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.{l¡str';rc(. Itr iltis p:tpct'rvc cstal¡lish sornc l(orovlciu-t.ypc lhcorcnrs irr the spacc.€(p)([d, b]),
lbt'thc i<ìentit.l'ttpct'ttot and, nrotc gencrall.1,, for finitcl¡'tlcfiucct o¡relltorxi, Sevelal cxarn¡rlcs
an<l appìic:rl"ious rre uìso plcscntetl,

fnfroduetior¡. illhis papclis rnaìnl_v tlcvotod to stud¡'ing thosc sub-
sp¿ùotrs II of (6tþ\(lø, bl), the spaco of all p tirnes (ìontinuous cliftercrntiatrlo
rea,l fnncl,ions defined on aJn interr.al La, l¡.1 (lt ) 0), wtrich sa,tisf.1. the
follo'lying contlition

of linea,r ,posil'ì,ue o?e?'t,torl otL
It) : l¿ ùn qu'\(lu, bl\ tu' eüe?'!J

(f) - ,l' in (61þi|o,bl) frtr euer.?l

I-[elo fc¡r po.sitivc opetft,tor rro meâlr ¿lu. opet'âbor rlhiclt leave;s inr'¿l'
liant thc collc

I(p: {.f eØvt¡fu.,b)¡: ,[(u) > 0,J"Qt) ) 0,. ..t.ftt,.-tt(d) > 0,.[(rù > 01.

ll'ltc ruosl; irnportttr.l; Ìosults in tìris clilcctiono orilì solrì(i ol,hctrolat-
1'11 1;o i1., havo l¡een obbrlinccl by Iì. fìroso'n'ski ([61), H. Il. I(noo¡>lÌ.
J?ottingcr ([10], [17]), G. [. I(uclryal:cey ([11.l), ll. tLt. l,Iin'kova (fl.3l),
B. Senrìor'-Y. Po¡tov ( l,2O,l); S. Starller' ([21]), '\. ;\. Ir¿rsil'ðenlrc¡ (t:ZZ1).

fn the first, part of the prper rvo cornpletel.\. .,1l^"rl.,telize plo¡xrrty
{*) in terrns of enveltpcs .nrrcl Choc¡rct bounda.r,¡-.

lforcover wc al'-o strttl¡r a prol ert¡r s¡¡r¡¡or to (*) b"r. r'eplacing the
iclenbit¡r operatot' rvith nrorc gcnoral opcrators rvhich ale called finitely
tlcfint¡d opcrators, in,annlogy of sinril:.rr opera,tors stuclied in spaces of
eoutinuotrs functions.

ll'inall"r', in the fi'&rrìo spilil, of tho prcvious sectiorlñ, the collvtagcnrre
of scquonces of positivc li:rcnr forrns on q@)(la, bl) torvarrl cliscreto-ty¡x:
trxlsit,ivrr lincar :torms, is ¿¡lso invostigatocl.

S<rtcral oxarnì)lcs nrrcl a¡rplicaLiens arr: ¡n'csorrl,crJ.
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dð')

.' ':1. Preliminaries' antl detinitions. ÍrcL p ) 0 antl 1r'¡ çri'r1¡'u,:It¡) lx;
thc spaco of allp timOs contirruous cliffelenliablc leal functions on tho lcal
intcrval [a,b).l,et ii ']l denol,o the sup-nolln. We shall consider thc space
(€te)(lcc, D])onclorvotì n'il,h thonorrn (l'hichis ctluivalenl, to i,he, usttal noln
oT 6@)(1a,, b)))

illll, : sup |/(ø)1, ll'@) l, . . ., ¡¡tt'-tt(u') L ll/o')llÌ
and rvith l,ho,orclel': r.ith respect'l,o rvhic.tr 1,ht', positile cone is

Kr: {l eGa'tçlct,,ltl):.fla) > A,,f'(a) ) 0, . ..,',¡tn-t>(a) 2 0, "Í(r) > 0} :
: Lf .Grr')(l_ct,hl):,Í' > 0r,f'' 2 0, .. . ),[@-r) Þ 0, trnt r- U,.

'Ihe hov iclea oT this papel is to repleseut thc space r6ro)(la1bl) as
ai ¡jpasc oT colrtinuous fuuctions ôn r compact, space.

