
l

I'LVI'I Ill,i!IÀ'l'IC^ - Rlt\¡ UIì D'.\NALYSE NUMÉRIeUE
E.T' DE 'TIIÉORIE DE, I,':\PPTI,OXIi\I:\TION

L'IIISi\I,YSTì NUN,TÉRIQUIì Iì.l. LÅ TTII1ORIIì I)D I,'iTIIPIÌOXÍII,TA:I'ION
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GEN.TIIìALIZATTON OF TFIE îI{DOßþIU OF Ä. O.
GUDIJFOND ON APPIIOXIMATION llY POITYNOIIIIAI-,S

\VITII ]NTE GII,AI,, COETFICIEN1IS

rrR¡\NCrrsco LU QUrN lr.{,R'r'iNlìz
(lì ilbao)

l. Iutroduetion. 'llhe ptoblem of uniforrn a1r¡tloxirnation of furrc-
Liolrs rvith ¿r, finitc nurubel of clcrir.abives b)' pol.r'nornials u'ith irrtcgral
cocfficients (seo pp. 125-138, [1 l), is rrolc complic¿itcrl th¿r,n thc ¡xolicrn
of rtniÏoun aplrtoxirnatiorr of oonlinuous functions. It sccrns i,ha1; ilr ordcr
1o ge1, a gootl apptoxirnation 'wc ncccl to irnposc a nurnbcr of conclitioÌìs or¡
thc function. the besl, lcsult's in tliis respõct aLe rlue to À. o. Guclfoud
[2.[ anrt Pu_. i\{. Trigub fõ]. ììor the st¿¡uclarcl notions of tho thcor¡' cr zr,pl;r.o-
xirnation b¡' polynomials rvith intcgral coefficients 11161 1,¡f¿'1' to l,hc }ooli
b¡' Lc Balorr O. Ferguson l l.l.

In this $'orli, rvc stablish a genelalization to r¿-r,ali¿r,bles ol a, theor-errr
of A. O. Guelfoncl (p. 5a l2_i). llìo i,ìris incclualities of
lfarkor.-,lJernstein type, for polynornials es with positivo
cocfficicnts in n', lld 7 - t¿¡ in the nal 0 (^er, ( l,i : I, .. .t rùt (see f3l).

'llhe statorncnt of the thcorem is ¿r,s follou's r

Tnnonlmr 1. .(.(Let- (:,i, ... ., t:,) : .f(X) Ite u ¡:ott.tinu,ous funcliott,
uñtlt, continr-to'¿Ls st ,first tleríuatít:es uith. respe:ct to ecrclt, íÌtt on. n-cliìíen,siolai
cube D,,:0 ( ø¡ S l, i -- 1, . ..rn. ftttt,

or(t ) : suD
î)',.1(X) a"i/(X*¡

\x-x*l <ô 0,ri' 0n;'¿'
x, x*e-D"

i :1, .' .,1ù l¡e tlt'a tnotlu'ri, oJ aon,r,in,tci.t!/,, r,l' uil, rrtt¿ l¡ct,t,í,iar crcriuatit;es ,fot'der so tattlt resltect lo u:¿. tJ cilt tltc nt¿nttters
'7 

ak , 1I,r) 1
J'|li',...,n,,(tr,)

0(iu¿{s,
It - lh J- ... t tç,,

Itr!...k,,1 0n!,. li:t!...l;,,!
Qt'e eq,r:lt, ze'rct, llrer nrch llrat, J,or¿tll. tl¿cct ).t .:: , , ,1, n, thett tltere,ís, itlt, it g(x),'!l' 4,with, rerytect,tt¡ e t, in õriAá'Oí i 1, : r, . . ., ?t,

g-c. lL72
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the .follotoinc¡ bourttl ltolcls

bcing equal 1;o

ancl since

rve thcn gc1;

l-!- ,'*,-'1,-,¡), rl . 'þ
lrt.*r ' "i -Ê,0

(,,
j.ll]..,0,,(X) - rJf?,..,0,,(X)j . cl I

\

F. L. tvrAtìf INEZ

cù,

'n,*8-1)fr:--
tt, - lt

h!(n-s)'sn-'(n- s - a

al(h-a)!(n-l¡¡"-*
2h(n - s.)u",tu

, for all .,ø e [0, 11.'k¡"-ro

,fot u,ll 0$fur (s,,.zoillr, lt: - li:r-l-... ¡_lü,¡tol¿et'e C cloesnot clepenclort,,u1,¿, i: l¡,..¡,ìt.'|t -

ll'heorern l first_alrpca.edin Gucrfoncl 12] for. h: i-. Trre ¿ : 2 casewa,s_slrorvn b). G. ., . z,ltnova [6-]. atthougtride lechniques ernproyecl arern'ch in the same spirit as thc o^u. .,*"ä-i' ¡21 ala 
-t'61ì 

thn aclcritionarclifficulties rvhich aì'ise for n' ) 2 requirc so,rie teãnïi'åal acljustrnentswhich rnay bc of solne indepcnclont interest.

