,,ì ¡ : ll/llcol,,r llæ,.,¡ll.
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by 'Iheorem 1.5 for' 1,ire smooth nolrneil lirrear
Wc omit 1;hc clel,ails.

" r! recent years a number oj palers have extencled various aspectsof math_ematical programming .ilìeo]y in real space to complex ¡iñ.
Altho_ugh _extremum protrlems invorving compldx functions 'ot 

"o-prãivariables have been studied for a long timc, ai pioneer of mathematìcal
p_rogramming in comple_xspace is -consiclered to bö N. Levinson. rn i10gj,N. Levinson generalizecl Farkas'theorem at complex space and formülateäduality theorems for a particular problem

problem
heorems
mathe-

rams f1l.
cornplex

Npacc. comPlex

uthor, over 160 papers
plex space. The biblio-
ar,e either publishccl in

:tå'"'i¿#t 1ü",ï^ :? 
oiË

papers presentecl at scientific sessions). rf a work u'as first published
in a_ technical journal, botìi publica_

ionally be easier for. anyone^seeJriirg

"it?t ù:.I"îh,u' rno*e prescribecl in
att, fär Mathematik.

-although a period of twellty years elapse4 since the first pape. in
complex, space, _important results were meañ"while obtained. on'e -ig,hiexpect that, in the future, various other results in the field of mathematið.al
programming in the real space will be generalized to ccrnplex sraco
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