In fac1, 1,hc space ç{ttt(lcll b]), endol'ecl rvith tìre nolrn ll 'llo ancl the
olcler abovo intlical,crl, is an .4-/l-spilce vith unit thc function 1r,(l) :

þ: f, (ü-ø)ilil, t e lu,,I¡1. IJ). the Iiahutani reprcscnl,ation thcorcm ([19],
j:0

îlr. 7.4), GQ')( tt, [tl) is

APPROXIMATION BY qqS.ITIVE, OPDI1ATORS

Lc:l: P:G(-Yo) ->((X,,) l¡c thc lincar .¡lositivc opclator dçrfincd by
P : JoT Â, ancl liut l/ : J,,(il); Tz isa linc¿r: snbspacc of (6.(X.,,) rvhich
oont¿r,jns the sttictiy positive function Jrlro.

Consiclering t}re usual ortlcr ancl, 1,he, sup-nolrrr in ç(Xr) s'c rlefine
:an¿ìLogousl¡' I(or¡(I/) ¿ncl l(or( l,'). lllhen rvc,[ra,vo

(1.1) I(or2(11) : ;\r(i(or¡(l'))

Q.2) I(rn'(I/) : Â,,(Kor('l')).

I)cnote b¡. r'11*(-\-r,) tho sel, of nll positivc Ilrrrloll Ìtìerìsrlìì'es on Xr.
.Fol r¡t'er'1. íìr € '112 lct à" bo the Dilac lnczìsule ¿t,1, rr. f n lh¿lt follorys we

sltnll usc lhc tollou'ins lr'¡ttl1, (sct, 1121, illlr. Ll).
Tnnorir¡l'r I.L Tha follorain,a slcúent,e'l,ts are equi,rulant:
n) Ir is o P-I{oroalt:irt, su,ltsprtr:e of G(-Yp) ;
b)'u:¡., " P J'or tll r e )Y,, nnd r e JlI,(Xn) for mlt'ir:h c--8. o .P on V..

Ilirall¡', using the nol:rrr ll 'll, r-e dcfinc, sirnilar'lr. the l(olovlrin
closntc of 11 l-itlt respcct 1;o li;rem' contlacl,ionq on GQ')([¿, lr l) (scc f.tr]). Rv
appl.vine' Cor'. 1 of f4, p. 167.1 and (J.2) l.o obtaiu th¿rt a ljrreal subspace
H ol(6@)(lu,,ltl) rvhich cont,ains .1 ,is zl, I{r¡r'rx.kin su1:spacc-r l'ith r.'e¡,?esN 1s
lirrcar contlactions iff it is a l{olor.l<itr srtbsDir,r,e l'ith lt's¡eðt t<t itosit.iyt:
lirLcar opcratols.

2. I(oror,l<irr-úypc fìrcoieurs lol lht! itlcnúÌfv o¡lcrafor. CJrrur'art,uliza-
tiorrs of tr(or( l') in terms of envelopes, quasi pcali points anrl Ohocprcl,
bounclaly iìre gir:orì in f4]. UsirLg (1.2) anrl thcric cha''tctclizzrtiotrs ib is
nol: rlitliculL Lo ¡l'ovc !ì¡1' tolloring^ rcsnlL.

, TunoRnrrt 2.1. Let It be u,:lin.iur sü,bslictte o,f' Ø.rt't1lu,bl) tu'lric'lt, cott-
tu,tns tt,,ltLn.ctiott. !i,o su,clt, that hftÞ 0, j:0r1r...,? -. 1 untl /¿(2)(f) >'0,

',1e ftr,,bl. ltlLe I'ollotoin,g stuteht,ents (a), (b), (c) ata cquittu.'lent.l
..,.,.1 (u) II is rt, I(ot'rLrli:in snbspuce in (6t?)(1u., ltl¡.'' (b) l'ot ctl,l, J' e Ør't1fn'Itl), j e {0, 1; . . ., p - tl ctutl t e |o,li},

.f(i,(t) : snp {/iiir(c,; : lt, e II, .f' - tt, e It,,}

: , , inf {/rt;riø¡ :. lt, 
,e.fI ; 

'lt 
- J, e J(,,,\,

,¡rt,t(l) ==. sup iii,(?,r(l) : lt, e H, J - lt. e.I(.r,j

-inf {/¿(p)(¿) :hçII,L,..1 eI(r}.
, (c) (r:r) lf t e |u,bl clnd 

'-," 
is ct positit:e l,íneu,t'Jor"tn, on Øo'\(lct,,bf) sttclt,

Lltat p(lt,) : h@(t) .f or all h, e II, then y.(f) : Í@)(t) .f or all .f'eØu't1lti, b)).
' .(!r) 1l_or alL i . 10, 1,. . . , ?.- 11, and ,for cr,ll, 'positite l.ittc¡.tr .fornt, ¡t

on G{.þ)(lü,b:l s,uclt, t,h(t ¡t(lt):¡¡itln) J'or crcrr¡ l¿ e II', it, .l'ol;lous tÌtttt 9.(f) -: .l'(i)(u) Jor all, I' e r6tt't1[rr, /,1¡. . '

