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l. lrrfr.oduer¡,Ì:r;^l,l,llr" 
,,rcscnb p?qcï wc dcat with sornc osciUation

;iT$tHiåo9i'n, 
ottt""cnt'iai ctiuaüion îvhich is morc genc.ar l,rran rbe r-¡ié-

(1.1) ø,, _l J@)n, * g(r) : o

"uoti#Ilq;iä*üÏ 
(1'1) mav be uT itten as ¿ù firsr order sysr,enr or rtirr,e-

'(7.2) ç':y -X(n)
u' : -g(n)

,rrrrruff,"tis 
paper, insteacl of (1.2) \ye corìside'trre mor,o ¡¡ene'ar systenr?

(1.3) [n' e@, t/)
Iy' -g(r),

cüions L, g : [R _, fl?,*üT*3i:i"iï;;'ìi; "

tha1, ttie folloiving.
(7.4) I c or([R2), p(0,0) .: 0, a¡¡(n) >0, a; * t)¡

;Tä"Tff"#tf i,#;1rt* 
co^si;anr zr as *ctI as a corrir]rro*. rurcLi'rr

(1'5) K{çL@,ù{h(y), (n,y)efft,.
_ ft js obvjous 1,h¿r,t untlel eondjl,jolrs (1.a) arrcl (.,.ñ) Ljrs or.igin oiì

:l'hc rluctidearr planc;r tr,"-u"ìioà]å.iii."r pòirrt'rr ryÀic,,, (r.i3). r,ct Lrs

write G(n):joF, ur.

'5 
^o,2874



f58
o

I

I

:

I

I\{. MLIREçAN aìrcl N. VORNICESCU 2
ON OSCILI,.4.1'ION COI,IDI'I JONS

I59

',^ -"å;lî,lY]¡o1(yrul, ¡to,,i¡,--' R', (7 ( *æ), of s¡,srern (_t.B) is srjrl 1o,ltc oscLu,o,IolrT lï there exisL l,l,o scoltoJlces {t"1 anä {ú},'t, <t,, 1tr,*,lcntline' rirorrotorrically ûo i suclr thnt c,(t,,) : ùúi,) :'0.''"t
In f2l G¿l,br.ielle villari pro\¡es that if

n@)> _ú>_oo foræ)0,
J7(ø)<c(-l_oo for n{0,

o¡¡1 ¡p(r:) ( 0 fo' lrJ < e >0, ilren alr sorutions of systcrn (1.2) oscil-'laLc iI arrcì ouly if :

lirtL sup lÇ(a) -l lt(u)l -= -læ,,.-**

,1T_.o1, LG(r) -7(ø)l : fco.
Later, \¡illaii imploYes his on.n abor.e stated resurt to the casc : if

liin sup n,@) ) __. @r
rÐ -f.æ

"]:Lt"t 
rt(n) < |æ,

ancl un'@) ( 0 fo' io'l < r ) 0, the' all so1'tions of system (1.2) oscil--ate if ancl onl¡' if ¡

11;;*.'o tf-(r) * '¿''(¿')l : * oo

rvhere 
"IAtttt' lr*(n) - ¡'(T )l : * co'

ÍI u(s\l* (ø) [ v\"/- 
¿s.

J 1 -l- .8*(s)

- This resuu r¡,as tàÍJí,)ji" 
\ri¡ari at the xr6rfntcrnational Conferen Osciltatiãns ñãì.1 "t Buclapcst,,Áugust, 1987, as 3:rof. ¡, inforrnccl us.

. rt is-easy to see ilral, the above Jr¡,poflresis is not furfilecl if wecolrsirler thc equatiot :
i9iasr,-

i, [l:li f n" { ltn' } cu : 0,

wherc b anù c ar.e real constanl,s.
llhe airn of the prescnt paper is to extencl the 

'esurt 
of G. villal.ias *ell as some resultf of ï. irà;a anct '1,. _yon"¡,oroá, 

-Ëi 
$," rvill siircþal.so system (1.1ì) uncìer thc follou,ing lr¡,pothes.s-! 

