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(Buchalest)

The cigenvalue ploblcnr govcrniug_ 1,ìrc l_ruckling of a calüilever.cotumn in añ 
"ra.iî" ,ãåäiu*'ir*Ëip."*rua as 11l(1) ffi+2n,#lbau:s; ze(o,t)

(2) u'(o): ffø: #a): # (t) +zaz!!L(r):0,

(3) 
),4 | 2az¡z * óa : 0

a,nd it has four distinct solutions for a * 0 (namely(4) \,¿:.Ury++ry)
Às'¿: .ffry -'['ry) t a<b'

4-c, 2s?4



3

ol'r cquiYalentìy,

(7"')2 - (2y, - A --l)cos( 'u + L) - (2y, * y - 1)cos(u1¡lzllFr):0,.
The

clefined for curves Bl
has also to on of (1r)

It6z-rrz I Às:f r
Àc : - ru P, : y "-; z, p, pre Therefore
thc .corres_ponding secrúar cquation
by iþr;"äÞ;îy"pi and it has rhe i' (7) PL

(8) Zaa + (b4 + 2aa - azbz)cosl¿rþz * (ba _ 2cL+ _ ct2b2)cosz p, | 2o} : 0
or, equivalently,

(s') 2 - qzqz - U - 7)cos(rll\lta +tl_ ey, _f y_ r)cosh(r1fû[t_,,r_0.

(9) u, : Atcos cL? -l- :1, sirr ctø | A,ø cos ctø l_ Aoz sin.4ø
such that the corresponcling -secular 

equation is cxplessecl as

0
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0
IJ

a0 1 0

-2øsin al - azl,cosa,l Zq,cos ul - azlsinal

-øzcos ctl - ctslsin -ø2sin ctll a\l cos ct,!,

--a2 cos al

--r¿3 sin øl

i"-.',;ilt.i
j -¡o, 

"o. 
nl i

(10) :$

OT

(10')

or, equivalently,

(10")

coszbl:b'l'-r
D
r)

cos2rt: *'-7,
Dir)

Thìs equation has, fol., ì,0, a unique solution iy - 1.1g96. Hcnce theonly secular point'(a, b) with'ø : b;0 is 1øx, ¿xl : O:iso ll,; I.IBD6i¿)ancl the corresponding secular manifoid i* ,Srt:'{(*i, o-)i.'-'
Finally let a : b : 0. Then l,he gencral solution of 1f ¡ is ¿¿ : A, t* Azz -f arzz * a"z' which introducËd i"to 

-¡äu"ä#vt 
conditions (B)Ieads {,o At: az: t, : An hence ib;i"i"; topït-i,åt a secular one.
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(5) trrz: +i (lt4+"V{P),
Àa c : *, (v-'ry -\t.ry),, n, u,

.br¡,o rlistinct solutions Àr: Àr :1a, \z - Às : - ia if a: b Þ 0 and a

single trivial solution lr:Àr-Às:ln:0-iq a:b:0' It follows
tha"t the culve (B) a:b, a,U > O-in the (a,,b) parameter space is tl19
projeclion of limelsional spaqg _($,e_], I-^l'q'-lr))
õonlisting ot e solution manifold M of (3). M ts

¿r, snrfacõ wit r a # tr ; it has t'wo clistinct sheets
if a:¿)>0 a,sø.:b:0..4s(ø,Ö) crosses-l?

ile rvhen (a,, b) --+ (0, 0) all the foul
ove-mentionecl 4-climensional space,

3 î.;j'?;i: äi
ïTifiåiì{"iå-? åì

ø(beyoncl B), splits into two other sheets ).r: Àr(ø, b), lr: Àa(ø, Ö) cor-

responcling to imaginary numbers _trr ancl, tr¿ t - Àr. lUhe sheets Às :
:*Xr(o, ä) and À, j Àn (a, b) are subjccted to analogous transformation,

According to i,he position of the point (ø, Ó) with respect to t.the
secular equatiõn corresþond_ing 1,o (1), (2) takes various forms, Sinco
this equatìon d.escribes the secular manifold lS it follows thal; this mani-
fold vãries accorclingly. Thus, iî (u, b) É B, ü ¡ ö, the seoular equalion,
obtainecl inl,r'oclucing in (2) 1,he gencral solution of (1)

(6) rL: Araos Àrø f y'rsin 'trz f- Arco,sÀ3z f :lusin Àrai

corresponding to (5), l,ahes the form

1

0

À! cos ÀrZ

Àr(Àr2 -2ø'z) 
.