Irt, .l'act, (cr) is arluiuetletr,í tct
,. ,.:', (cr) ' t lp -- 7 l[ sur:h tltut hri)(u): {),.: : : ..:t? cl'h@)(t)>0j le lu,b).illhe e oh:rra the ChoqrLt'l, ìtountlar)'
of I/ in '1, points l, ilìh. tì, p. J-?G :rncì.
ou iltc to .r[.\'r,
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oltlel isolnorphic
et of leal 'r'alue,cl

to he syøca (€( u'ltct'c ,ï, is)

the rveaì<l¡' cornpact
1 ot\ Go)(l cc,lt l).

fl'hus X, : {V
ï e G<nt1l u,, ltl), t e I t,,

0t
b

,:lç,!(t\

l'.r,tti ce

<o1)-1 < ((,, t-'nclo\tetl

of n olllll

.,,ú)ø-rÌ U

the .usual

) is clefinecl
e lo,, b l.

S

!r.t¡ ...,Vr- tl U {P.¿:l
I tntl i:0,1,...,?-1.,

e l-a, b l] n,hclc lor
rr;(/) -- .¡tit(a) rnrl s.,(/)

t\rlor e sitnplv idcn{,if¡' -\ .l-ith thc subsct {con,r \v()
U ,lø, h I whelc co¿

topolog¡'.
elR , coo{

Ilor 2 >1 the ordol isornorphisn.r ,Iri: G<p)(lu, Itl -- G(Xp
by J,,f(ar) :,l'rit(t), j - a,1, ... ,,? - | utcr Jo.f$) :.1'@)(t), t'

Its i1r'else is tfue oper.ator .t\,, : G(Xr) =-r6aù( ø, ðr l, d,efinecl by. pul,1,ing
fcìr ¿¡ll ¡¡ e G(X,,) antl s? lu,, bl:'

r\,.q(s) :'e^ï:J(s - ø),, * I
l

(s - ¿¡r-t o(t)dt.
(p 1)

lr'or: p :0, Ju nntl t\,, coincide rvilJr the idenl,it¡' opcratol on G(la, bl).
I'c,t 'I ' G@)(la,bl) --+ (€(p)(La,hl) 'bo a, positive linear operator, i.e.,

I'(I{t) c.I{,,. [nt 11 bc ¿r, lineal subspace of G@)(l&,b)) l4rich contains a
function /r,o s'ith ltt¿t1ø1 >,0; j = 0, 1,. .;¡p - 1 aqcl /¿fì(¡)> 0,telø,b).

Lct us tlcfinc 1;he ?-I(olovkilr closur'<¡ of 11 (wi1,h respect to positive
linear' óperator's) l¡)' Korr(fi) : {.f .6Q')(La, bl) : ll T"l - ffll, + 0 for
every soqncnce of positive line¿r' opelal,srs T*:6<Ð(la,bl) + G@)(la,bl)
snclr l;hal,',1 T"h,-'Ilt,ll,- 0 for'.ali lt,eI:Ij.

ff ? is 1,Ìrc icle the collqsponding Korovkin closure of
H will lte: dcirol,rrrl ì'(11).' jl'is ctlllecl €¡ ubspacc. of gl))(lcc,bl) iÎ Kor''(II) ,,:(8@)(la,l¡l). A soi, Ls'calted a ?-I(orovhir-L set if thc lineàf
subspace oT 6@)([u,b)) spannecì,'u"y rS is a:?-I{orovhin srtbspace.
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Let rrs eonsirler a function h', e Ø@'([ø' b-l) such 1'hat :
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Iìe¡na't;l¡. T¡o cq¡iyalcnces (ì:)<+ (c) ftùxl ('1') 'o (b) .gelìclìllljze llhco-

rclrt 4 ¿lrd flheolern 7 of f0l'
conor,r,¡Ì,n 2.2. ],at s be a stbs¿t oJ r6'attll-gt ¿.1) tultí,c)t, tott'Ltt'i'tts tho

f*trctí,ttn .Í?. ,l,ln, 'ii,;;-. .-.1tn'l\ UrS is ¡i Korrtut;itt tlet itt V@)(la) hl) if
'à",:i¿i"ä,i, tj g*t-_ {jrí,,,¡. Sy is-u l(oroalt,¡n sel ùt. G(l(¿, ö.1).