''-----7 L*r'

(I'6) lirn q@, 0): 
=¡oo,

wìticlr, for. sy*strin (j.z) ;i, :ncaus t.irat

lirrì I/(r.) ,: f cn

lim ittf <p(nt, {)).í _l_oo

"11: 
*on e@, o) ) --c'c,

llcD üailr a,n cxtc;il¡ir¡¡t oi l_ìro í1,.r...:^rlion .l rir.i,.,,,^r,..^"'-"'il. LiiÙi);'ìeJIc Jrilì:l,l'i.
Don i.,, ,,1 lll.', "'.1l'yt/','¡¡' "¿r 

jii 
;, lir,rL;i itrr, 

.i,¡j;1.1,,as¡i,iorr rr,,.d.c*r'\ ¡ r,riiï.. '" 
r r'rr,Ji'r'l'¡;',t ,i i. ji \;itii urc .Jrur,¿rcie'isIic

ï:;,ir::f;:,;i; 
1,rrc p:r¡;oi, 1\.c rlrjc ,ro. t,t:¡iruiii,.,. furrcr;ior,,

,"o,,,,i.i,iíuîrr!,j'ií,J,Í.JÍi,;lii"'"'. ciec,;,ì¡. indoi.rr,ocÌ t" i;;i. a, lrai¿¿na.r¡ roor"

p. l<¡cal herJ¡;11,i¡¡1¡1,.aú liru ol,jr¡irr" L/{-ìi, ìÌit iiL,ilc j/. ,q(r, y) ) cì' r,rr,[ .!)- -',(ì:,',,:;¡,,'.,si,, v( ,, ¡7) i 0,, ^ . l(,¡,, y) i * .;-(,;

_ pl,ur,i, llcl, Lrs Sr¡r¡¡¡,.,,, i r, .,.
rr'l¡iulL Ll,u'ì *L,rJ|ri 

sllltlrerrr' lj¡'¡'r i'j" - 'rJ. lr,r,l L t ,t , o l.i¡r, i.orn.rr, ,i,ürôr,¡,';j': óii'íilt:i ,ii'il;;,,11i:,, f il;,,,:.;:;i,rl'l;';li,;:; ií, u"i,,irläi:;; ,,ji
_d- I

o, vQU),;t(¿))1,:o = _cp,r(rto, yu) g(no) { {.),

.ï{(yu -- tÐ < ç(r, un) _ E@, lt)
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Írom rvhere:

q(n(t), 3/(¿)) < e(,ø(i), ltò * K(y(t) - yo)

It results that :

liq 9(a;(ú), y(t)): -æ.
llut t,his mca,nß that :

lim ø(t) : ïTl (ro * ç(ø(s), y(s))cls) : -co,

,bul, thal, doet not, agree rrith u(t) >- O, te 1017).
rt r,esults that 1,hc trajectory of systern (1.3) passing thlough the

n of the Euclidian Plane for tr -+ t
distance, let's say C(0, U") Ø" < o).

'"á3"îirïå:iì:-'ifl '"":"3täI"""ttYrìã
cross the y-axis at a finite clistance,'

et's say A(O, lln) (yn > 0).
Sinrilar resull,s holt.l in 1,he casc øo ( 0.

Oonsider notv the follorving conclitions :

(i) aq(a,0) )0,01n<e;
(ii) l,hele is a secl¡encø {nu\, frn}O, i,enclilg to zelo such that

9(ø'' o) : o;
(iii) ttre,re is a positive numlcet ø such that lç(ør 0)l * 0, for

0<ø<ø, and:

ã. i#h 
d'sÞa . #¡ ne(o'at;

(i') u9@, 0) )0, -e ( ü <0;
(ii') thero is a sequence {nn}, un 10, tencling Lo ze'-o such that

i,:ìf'rr,,!;"rr, ú t¡.'0 sucÌt' tt¿at.the bry *osses ttre q-c*is at
ltc > 0. (rtie ,,1r;lf,,orirjií,,_,ro"l,u,;i, iîÜ ;;;;r^ t:t,, 'í/-;';;; ;;

llrcn g(.r,,0) > 0. Tf ll > t) thcnl,ha,t ø(f) )'a-:o anr-l ,,i¿l',1** "r,fi( o, so ø(f) is rtr.crcasìíg. ;;tï(ti

I'u ,qlgf¿), y(t)) <0. rf ,.(t) >0"t q(r(7,), y(:i))< o arrd iti(ií,6:

at
E@) - y(e) - [--r(')- ¿s . IJ E(s, y(s)) " J

4
5

y(u) -y(r)> - v(tt:,0)

nf e -' 0, then:

ON OSCILLATION CONDITIONS

e(s)
r'ls

I ç(.s, y(s)) 
I

s(s)
g(:r, 0) q(8, 0)

161

eß
rlso

E(s, o)

cls

y(u)Þ -9þ:t,0) r(s)
9(r', 0) 9(,v, 0)

t1s > - e". <p(r, 0),

g@",A):
(iii') there is a

-rú< Jr<

0

positive number ø such that lç(ø' 0)l * 0 for
0 ancl :

îaking into accornt that :

E(s,y(s)) )_ qß,0) _ I{o". p(s, 0) ._= (1 _ I(ø) 9(s, 0)'t¡'c lrave that if aI( Þ 1 rr.c¡ geü a corrl;r,aclictiorr. l.fenc e u"l( {1. If n,e lepeai,stcp by stcp tìre àbr_¡.r,e a,r,gument, flren. l,c g,et E@) > v_

ct1 > _1__"' 1:;¡f . 
-- rve geú a,gain a colrtrarlicl,ior, so lve suppose lllataf

n - *rr ' t- ' rn this rva'y 1\'o buircl up 1;he rnoroto.e ¿ì,ncr bo'nrrer,
Scrqucnce d"n+t : 

"l$ 
* u,,Ì(), ancl if rve tal<e Ì., : lim a,,, ttten L2I( *

*:!Jr:1,.u'Jticb ,¿rs rio.cat root since 4rr.ø , t.'il;;; rhis * foron,s
In a simila¡ wÍìy \\,e get tirat l/c )0,

1 [ y(s) .dsàn>]__,nel_u,o);
p(n, 0) J q(s, 0) 4 t(

These conditions arc simila,r. to those o1 Tlara ancl Yoneyama [1]"

L1ìM.MÄ 2.2. 1f all preaiotts con'di,tiotts are satisJied' an'il moreot;el'olLe

ul' il¿c con.rlitíons (i), (tt) ul @fl is satisJied and, ì,1 we ,considet' thc trajectu'y
å¡ systc'nt, 1r.s¡ lai'riìry th,ròtlg'h, ø ltoiíat B(ü0, tlòe{(u, g)l q@, u):0},
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Llll\il\{A 2.3. Il one oJ tlt'e cot or (üd') is sal,isf'íed
tll irtg tln'ouolt a Poittf,j, Ø t't )O sttcl¿ tlt'rt't

,n -tc ) 0 stt'clt that'

J?rooJ'. It is analogo'ns.

S. hrtorseetioli propolty rrntl oseillations. Let ns -wlil,e 'gr(¡-, 0) :
: mâx {0, #q(ø,0)1, âncl :

r, rrl =- [ nrl) -- ,r"
Jt * ?-{'(s'o)

lrtrlr\lr\{Ä 3.1. Under cr¡ncl'itir,¡u,s (7.4) arul (1."c) and'

i3,1) ,t_i\Lt,rt ?(r,0) ( d-co, llÌ**", ç(r,0) )>-- cc

for ectclt, (.zo, gn) e Dru'itlt, rr]6 ] 0 tlia t'rujcctot"t¡ o,f syslenr (,1 ,3) t'ul¿ich I)(.¿ss.es
:th,rcnwlt, 

1e:0" rlo) crnsses tl¿e ch'c¿t'ct,cteristi.c cttrae J'ot' tttt, r: )> 'a,ro irl atttl c'tt'l!/ iaí :

(3.2) lT: *"p [fn(r) - q(a¡ 0)] : -l-""

X'c.,r ectclt, (no,lJo) tult'iclt, uo <t) cr,tt[l g(no, fo) < 0 lhe trtt¡ectoru ol
st¡stent (i.3) tultictt. ltitsses th,rouglt' (no,lJo) cr'oss¿?s th,e ch,a,ra,cteristic cttt"ue

er'[ tttt, u < uo i{ an'i[; ottly if :

(3.1J) 
"1_lt1r.t1, 

ll.- (r) l- ç(n,O)l : f o:

i',:,r,.! , \i o lrlole hclc oltl.\' l,he first sl,at'cmotLt. The seconcl ol"e
.L LirLs iii a silriiii,r' rva1'.

L€rt LLS Sllpp0sc i,hi¡1, :

(3.4) ..l],**u1, [l'-,(r) - 
,!(il,O)] < *."