.sin ÀrZ

0

1

À! sirr ).rZ

- Àr(À!-2ø'z).
.cos )'rZ

10
01

Àl cos ÀrZ 
^T 

sin Àr¿

t'rQt! -Zaz)' -),r('ì,1-2uz)'
'sin À11 .cos Àtl

(7) :0

or, ecluivalently,

(7') 2b4 + 1b+ -2aa {azbz)cos2þrJ_ lbt -2aa -azbz)cos?þL:0

where þt: I

and ø :'[¡1, T,he ecluation (7') 'writes also as

a,'+ o" ^,
--71--t Pz:z Vry, r¡'lh the notation tJ : a2ll¡2

y-l
{7") 4(r -- u2) + (4y, - 2s _ 2)sinz.Vry tþy'*zy-.z)sin'zn[ L
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maDiïold ¡9 because at,l,rrese points the secular equation may rre deducetlf.orn llrc secur¿r' cq'aLior 
"dil;;ñttd;ng to p ç E lt¡,-appropriate diffc_rentiatior foltowect hy rhc lirn* lj{ *äir,.. 

";¿;r"iïoi,_"y be obtainectbvdirfc.cntiariug (?i rvirrr t;ò,.1,""r ro 
-i.,';;;,f 

i; ää ääir'lcfting À¡ _ Àoan(l Àr --+ À, cor'espon-ding tcitìre lrasso!." @, tt\ --,\a",-oii rrru occur'encöof tlrc l¡r'é'clrct rrcli vativc suggeitccl a counccrion rvir,h bilurcation ot¡s ancl rve conject'recl:_poinús FFä¡*n !], \\,hi¿iÌ;by äËiioitioo, ar,e bifur_cation -¡roiuts fo. thc chäracterisric cquaiión 1i.ô.'*iiuì," ïir¡* equation hasmu]ti¡rle solutions), a.c arso bituró¿ìou poinïs for fliõ sà"utu,,(antr cor_t'espondinglv, ncutr'3,1) equabiorr. (wtrecall that arnong ttre b'anches otlhe scct¡lârì manitolcl, t¡i nòuiiaì mänitotJ 
'ìu¿i*ur'i"Ë""sbor.Lesb distanccto the axcs). To ctabüsrr u," oãioi, of ilrc bifur,cation point p* rrighcro.dcr dc'ivativcs of f,rre,sccuta,,"qüaiion 

^ust be.scd. irre p.oblem (1),(2)is th. sirnnlest possir-rrc sinc"ltioooruo* onr.¿ r_wo pa.amete.s (a ancl b)ancl onìy fo,,tih o,'orur'"qrur,inn. uärä,ru,. nob arl thc b.anches of the secu_lar equation cort'espondìng to -r;;l antJ. a < b ernerge fiorn p{, whichseerìs to bc rhc screrat ca*,,. 1¡s¡n¿rk that.äqùii"-'iiõii* u Iimit of (T\ancl ?* is ¿ lirnif, roinf; o[ bwo arnong these br.ånc]rt s 1tìenãã aoes not betongto. tbcnr) rvbjcrL'arso ls 
"trrl'"'äãää;i""ä*''îüt'i"ï'ã"trir* 

wi, bepublishcrt clservhelc l3.l, 
o ----*
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.consec.¡uenily, in thc pl_ane (jr, u).tl¡e sct of all secular poiuts o1 (1)' (2)

is ö :- S, u S, u ^:; ï,;h"t:c ,¡\,'aritt 'S, a'l'c' t\o fllnilies bf cut'vcs' cach

er*ve corrsistiug "I'i"i"i;t l,t','rTfiotuíions of (?")- t^d. (8') r't'spccbjYgty'

b:';;dr.ï;';ï.".-i;si;1,äinù pÄt,: çnx, tf). - 1i'rsoc;1)ivlrich is a bitur-

iårirì^"uirt"'rä,"s."inå"ïJ, tr (?,-i ii íuriilo'i as /(r,. y) :0 and it is

ä-r"î"tr t"t.u> b i,à, tor. u > l ttren sirnple algebra shows that

(11)
al : oÍ :o^t P'F0n 0u

Ijecause P* e B thelc follorvs the

(2) tll.

'lt
.10

B

b
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2

I
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'r e M which belongetl to tho secular