.llnant,lttc 2.3. Let lt, er€lr(larlt)) be su,clt'tlta't lt@' í,s stricllu cotLDeíI: o't'

stri,atty cotlcct'1)e ,-' i';;t'1.' rnr)i ìr!,'í,"'""-,7n+i, l.f is tt' Itototl;:in set ùt'
r6tntIt,,lt)).

I)narn,Ttle 2.*. Le,t 0(ø< Dr 7r|0; ¡r>0; À# '¿' 'l'lten' {l'!'" 'tn'lo*n'
¿r'+u) is a, korot:l¡,in, set itt, r6<nt1la, lt'Ù.

IÌn*,nplc 2'lt. Let ø, D e [8, a <It' !l]lt'att' tl¡'e sets

(2.L) {1r ¿t ¿er ..',t"p+I)lr+zl
(2.2) fll) lr t,2r . - . , ln, e" e"I

are K.oroul¡i'n, scts itù G@t([or ¿'-])'

Hcnt'rtt'k'. I'or' 2 : 0' (2'1) rtlduces to the classical l'trsult of Il' 11'

K.orovkin concemiig lrositive iinoar onela-tilÍs on G! [n't h]),
Fol p:1 (2.f) is a consocluenße-of 'Iheorem ? of 16ì'- -

l[.Ìrc resull, àondair*.f in Exänrple 2.3 can be getreralizctl in Íù lnoì'e

gencral situal,ion.- ln factt,, given 'rit' e [N, lct'
t,,,; lf 2 0 for i¡ll r¿ ( Úo { " '
rliridctt diÍÎerr:nce of ./').
lct II be t'hc linear strbspacc ol'

. l¿. L,ot

rù,om [B], propos*ion , 'r" ;Ï:":ïï-orr;trictr 

r¿(") is rinoa'r]

rror(ri -- y:e ?alxr) :/ is lincar on each t t {)'
Using this rosult an<l (1'2) rve obt'ain /
,I[r.lonrc;r,l 9.6. I(or(-E) í,s the sel, oÍ ntt f evro\(la,h'l) su,clt' thnt Jrþt is

L'i,ttonr on' cnriì¿ I e.f .

r forms. We recøll thatn
a linea¡: subsPace -E of

tli#eii#î üiiiî'lJ;
e also ha've lim Pl/) : p"(/) for cÌ¡ely

lt4@ '¡Ðóo

Í ec6tntlla, /l_l).

fll, this ploperty is etluivalent. t'o the uniquencss

of ióì'of ¡, oi, ri (i.ij' if tl is a positive linea'r'fotm on

ç< a: ? 
'on 

'tf. then o : ¡r)'
tfor a clra,r.acte¡ization of dctermining subspaces see fllt [7]'
Let n' bc an inl,c''ger, n þ P - L,

(3.1) ;f n,Þ p¡ then lÍ0, trr....tl',+ti t"l > 0 for all ø { to <" ' <
Ìa.zi it " 

Ji - l, iheri l¿11)(¿) > 0 for all tela',b1.
l_/et Huhe the linear subspace I G(ltt, ärl) spa¡nccl Ì:J' th9 funetions

1rt, .. .-,-1i,'i ,. W" shall provti LhnL il,, is a rlcter:mining sulrspar'c for
some positivo discrettl linea,r forms.

T,¡ronr¡:lr 11.1. (Jt¿clet' tlrc, etboae essryrnlttiotrs, -lot 
A_:6(larbl). -* R.

be n coitti,tt,ttotæ l'itteq,'.frttn' stt'clt' tl¿at A(.f) > O Jor all J'eI{u¡, and' A(f):
- O ,for all J e I'[n. 'Iltctt -'l : 0'

Proo,f. Suppose first thal, n 2 ?' It suffi-c-os to prove Ll:,at' A(g) 2 Ð

tor any'r".6a't(iu,hl) n ltu+r ancl to àpply llheorem 1 of f18l'
Iloleìt,elyn,.g.¡|et,l,,,,Jbethozt¡rofrrncl,ionjlu¿:-1¿rncltlre

Ta,ylor polynoinial ctf tì,:gretl ni f.<tr ,l'tr'nd the poi't oril nz >' O'- 
rilf ge qo'+t\l,kt,b)l n .{"+r, then 0Ø+1\ > 0. }lre ha'vø g - To9ç

e I(,,*, antl hcnco A(tt) >- A('L",q) : o-

b) rntheg^cnoalcaseforevelv i >1lctÖ;:å(i)t( i)"'tt -'
- $)i-b he the .i-th flo'nstoirt ¡tol¡'rrotni*I .Pj.,! e'ß<n>([¿¿' b.J) \{**''
ftôi ilb¡- !t¡¡, -,ti an¿ b¡e(€{o+it\i.a',h))n/{"+7' Ir\'om a) it follows
t,hut À1ú/ j ô, hence A(rt): 