,lt'r,orn (3.1) il, lcsults 1,Ita1, ollc c:llr fincl a ntorLotone SeqLtclÌce {r,,} tcndi_ng
i,o -l-co stich i,hal, g(nu,0) -> C 1* co, fot ç¿ -n oo. ll'Lol'tt (3.4) it lestllts
tirat {t'n(ø,)] is a ltouncled- incleasing secluelLcc, lteuce:

(8.5) [--ri'!fi--: c, < *oo
Jr+q.,(s,o)

.Non,, ftort (3.4,) it lolTos,s t,hat lin inf {q(r,0)i > - @r that is, one

can fincl C, ]0 suclt that ç(t, oi*j-*- Cr, lttr :tt ;>g.,'I'hcn thele is a
positivc ¿ riirch thab 9(;', (,tr! u') ),p(e,,0) * C, f ,1. !\'c shotv norv that
õaclr 1,r'ajector'¡' of i,i'sl,crri (1.3) r;hiclt sLilris itr -Br : t,(n,lJ) l-ø )-0'
g Þ Cz-l- Cr)- u,', tic,s iu Ilr: {(r,l/) I CI )0, tl )'Czl- ø} c Ðr' Tr¡

sec t'hat, let 's consicrcr' ¿¡ soJ.r¡ti'* or"^s\i¡ücnr (i.B) *,itJi (ø(0), y(0)) e /1,a.d *'c srrprlosc that urc'c is a r e |,],'¿-) ,ucrì-ùia,¿,-"
(3.6) U() : C, * ,o ancl A(t) > C, f- ct,,l e [0, r)

Iìroln 1,]re aÌ:ove l.clal,ions a,n<l (3.5) rve bave :

u'(t): ç(a(t),,y(i))> c2(er(t), ûrl tr,)> p(n,0) _f C, _i_ I >1f 9r(ø,0)
and

, ^ t'',
tt(:)-yo-\ø(.r'(1)) t1t> C, lC,-1,,-- [ -J(tf _ ús ) C,l_o"J 

,¿ 
t-i.<7,(s,o) 

v- z vz I tt"

llut this is i'c'rit.acr.icbior r,iilr (3.6), so (3.8) is,eccssarily.
rrcl' ns see no\\¡ 1,hat,if (3.2) rror<1r,, thc;r tho l,rzr,jectory oj: s)rstem (r .")intcrsccl,s the cha,r,a,cter,istio ò.trí".
T¡_tr

._ï-råtntc,ø,a)--@,
thcl'o is ¿ìJ iìlutt(Ìtotìo \(,(lUottco Ír,ì : l,¡,(f,,)1, ,r,,, _> _f co srrCh i;hat,g(,xrr 0) * - oo, frrt' ,t -, à. ifÌtcrr,'sLrrcc .y. < u,

]13 e(ø' t/(¿,,)) < lirn s(ir,,lyo l) <

* lTÏ e@,,0) -r lyol .rna,x infu) lq e 10, lyollj,
and

lim inf v@,,y(t^)) * ]it* ?(c,n,0).: -co.
rÌence thc trajectorv intcroccts the chalacter.istic culvc.If

,1'.'¿ 
*",' l'*('u) - f oo

itr; follorvs that

lirn l*(r) : -F co
xn-l@

T_,ct us t¿rke a, prtint (;;0, lJò¡ r,o)0,,_g(no,!lo) >0 anrl lct 's s,p_
':osc 

t'lLrt 1,lre tlaicc^f;o,'¡' n'iiitÌ'i'1,,,ïr*".'ili,),,,Tä.ri"(íu,?.i"¿,,.* rroL ¡Loctllrc cttt'vc .9þ'.,!t): o. L"t lcsu[üs iìi'ut 
"rolg^ 

llris tr,ajoctor,¡. grr:r,rr ]rrrl¿sq(nrll) ¡ 0. 'l'hen :

6

OTV OSCILLA'IION CONDII'IONS
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ii
I
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;

il
ll

r1

I

0 < e(ø(ú),s(¿)) < q(a(t),yo) 4 q(n(t), lyol) <
< ç(ø(ú),0) =i- lvor'inax {tr(û llte Lo,lvolr} < û(1 -r- En(ø({),0))
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lor a positivo constant ø. lJut

i -r r(tl

EU):t/, - \s(ø(s)) 
crs ç vo I -j; I *+r-trs* -oc,

lo xa

for Í -" i.
Tiren, ttsing (1.5) rvo havs

lim inf q(n(t),3/(r)) < Iir! inT [ç(ø(ü), yo\ -F K(llØ - to)] : -oo¡t+t í+ t

r,r,lriclr does not agree rvith thc conctilion thaf, q(m, y) > 0 along the
trajectory.

