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Let & = (ay, ..., a,) be a real sequence. 'The operator IL,, where
P, q are real positive numbers, will be defined in the following way (see [17)
Ly(tr) = Lo(Lp(a)) = Tog(thsy — pay) = Wery — (P + Qarsy + paos
If we have p = ¢ = 1, then the operator L,, reduces on the operator Az,
We shall say that a sequence ¢ — (@) is (p, q) — convex if inequality
Lﬁa(@k—z) 2 0

is valid, for all % =34 ..., mn.

Let o =(ay, ..., a,), w— (®y, ..., w,) are two real sequences,
Applying the generalized Abel transformation (see [2]) we shall say that
following two identities hold (see [3])

1) Y Wit =, W, - 3 WiLy(ap_y) ( W=y p’-*fwj)
=1 k=2 : i=k
2) Yy Y, @uytiby = Ayaby 4 b Y Anly(a,_}) + a Y AiLy(bs 1)+
i=lmj=1 r=2 §=2
+8 A-rsLﬂ(ar—l)Lq(bS—l)
r=2 s=2
where
(3) =% P ¢ w (L<r<n; 1<s<m)
f=7 j=s5

Now we will introduce the following notation

sc'l1 m _ .p'l—r+1 _ ti—r+1
Y YO ————w,  powi
i=r j’=1 p T t
By = r=2,...,n
" " g
(T 2 o, 1P Y p=t

1

i

i=r j§
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" m j—s+1 _ 7]~S+l
P : Ty q #
i=1 j=s qg — 7
(4) B, = S50, Wk,
1 " §
(J — 8 + L)g'*p' q=r
i=1 j=s
" " :pi-r-}l — fi=rel qj—-a-l-l — pl-eid 5 P #E L
2 ity 1
i=r j=3 p—t qg—r q;é72<74§n
Bopes
L s &
" " ) . LT P p p— t 2 = Ny = m
(C—7r+1)(G —s+ 1) p~rgsmy, -
t=7 f=s q =1

Using identities (1) and (2), we can get the following identities :

(9) E A“LP(“"—I) T Béle(“l) s Z B}LLm(“r—z)
=2 r=3
(6) Y Agsly(bs_y) = By Ly(by) + Z B Lar(bs_,)
§=2 3 s=3
(7) 2 % ArsLip(ay 1) Ly(bs 1) = By, Lp(ay) Ly(by) -+
r=2 s=2

"

' L)) '2';3 BroLidtr—s) + Lo(w) 3, BuTor(bsy) +

=3

By substitution of (5), (6) and (7) in (2) we obtain :

" "

{(8) Z Y abjry = Ay a b + by Lp(a,) By, + o Ly (by) B, -
t=l j=1
+ ByaLi(ay) Lo(by) +- b, Y, BhLyi(ar_,) -+ a Y BleLyg(bs_s) +
r=3 §=3

13

+ Ly(b)) Y By Ly _2)+ Lp(a,) i B Lgr(bs_5) +-

r=3 §=3

"

+ 23 323 B”Lm(ar—2)L‘"(b‘~z)

from identity (8) the following result follows directly :
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Theorem 1. Tet ry(l St < n; 1< J < m) be real numbers,
Inequality :

(9) E Z /I){j(l;[)j 2 0
i=1 j=1

w5 wvalid for (p, 1)—convex Sequence a == (ay, ..., a,) and (g, 7)-convex
sequence b = (by ..., b,) if and only if :

Ay =0, By =0 (r=2,..., n), B, =0 (s=2,..., m)

By =0(r =2, .. )y By =0 (s =3, .. .y M)
Bz 0(r=3, ..., R8s =3, ..., m)

Where Ay, Bly, B2, and B,, are defined with (3) and (4).

Proof. The sutficient conditions follow directly from identity (8).
We can check the necessity of the conditions using sequences contructed.
in theorem 1 of [5].

Remark 1. In speeial case, when p = ¢ and r — !y, we obtain from
theorem 1 the necessary and sufficient conditions for validity of (9) it
we have two (p, ¢)— convex sequences,

Remark 2. The eases P=q—-1and r=¢ -1 are considered in

[4].

Remark 3. The inequality (9) has been considered at first time by
T. Popovieiu [6], but under different conditions.

m

Remark 4. Tor q — Dyt =1, by =pIl(j —=1.. M) and Y wgby=ay,
=1
¢t =1,..,m, from theorem 1 we obtain the result proved in 18]
Analogously, we can prove the following result :

Theorem 2. TLet tyl St €n; 1K§< m) be real numbers,
Inequality (9) holds Jor (p, t) — convex sequence @ = (ay, ..., a,) and
g-monotonous seqiuence b -— (byy -y ba) 3 and only if

A}, = 0y —itp L, ny
Ry =0 (r = 2,3, ceey )y Ityy =0 (s = 2, cey M)

Rrs

W

0 (r=3,...,m; §=2,...,m)

where A, is defined by (3) and Ry, is defined by

" " i—r+l 1—r+1
. P = _
Y Y4 g Xy p#L
B 1=r j= P — 2 § r § Vi
s =
”» m . ) ) 1 § S § ne.
Y Xy i, P =1
i=7r §=g
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