,|,]* 
,tttt,l 2 s'

Snppose rro*' tlral, r¡: ?-'- l- We have -'t(/) > 0 for ?lt\l S {Z."Pt}
/ff):o'ffi;fi/. lln*t. lì'ei h: I¿n-t-Ir-rltu-'r,Iror / eq@)(fø' trl) Iet
us pttt,

¡,¿r: Inin '¡<øtQ) tte fu,hf!, M¡: Irlâx ffaùQ) :tela,b),\'

'llhcn 0 q 'ntr, ( Mo. I:jf .{ f 
tg n)(lu'1bl) ancl let

- ,1,,-t 
u l, ry' t,, f, 

: To-t o ¡ !'t n.

then g - fi € I{r,,f, - g e Knr,f,h € Ho-'
It follo'rvs tùa,t 0 : A(lr) < ¡l(y) < /("fr) : 0r i.e. ,f(g) : 0'

I-,et norv lr >.- 7 bc an integer. l)cfine v: ç@)(la,b)) -lR try pul'ting,
for evcr¡. f e'd<ntllt',b))

(3.3) y.ff) =\' n',f<¿)1rt¡ -l f, c¡f<nt1t,¡,
i:o i:l

whcre û¡t7O1 c1 )Onntf o' (tr(... <
.r'' È

Let ø(ü):1iÎ te{rn, bJ antl o(t):2if.te)n,, Df. Write ,*== 
E, 

(signc¡)ø(f1)

ancl let tL > ltù J- P - .1.

For./ eG@(iorbl) an<i. t,> 0 let us considcr the f*ncl,ional Jl of J.
Peel,rc (see, for exarnple, [9.Jr p. 4) :

Klt, Í, 
'ç<nt1¡a,, 

b)), (€lft+r)[.ø, b])):i¡f {1lf -0llr+tll f/0r+1) ll i g e Got+Ð(la, bf't\'
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It o e (g(e)(l&, bl))' tben'u e (6trt+rt¡Ser,, bl\' ; let ll ul[,, anc'l ll'ull,*t lle the
colt'cspotrdittg ttottns, cleat'lv ccl rlal'- 

L,ct P,"be the lincal sirbspace oF r6røtlla,bJ) sparnnocl ìry '1, f, ,"',!'u,'
Trrnonnur 3.2. Itct, l':Ø(ù([.ot',bl) --+ ]p ba a pos'ítiao (ctnd:hen,ce aon-

tirttr,ows) li'n.eur ,f ot'ttt'.

u,\ -t.f f' : u otÌ 7),,, llren lor all I e (6a't1la,b-)) : 
.

(8..r,) | L(,f) - F(./)l <

<(]l,l|,,*|l¡ti|,)Kt¡ølffi,f,,6r,,>7|i'u,tl|),G0|+7)(l-.,,¿,])].

t¡) I.l L-y. {trt' II,,,then L-¡t ott'^G@)(la,bl)' }f,etrce I'[,,is tt' d'eleÏrt"i¡t-

itto sttbspírce ,l'oi e':cut1. posil,i,t'e I'itlert ,fornl ctJ' tupe (!l'3)'

Prno,f . a) Supj;ostrth¿11, -?', - I oìì P,,.,IrcL A.-V'-..1' antl lci''/e 'IÇ"t''I1 ,ttt>{), tcl, 1s c11,1ìóte ir¡'qilro }Ioinrite 1lol¡'notninl of .1t|t tnt Ú¡ tt'itìtrnulti'
1rlic,ìties (sigr¡rr¡)o(1.,). .i : t, "',1'' I thol deg¡ce(q) ( nr - I'

Ì[ r¿ - 0, lct q bc tlto zelo flrlir:tion on larbl'
Supposo tlat cr, ) 0 al¡tl (t') ¡'"' co be tlto .Pol)-:

ìronriiùl ioì dc,glcc( ir) fol u'hjc i -'0J¡ "',? "--1 1t$
;rt : q. l\f¿ lì¿,r.t, . '-.f e'tr(r, ) :.u(o).: p(./). ft fol-
lou.s that ¿1\:l)> 0, ìrotrcc. ..[ is .AoÂn+r is :t, positiÏc lr-
nr'Íìl' l'irltrt ur ß(-\',,nr).

