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Abstract. The characteristic equation associated with the broblem
governing the buckling of a columm has multiple solutions when the pair
of the physical parameters belongs to some eurve B. The neutral point
corresponding to B proves to he a bifurcation point for the neutral
curve of the problem.

The eigenvalue problem governing the buckling of a cantilever
column in an elastic medium i3 expressed ag [1]
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where 202 — PEI™Y 1A — LpI “l, B >0 is the modulus of longitudinal
elagticity, I > 0 represents the minimum moment of inertia, | stands for
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bression P > (0, The eigenfunction 4 : [0,1] > R, w— u(z) belongs to
0*[0,1]; for b fixed a is the eigenvalue. Due to their physical significance
the parameters ¢ and » are real positive numbers. The characteristic:
equation corresponding to (1) is
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and it has four distinet solutions for ¢ # p (namely
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two distinet solutions A, = A = 1@, Ay = Ay = —ia if a =0 >0 and &
single trivial solution A = A, = A =23 =0if a=5b=0. It follows
that the curve (B) @ —=1b, a,b > 0 in the (@, b) parameter space is the
projection of the curve (in the four-dimensional space (Re A, Im A, a, &)
consisting of bifurcation points of the solution manifold M of (3). M is
a surface with four distinet sheets for a s b; it has two distinet sheets
if @ = b > 0 and reaches the origin as @ = b = 0. As (e, b) crosses B
(for @ > 0) two sheets coalesce while when (e, b) — (0, 0) all the four
sheets approach the origin in the above-mentioned 4-dimensional space.
When @ b and the sheets A, = \(a, b) and A, = Ay(a, b) got closer and
closer, the corregponding complex numbers A, and 3, = — X, (the bar
indicates the complex conjugation), becoming purely imaginary as B is
crossed and the sheets eoalescing into a curve which, for further increase of
a(beyond B), splits into two other sheets &, = Ay(a, D), Ay = A(a, D) cor-
responding to imaginary numbers A, and Ay # —x;. The sheets A =
=— Ng(a, b) and 3, = %, («, b) are subjected to analogous transformation.

According to the position of the point (a, b) with respect to B, the
secular equation corresponding to (1), (2) takes various forms. Since
this equation describes the secular manifold § it follows that this mani-
fold varies accordingly. Thus, if (¢, b) ¢ B, ¢ > b, the secular eguation,
obtained introducing in (2) the general sclution of (1) i

(6) w = A, co8 M2+ Azsin N2 - Agcosige + A sin e \
corresponding to (5), takes the form
1 0 1 0
0 1 0 1
(7) A2 cos Al A2 Sin Al A2 cos Al Msinagl | =0
M(A2—2a2)  —N(M—2a?) A(A2—20%) — A(N3—202)-
+8in Al < COS M{ - 8in Agl < COS Agl

or, equivalently,
(T) 2% + (b* — 2a* + a?b?)cos 2B, + (b* — 20* — a®b%)eos 2B, = 0

2

21 pe 2
where B; =1 Va —g b = Va 5 b [. With the notation y = a?/b?

and x = bl, the equation (7') writes also as

y—1

(1) 4(1 — y?) + (dy% — 2y — 2)sin%z V?Sg*'—y- 4 (dy2--2y —2)sine l/

"
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or, equivalently,

(1) 2 — (2y* —y — Deos(al/ 2y F1) — (29> & y — 1)cos(alBYy —1)=0.

The secular manifold corres ing i i '
‘orresponding to (7) is a family of curves Si
defined for ¢ > b, a, b > 0. If (¢, b) ¢ B, a < b, the general sglut-ion of (1,3l

has also to the expression (6) where 2, = g, - 1By Ag= —MA, Ag =7
b2 —qt s ;

st . - LA

4= — Ay By _V 5 by By preserving its previous value. Therefore

the corresponding secular e (i i
y quation may be obtainec Gi i L
by iB; and B; by 8, and it has the fol'n{ el eeng 1n (1) 8

(8) 2a® 4 (b* 4~ 244 — a*b)cos h2B, - (bt — 2¢4 — a?b¥)cos? By 4- 2at = 0
1
or, equivalently,

(8) 2 — (2" — y — Deos(al/2)y 1)~ (292 -+ y— 1)eosh(2l/ 2/ T—y)=o0,

il 10 [) 1 - 1 i J

Thig (}%ﬂ(at.m]; defines the family §, of secular eurves for @ <b a b>0
“{ay, b)e B, u = b 11 5= poth 1§ o '
(7) (8}’1101{1 o = > .0_, ]jtu(,g ¥ =1, both the secular equations
o ) ol ] owever, nelther_ equation (7) nor equation (8) has ¥y =1
5 :1. l ”111 1t_r]m ?(,cg111se these equations are not defined for ¢ — §. In order
ebect the secular points situated on B we must wrife the mlu-ilioil

< ) (&1 &

for the case « = So. for = y _
the form b. 8o, for @ =b > 0 the general solution of (1) has