No\r \Ye can state :

îHIìORIì11,I 3.2. f'd rrs slr,p'lose that for r >0 one el th,e cot+dlitiotts
\i), (ii) or (üi) is satisJied, for n i0 on,e o,f th,e condi|ions (i'), (ü,'\ or
(äi') is sal,iqfi,ed und, (1.4), (1.5) arrd (3.1) ltolcl. Tlten, cú.I soltttions o/ (1.3)
ascillate i.f utrtl only 'tf (3.2) ancl, (3.3) ktl,;e p[,ace.

l'rooJ. It lesults from. Lernìnas 2.2,2.3 arrd 3.1.

Il,entcr,t;l¡. For q(ø, lt) - y - .tr'(æ) we geL a result of ü, \rillari [2 ]
ancl Theorern 5.3 of T. H.ala ancl. ill. Yoneyarna [1],

/r. A diflcrent elass of conditions. Ilr the next tltcorems we considor
bh¿-¡t tìro follorving conditions aro satisfied :

(4.1) 
"111 

*i,r,0) : --l-co.

lhen jt, is obvions 1,llat, thcrc is an r{' > {J strcl¡ {,hat ç(ø, 0) ¡ 0
,t(-n,0) <0lorn>n*.

TIIIJOIìEñíi 4.1. Ut¿iter aond;ítrions (1.4), þ,.1) cnttl (4.1) #

o., oN oscILLATIoN coNDITÏoNs " 165

\t),tl\t)) -.- 0 has at teast a root.
I e f0, i¡. Ttren n,(t)) Oi, E,(A-Z oInay suppose that ro Þ n*.
g(l) becomes negal,ive at some
tnere is an ar) rn large enoue.h

*ut - 
LU: lUollì' n) 4 and then

a(Ð <yo _ [_ørrl ;1^ t ,tt)

¿ rËr,) crs -. ro -J#h,rs - !ffi o,*

I

a!

*r, -5
to

r(s)

1Irm tnl
r++@ gQû, A)

4
e(s)

9(s, 0)

ds:p)

ds+ -6e,
1

to)a
cls

t(

I,9

for ú -+ ,.

such that:

(4.4)

tt

We may thns suppose ilraú 3o ( 0. tror e e 0 1
1 d, 

-- K thelo is a r

T-g+ds2 (ø - s). e(ø(t),0).J g(s, o)

iå#Ji;ià we ìrave s(u, - (o"- ,).e(ø,0)) < fr. __ tt(a _ e)t.e@,0),

s(r, (.),y("))< r(,^ ,,r, -l'-#h as)< e(,(.), __'!?\ u, *
to 

ro( e(r(t), -(ø - e) q@(r),O)) < (1 _ tc(a _ e)) 9(ø(t), 0) ( û,
rvhich is in opposition ivith (ø(ú), tl $)) > ().

orr, nfttnoRn'M 
4'2' rf the Jtmction satisfies (r.4), (1.5) atcct (4.rj

il
l

(4.2) tTl *or';,j¡, 
5

v(s ds

9(0, 0)

I
-'w¿/!

_t1
2

í(s)
?(s, o)

1

AIt'
q

Iltan each, trujectory of systcnr (1.3) tulti.clt, p(tsses tluotlgh' tlte point (ar,?lo)
toitrh, uo ) 0r g(Ø0, llo) )0 intersects the c'tttoe q(n,y) -= A lor (i,?ù t) > $0,

Under conclitions (l.rt), (1 .,ó) antl (t1.1) iJ

(4 s) 
"11å',u aj;rl g ;S t1s - ø u ',0 ,

;l,lrcn euclr trajectorl¡ o.f st¡¡[ent, çt.:l¡ ,rt,l.rt, pu,sscs throurtlt, the \¡to'ittt (ro,!/o)
with, ro { 0, g(a;', ./n) { 0 ú,'os,s¿rs tlto cLt¡''uo ,p(r,'!/) ==. 0 lor ãn, ü < &)o.