It c; - 0 o¡ i* < D, t,hcn q < loù.iJv alguìLrg as zl,bt'rt'c u'o into-r'that

--{oA¿-rr 
is a pclsiti vtl lint¡al: [c¡r'ttr otr (6(-Yu+t)'

\\7r'r.orr.lttrlr'lltlrt ,l .ler\"rr li:l .tqA,*r(t)l =.1(lrr¡) '- -= zL(/"+i)'
(rr,f l-)!

b) lrct T' -. y ot II,,. illhcn ,L .: y, oìì P,, antl tho nbovc proof
$horvs LbaT, A is -IÇ,*r-lrosit,ivo or -'l is lÇ,r-r-positive. ln bolh cases
-4 : 0 (cf, îtr. 3,1).

lletnurli:..[torp : 0 tr,nc] 'N -1, (3.5)has llecn provcrlin l8l. (3.4) is
sirnila,r' to sontr,r irrt,rlutlil;ies gi vt'tr ìn i8 l a,ntì þì1.

tr'rt¡t
'f' ;

4. I{oror'kin-t¡'¡re theorems lor finitcly dcflilrcd o¡rcrtrtors on(6Q) (lu,bl).
? )- 0 urd A' >.7 bc fixetl. Lof, lìs cousidel arì oporntor

ßtûqlrr, ål) + (6Q')(le) trl)tìofine<l b¡r puttin¡¡ lol er¡ely I'eøa'tllu,hl)
antl s elu,, Itl,

(4.1)

-t- 1 
,'

(p-l)!

Þ-1 (s - ø)'

r!'u(.f)(s):
f
I +

þ*1
tt¡(t)J\i) t,,) + Ë ¡¡,(L)JoÐ(4t,(t,)ll Al

i:t I

¡'hçrlc tt¡,. Þ O, cr, )- (l, lt¡, ç1¿ e G(lø,lil)
is a coni;inuous fttl-lction ¿tnd ttr, e lu,

) 01 @i : lu, hl -, la,b'l
'i-I,...,,hant1 i,r'-

,h¡ > 0, ¡¡,
D I for all

llol p : {), 
"(/)(s) 

: \ ¡¡,(s)./(@, (s))

'itis a por;it,ilo lincil'- o1:elrr,tol antl ht¡nctt it is tlontinuous u'ith res-
ptrct trr lj .11r. -t,cl P :,JrT z\r. ? is '.t positivtt, lineâ,t, finitcly tlcfinct'l
ôprrrirr,ïol ori ø1f ;,¡: Ir"or u,rra'lo.gv, \\'o shall call llltr opcla,tor 'l' n lirritcl¡'
<ìõfinecl operâi,oìr on G@(lc(,, äl I of orttel l;. (l)cfinition,s ancl gt'.trcral results
concelning finitcly tlcfinctl t-rpt-rrtt,ors aro gjvclr in [21. Llourrlab]y clefinecl
optxal;ols at'e tlt'fittccl ¿r,lttl stur'lictl in 17 l).

î¡Inonulr 4,.1. Let lll bc ct, JiniteLy tle.Jinct[ oltuotor ott '€o')(l.u,,bl oJ

or¡Ler L: oJ thc .l'ornt. (4.1).Siircc li ,4 ii,+r : ll ,'lo'\,,+r ll, it ft;llol'; bhat

(3.,r) irri - t 
,l1l(l'+1)l',,t'rì,--(,,_ll)!' , t. 

;

, Irct lrrt¡r f eGQù([¿r, l¡ l), {l eG\tl+\)(la. b))- fMe ]tavt¡

I/(ø)i< i,,1(r.l - I',{t)l +-i.4(i1',,í)|(ll,'lli,*tlll - T"rtll,*' '='

0,1 ,

(sig'n g'(ú))"(tÞ,(l)) : L elct', b) 1 )n, : ma-r [tn,r, tlt rrl

(tlt,enO,<r/¿,<,2L'). I'etù-tìL*p=Itttt.tl\etII ,, Itelhelineuysultsytu,ce
<f,169')(lø, 1¡l) desa'i,ltcd i.t¿ Sectiolt, i].'l'hen IIn'ís a'f'-J{¡tt'oultitt' subspace rtf

'6@) (lu , It l).