(9) U= A,c08 az - 4,8in az - Az cos az - Ayzsin Az
such that the corresponding secular equation is expressed as
1 0 0 G
0 7 1
0
(10) B > “-“E o E . i
-a?% cos alé: —a?sinal ;—2asm al — a*lcosall 2acos al — a?lsinal]
—a3gin al;’ -adcosal —a2cosal — adlsin uli—azsin al-+adlcos al
or 1
’ 12—
(199 co82p] = o 1,
3
or, equivalently,
(10") cos?y = Dol
SilwE

This equation has, for # > 0, a uni i

. > 0, lque solution » ~ 1,1896. H :
Onldy ieeular point (e, b) with @ = b > 0 is (a*, a*) = (1.1896/; 131110869(1;/he
and t ; corresponding secular manifold is §; = {(a*, o* 3 v )

inally let @ = b = 0. Then the o ] i
0. Th general solution of (1 = ’
lja—aﬁszzt +AA3f + 4,2* which introduced into boundary( )colrsld?tionél(g_)r
04, =A,=A4; = A, hence the point (0,0) is not a secular one.
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: secular points of (1), (2)
. o i s plane (2, 7) the set of all -‘anl_ﬂ_“*i pReaR) AREEC
..(_1U%gequguiﬁ.¥ 5 muﬂ;:“; ?&l]ijt_llba fs*l’aﬂd S, are two( me)m].ne‘;, E}é{}('ﬁl;\{}?féti;ﬁﬂ?
18 © =y Uiy W By Wb B lutions of (7'") and ol el ba
Py { points (2, y) solu 166 « - i a bifur-
o A L P
cation point for 8. Indeed, if (7'7) is written as f.({n’hy s that
Iﬁatﬂneﬁ for > b i.e. for 4 > 1 then simple algebra shows
of o = 0 at P*
w0y

i ' he title of

: i y the conclusion expressed by the titl L
Be.causi P%ﬁwlzve?ezfl)foi'lg};asascnts only & necessary Gnnthtl'nget?}i‘l ;::ftuf:e
i nc} ‘(: 0 be surei that P* is a bifurcation point we must pr Ehrmlgh P¥)
;::,113;11311_, {oaf'/(’i:n)/(c’)f/ dy) (which is a slope of a Ib:a,nTc;l‘ é)?fsgnsghown s )
hca,s at least two distinet values as (w, y) — P*. lll_f s e,
lly using a technique, special to the case when _n‘q ; L
b ylu. libeontinuation algorithm with P* as a starting Ema 1 B S
I}amﬁy f our computation are shown in Figure 1. It a;mfm? sgectively
resu ?L?S‘ we retain only the closest to y —and .'I}—-a.le.lS I:ebll)em 0
asﬁf natta,gh the point P* we obtain the neutral curve ol pro L

(2) [1).
\J‘gk
10 \
sl .
i !
. i
b T =

Fig. 1

(11)

i i i in the parameter space)

i connect bifurcation points (in pee
Thehldeaterti]gtic and secular (and, cogsequently,_ neutlx;alt)l‘eguigrc;rilz

for the characterl to derive neutral manifolds for linear hydrody £
e oI e bility problems involving high order ordinary =

otic sta N al
and hydromagnetic ini arameters. In these cases usu

: ons containing many p g P
feremlfa"};qa‘ﬁat{;siq a.fgﬁed since the secular equation has many forms in
numeriecs F

: ; ith
it f the point P of the paramefer space Wit
depende&)eihcét g&ﬁrggsilgf I]?l:lgnifold I.]B of the characteristic equation. This

Teﬁggg ed a special role to the points P* € M which belonged to the secular
€0
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manifold S because at these points the secular equation may be deduced
from the secular equation corresponding to P¢ B by appropriate diffe-
Tentiation followed by the limit P* . p. (In our case (10) may be obtained
by differentiating (7) with respect to 2, and A, and then letting A, — Ay
and Ay — ) corresponding to the passage (@, b) — (@, a).) The occurrence
of the TFréchet derivative suggested a connection with bifurcation of
8 and we conjectured : points P* e B n 8, which, by definition, are bifur-
cation points for the characteristic equation (i.e. where this equation has
multiple solutions), are also bifurcation points for the secular (and cor-
respondingly, neutral) equation. (We recall that among the branches of
the secular manifold, the neutral manifold realises the shortest distance
to the axes). To etablish the nature of the bifurcation point P* higher
order derivatives of the secular equation must be used. The problem (1),
(2) is the simplest possible since it mvolves only two parameters (a and b)
and only fourth order equation. Moreover not all the branches of the secu-
lar equation corresponding to a > b and a < b emerge from P* which
seems to be the general case. Remark that equation (10) is a limit of (7)
and P* is a limit point of two among these branches (hence does not belong
to them) which also is the general case. TFurther detfails will be
published elsewhere [3].
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