I'rooJ. \\''c ptovo htlrc onl;/ Lhc lìirsl, pir,r'l, ol 1,ho thcolern, îlre ol,her
part rrLns itr a, silnilaì' \\'ity.

'i;:',fi"';,:'ä'ís'?0"!,:!,',::'rn:I:),i:i* !*sse: *lgvsþ ilLe.poi,rt (co, !/o)
(1.4), (1.5) ,*a ç+.li'ää" t¡'"" 

ur*t'uv f\nt tl) : 0' IJ the Junctiòn 'p tàtii¡iä'r

(4.õ) tlT+J+ ^ q-+:ds - f3 > l-æ P@' {t) _ì_ p(r, o) 
*" - ' - EK

then eu'ch b'ajacr't''ru 
.o! tyxt* (r.B) tutricrt, ,a,sse.s ,trougrr, rrte poitr.t (uo,lroìutttt' e;o { 0, g(ao,uoi < 0 uosses'tne inarãà'ieiiriï'äiírL."
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?ìnd

I\4. I\{URÌrlSAN alìd N. VORNTCESCtt

x0

s(s) cls -?(s, o)

g(s) ds

g(s, - (0 - "r) q(s,0))

r/(')< - ffi'e(ø(ü),0),

ß_.Q._r"3vz - l--1¡; )' Itu

t0

ProoJ. l{ele l'c pro\¡e only the first statement of tìrc theolcm.
illhc proof of thc seconcl onc rtlns ilr a similar nrar'ìner'. r\s in l,lte proof
of Tlreorem 4.l s,e rnay suppose that no) fr* ancl yo ( 0, We also

sÌrppose that p * --1, , sincc o1,'lrcltvise u,c apply 1'heotern 4.1.K'
Florn (4.4) rvc hin'c th¿L i[ rvc c]roosc er É (0, f, - -L I , thera thcre

\ 41r J
is an ø, ¡ øo such that fol âlty c ) ø, there holds :

t ltl rls > (f, - e,) e(r, o).
J,g(t' o)

Let f, be such that n(tr) : r, ancl fol f ) úr rve have :

x(l

5

)

1þl- or < - ((3 - e ,) <o(n'(t), o)
9(s, U)

77 oN osctf-I-,,\,llroN coNDrrloNs 
tL6Z

Tlol I ) l, rve ha,\,e :

q(n(r), y(t))< q(n(t), Uo _ p,n(n, 0))< (1 -. pric) q(n,0).
^xnr vrÞi ' t'jrc'v@ft), y(¿))<0 a.cl ilre flrcorern is provecl. Let ns

supposo that pra 
+, then for. ü) f, ¡,e have:

ïlU) : uo - .q(s) ds r(t)
L f ø(s) cls

- 
À Ú\

1 - prtu 
-) q(s, 0)
t2

a2

!
xo

9(s) cls

ç(s, y(s) )ç(s, y(s))

T47e choose 0 q er( 
*, "" 

fls> uz anil f, c;(tr) : r, such ilrat for
any t > ¿s it resnltsY(t) < Yo -

uQ) < tto -
5

q(s,0) 1-ic(p-er) ds

it can be [ound an

q@, aJ.

Let us elenote

a,ncl tlielc follows

(4.7)

XL

( 3o'-
a(s) tls

tll

rl

5

1
t

l3ut, florn (4.4) il 0 { ez < mi,r {-1, p/c(p - er)' 12
uz) ot-such that lol r ) r, it holils thai; :

Ç 
v(sl ,-Lt 

> (p - er) co(,,,,0),
J s(s, o)

Let trlre such lbatt n(tr) : ,t¿r then for f ) f, we have
vt rlrl
I o(s) cls t
3qþJ) -l
xo xl

+q- cls < yo -
P(s' 0)

,IL

I s(s) ,,, _
-) q(s, o)

q(¿(¿), v(¿))< e(,i(/), - ffi pØ(r),O))< (1 - F,,tt,¡ì

I
ç'(u(t),0)

If Prr-ï, ureir ç(n(¿),y(t))< 0, ancl the 
'reorem 

is prorert. We

uþ)4uo -

1

1- - k(P - er)

Let us write :

rl

!
R_-

ds<yo - '- ' "'
1-i;(p-er)

r)

s(s)