PrctctJ. l*l' l/;n - J¡(II")- [.,ct ar,e .Y, alrtl t'e J/*(-'ir,) Suc'lt tlti¡t t' :

= ð.,".1] on IZn. .lt follorvs tlt¿ì'L'r"Jp j: )-ro"I,,o?'ott 1i,,. I)enote 'u"Jo: L,
ð.,oJro ll' J ,'. irttrl a,ppl¡' 'l]hCror'elrr i].2.1t); i1, 1;"Jø: 8,"Jo'!
ùj¡ Q,,rt1[u,'t¡]), i.e.,^tì =- ò""1' ou (6(I,,)'. fJ l.l rve obtaiil
I(or'r,( l/,),: ø(¡'r,) ¿rncl nou' (1.1) jml;lics o!(L(c,bf).

l/t, : lU¿ì\ 
{É"

ì
I

*,-,-j' ; ,i-l(¿'*1)ilil("*')l;<(ii ¿li, l. lli,-li')(ll J - uli,, -''
(,¿ì- i :

ii r/('+1) lt) .I ( t, - ¡;.)(i'+1) 1+
|l ,i

ifa,liirrg tlLe irtti triuirL'rt'ltctt {l 'e ßrn+ttlla,ltl), t'tr ]rzlt'c ¿l')

'Dl p- li,, )(rt' -l- 1 )



I rr. .q.Ll'Ol'vI,c.TlE ¡ìnd I. ITAS^1|.

CoI¡or¡;.tnrr 4.2. f in :p > 0 ancl'Let, us cottsidet fot'
th,e linear p ositi,ae o'p er utot:'1' u : $ u't 1la, b l) --+G @ (1.a, bl)
Jor eaery¡ I e gQ')([â, h]) an'd' s e lu,,ltl

l,he.sequc| lpt p .> L,lt ¿ 1 ¿¡rrtl lct S be a subsct, of GØ)[a,bl)
which contains thc functions 1, t, ...,tro-t. suppose that for att riiiiindú
poitÞ to'!¡,.;..:ünF lø, bl_thercisIeñ rvi1h./tzrJto; *J(n)(tr),i:-J., , ¡,ìror / ÇG@)(lu,bl) lct us dcnol,e

¡_r¡¡ri)(a))n.. I ¿Ul"Ø:,å ïL 
(t, - ol' t ,V- 

'l,, 

s),-t(,/(p)(ú.)),,¡¿ts.

Let, fñ1"' : {l/_ll rJ':g_ll}. lnilIþb:lll: Iinear. snt)s1rirco of G@¡a,bl)
spa,nnecl by {1r} u ¡5' u [Bj, u ... u l_,S],0

'l'urcon¡¡r 4.4. lI! is a T-Ihro ùr,in, su.Its:pnca o,f qo])Iq b,l) Jor caer,¡¡
.fi,nitely definatl aperutor ? on (6<n\(la,bl) of order tt.

1'ro9l I,r;L 'I be a fin a,ùor. on c6ro)[n5 b]) of orrlcr
l¿ of 1,hc folnr (4.1) anlf prt qÃù 

=_,6(Xr) 
lí a posi_

l,ive, Iinear, finitely dtdinetl ! 1.'t¡. Morle þieciscr¡í,'ürr
all. ? eß(,Yr) rvc have .P(lr,) :'l frUr"t,), nilrtrc þre 6(Xo), tøÞ0,

l'-O
Drla) : l.i-u, i:0rI , .,. .r? - l, ;.c € Jf, and

APPRO)(II/IATIO}I BY I'OSITIVE OPEIT.4'-TORS

Ào-t*r(,r) : üilt 5-(ùts J-0, 1r...rIl-7
(Þ¿(¡u), nela,þf

for all i==L¡..,r1¡.

.L'-et' V:Jr(Il!). Ltet ueXrrøetV*(Xòrþ:å,,o_ig on V. 1¡¿¡1þ-ro:Eø¿à--þøÀ, where a,¿Þ0, i:0, 1, ..,,þ*I, øÞOnnd
d:0

À e i?l*( la,; bl).

Since o - àno .P on V, it follows that,lJre equalil;y

þ_t. þ_1 h(4,.3) f, ø,à.,f øÀ : I rf,(a:)à,, -l- ! ú,(a;)8irt"ri:o i:o t-b

holcls on 7l Usiir.gl,.eppropriate_functions from Z_ísee i2l, Col. 2.5) we
can plove íhat (4.3). holtls on v(Lr). Applying Theorem' [.1 an¿ it.r'l
we conclude that llj is a ?-I(orovkin subspade oit g@(arhl).

lìor /c : 1 'l.e ob1;ain the follo.lving resirlt.

Cor,ol,lÀn¡r 4.5. fet B
tiotts 7, t, . . . ,le-1 antl sqtch
2.2). Then {1r,} u ,S u l,S'-12

ti'ruí,telg d,e;fi,n,ecl operaior'1'
ope')fitor.

B $ I

|DA?U Q:Or'l r...¡1)
clelinecl lty pufiing

,'¡<''t (a')

7,L

q

",(.fXs) 
- X

/-.O

(s - ø)'.

'1'lten,

(1) {1, x, . . ,, t't\ rls q, Tr-I(orocki,n, sat, o.[ rítt'tlla,hl .for eltery

Ç:0,1, "',!lt-1.i
(2) il,f, ...tltt+t¡ ,is u, 'l'r,-Iioroaltin, set of øQ'>(la,bl)î

(lJ) t1' t, .'.,¡a+zj is a, (t- T,t)'I(oroakítt, set o.f r{tntl[r¿r á]). ,for c1ugrE

g :0, 1, 1.. ,? -"I (wharu: I d,tttt,oles t'lrc id'entity opera'\or on, ØQ)).([ør DJ)).

ProoJ'. Irt facrtr for q ( p - 1, lI ator on
ß@)(la, ül) of order' 1, u.hetc g, : J, 1'. 

,:0,1,. ..ip - 1 a,nd ûoo =- .,. I croo fn this
case'ri, :'0 antl n,: !p"I- [, st, l,|re c .1 -rvith

Itu : ¡u.
f,n bhe casc e:?¡ l', isalso zr,finitel¡' dcfirreil operaLot' ottØ@)(la,b]^l

of olt'ler 1, r'r'herc?¡,. 1 tr, br:1¡ for cver"l' irr - 0,1., '. .;? - 1,9r:..Qt
lh: I ¡ 0r' : ,r. fn iiris cä(o ,i,, : 1r ri : p and so wo ltavo l,he result u'ith
16 - ¡t'+r.

'llhe lasb c¿ust', can þc sirnila,r'l¡' pror.ed since /- f', is obl,ainecl fronr (4.1.)

u'il,h /c:1., úiL" : 0r Ú¡-0, !lt:'r¡ (\(¿):¿ for tlvery irt' :0,11'. ., -P - |
¿¡,nrl ¿ e ¡a,,ti¡, ao*r,o*, : (l1t,t,tt-L: I antl a,lr' : (l otherwise.

Itlrunrt4úe 4,.3. l¡eb ¡r Þ 0 bc u, tixccl real numþet. Le L uií define
.Lþ:Ç(f0,ølj -* 6(lO,al)'a¡r follotvs: lor .f "q([0, øl) let

LtLl(n:\ - 
I 

I l(t\tt,-r Llt
af.J,. 

.

it u e l0,øl and. L",f(o) : ,/(0).
.r,ei 

"p 
>, 0. Éu" 

"acti i e Ør'otll-0, øl ) rve have !i'.f r -gj"lf.O' ']l (s9o

[15],z.i-r.tli.Lettsconsitlcr1,lrcoperiritots7,ç: !'t"t il:^ -'!.'t"-f/!.-t, 
i >?'

ttre¡ ¿t aie Iir,-positive linoar oper.a.lors (sec¡ [151, _2.5.9). ft is casy to
verif.y ttralb lì L"il-- l ll, * 0 nlrl l1f't( lir, - 0 for i : L, "'t,?'l3y using
(1) of Coroll. {'.2 rvith q : 0 t'e t¡bt¡rin

ftI'!; t -,/(0)lì, --+ 0 ¡.or all l'e 'g<'ot1¡0, tt')l'

llor þ :1 and p :01,his resui, is corrl,ainedin ll1l. fll¡eorgm 1^; !-99
also [14],'îh. 1 arrd'[16], 1fh. 1. -Ùloreosct lt'olgerung 2.19 (iv) clf l-9]
yielels :

tr,iÍ(n)-r(0)r ( 4,<,,, þ,.(;;ï;)"') *, (f+#¡"'",'(l .(;*ful'''l
(4.2)

for all 1.'(([0, r.r,l), *,'e [0, a,l ¿r,ntl 'í >.I.
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'[t):t:atn,ple 4't¡. lYit:h l,he sa'tttc nol'ctl'iott

. . .r1t'-u, ¿t,t:t1.. 'l'ltut Í13 is lhe su,bspace o"f

of 'l'h. 4.2, Ict 
^9 

: {1, f,
ß(o) (lû,, li)) sytrtnn ecl lt1¡
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I/ ^S 
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rred bti {1, l, . . .,|t" (" . . ., e''ul.
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