9(s, 0)

¿nssrrì'e that r)r a+ trf rve go oD as ¿l,r¡orre',c gel,tu,o sequerrces : Ip,]isíncrcasing,*{lilc {e;,] is.ccrcasi'g arrcl tcncls to zc'o.rf rve finrl a terrnp" suc' that p, , ; ''rcll tr*, l,rreorem is pror-ed, rf not, the scq'cu.o rßr;an. ne denote.bv J its lirnit, itres.Its 1,hatt Ls on t¡Lz,__¡, i_ f, :oi.ä,s equa,rion hast fol ns l,tiat ttieré iÁ ,, J.i"n'tn^t þ,2 llt,:.fn the ncxt t reorem 1ve use the follor,ving condition r

(4.6) o { çi@, u) { h, (r, y) e R,

,,r,,¿ (fö1Îä1l{ n't'we asstr,ttte ttmt ttte f*ncttott, e s*tisJies (1.4), (4.1)

iirn sup --l- Çr'-+æ ç(ø, 0) J

1
" 4h,

_J('l_
9(s, 0)

c-ls



Nf. MURì'.tAN arld N. VOÊNIC'LISCU t2 13 ON OSCILLATION CONDITIONS

x(rl

Þ !/o -'!+hcrs + j- ç(¿('), o) > uo -r
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th,ett, there ,is cú leã,st a, traiectory oÎ tystarn (] l) tuhich Þtolt:.t ur'1'o1t'gt1'

i:nà poUt,t (no, Ao) uitlt, ao;> 0, 9(ø0, Uo) > 0 ct'nd does n'ot nteet' tlte ctttt't'ac-

t eristic curue.

Proof. I-,eL no: ír,'{'. First rve show that for ârlly 11ì" ltt:ir"^::
,¿r^ > O sucir thab iho l,rajccto.y 

'assittg 
l,hroug¡ t¡o poittt (f'r y0) (Ioe$

iäi rneet tho r-axis before rr. Incloecl, for

xo

+ l+ - 2$ - z. ) . ,pçrç fl, o) >17o> o.\21ù )
But this is a conüradiction. rlence, the tr.ajectory of system (1.8) pnssing
through (no, tJo) cloes not rneet flre . 1ttÌvo Y : - th 9(rr o)' and this
fact iTnlies that q(n_, y) ) 0 aJong flro tr.ajectory.-'"îhe result in' 'flis '"ás" *lreoo¡ __, _ oo is sjmilar and. we ornit it.We have imrnediateiy tt 

"-t"flowing 
result :---'- "'

THIIORÐM a.!, U th,e -cond,itions _of ,¿e Lennnø Z.J are satís.fied,

KlrTfltirtm4.I or rneå.em"-¿,,";;id;', ttåna*, sott¿ti,ons of sysrem (rJ)

r
u' tl

ta

_-qfq) 11s

q(s, 0)

if rvo rvould har.c a f, s'il,h n(tr) 1n, and '!JU):0, theu

-.q(t)- ds > o
9(s, 0)

0 : g(úr)>-llo -
t
l

(y(¿)>0folf(f')
to

llencc, rvo c¡oose ".(0,-L - pl attt Lhcn tbc'c is ør) øo sttch-\-' ,r¿ 'l
that for n)frt" tho follorving inoqualitios irold:

E+* trs < (p r e) e(ø' o)

,, -Ï J-(l) . ¿r,r/o > 
J ã'lul
to

we shorv tha1, ure trajecboÌy of systern (1.3) which pâ'sses through

(no,Ao) d"oes not intelsect the curve y - - f 'e(rr 0)' remaining lor

all ú above it, ancì ç(ø,tD> 0 if u> -* q(r,0)' Indeecl:
2h

I r ^.\ , r l,^r-nrlt
q(æ,y)=*( - * e(r'0)J : e@t 0) * çí(ø' ,) 'L- * e\ntu))>

2 q(n, o) - + ' e(r' o) : + 'e(#, o)

Now we assuûlo that the trajectory o1 system (1.3) passing through

luo,Uù crosses ths curve A - -k'fW,0), antL let c be the moment

of the first intersection. Thon r( r) > ør, and.
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Eþ) * j vf.tr), o)7 vs -
g(s) ds

+ +ç(æ(t), 
o) 2

ç(s,-fre(s,o))