2' Prool of 'fhcorcm l. tlh:p'oof of ilris ilreorern beingfairl¡, sçrn-p1ex, u'e Ìrar-c to prernisc ttrc follówing leurrnas
lrnulrrr I. 'l,lLe foLlotoí,n,g ltotd,s.

(r) j+1,r,,-,(r - #)"li:l-:1 lø"(r - n)',--sll.2"(a -s)'-s".lrl*,'- "l ltlut"-' I (n_¡r¡,_o-,
ultere rue tol:e Oo : I, lot' all n e 10, If ; and,

t2) l*nrlr"-"(l -,r)'ll= "'\-/ 
l,lttt'- \' 

l (l-- fr)rür-n-s(l*fr)"'0<¿<l'
Proo.f. ;\lrplying Leibnitz's forrnula, we get

i # t""-'(r- r)'l i-å, tffi -z-s-i'(r -ø)s-r+u

0o - t[â,x (0, /c - s), 0r : min(/i;, ø _ s)

On tho other hand, l,he rnaximum of *n-s-o(I-n)s-rr+il is attained at

\\-ith regzlr'rl to the seconcl inequalit,-v,

l-j'^ r,,',-"(r - ,,)" rl sItle*'' 'l-

< i - ._--l' 
!(ri - tÞl 

. 
-.¡il-s-r1.r - 

,,.).i-¡(+ü 7-,1,"a !(/¡': r') !(rr - s - o) !(s - /,,J- r:)

a - 
t 

-, ï 
-. 

/lL 
-(rr - s),5r-,'.,'a-"1r -,r:)" .-(l -;r¡r",,r *u,,al(li - ?) !'

a - "t' _ -,-,11 - r)", fol all er e (0, 1).
(1 - r)r,ur

,Ilemark..[t is clcar tlrat of (1), rvc can l'ritc

(3) lli' ¡",,-,(l - r).ll : O (r,^-"), [o' fiscrl tu arrrt s.
I t['''t ' I

IrLìrlLìIA 2. Lct :

,1¡ | llllt

(4) 
"(X) 

:I t a,,.,.,nc;l'...,r'þ,(1 - r1))il,-t1 ... (1 - '¡t,,)'tttt-un

'r:0 u¡:O
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of clegree lotttl nt,, rr,ncl ile|rees nto uit,lt, t'cspect tct each rt
ffí'cients &,,...,,r 2 0, stt,clt, tltat in lh,e n-clin,etts'ionttl cntl¡.e

1, . . . , n, satis,f'r¡ l,he 'ineqt+aliltl P(X) ( 1. ?'Lar

2'

{*).;
s .-¿

'))Ù ¡¿

¡n-s_u(s _ lt,

be u, Ttol,qnontia,l
uí,tlt, ,positiue cue
0 ( ar, < I, i:

ttttl'... t'tt'|,"
lPlll.,,n,,(X)l <

1,11 Ì,ln

E ...I
"r==0 

!¡t:O

(1 -rà)o'...(1 -r,)
{lt:,,, 0 S /r, S rr,, 0 q nu 17,'i :'I, ...ti1

max frr¿-s-r(l - ,¿¡r-r',-,:] : (l¿ - s -'¿r)z-s-o(s-- /c* 'ir)s-r+¿
0<r<1 (n _ lt¡"-rt

mhere 'lt : /i:r*

Proo.f .

jplj?, ,¡,,(r)l : ((r.t...un 
=Ï.

<T I cttL '' (1 - nr)"'n'i'
ntli"

(.L - n,,\þu sli"21:0

ntti'

I a)s-r+o
'üÏ' ... nir"(I - fr,)t,'-"... (1 

- 
p,,)t,n-vt

1,he last ìneclualit;r. bf' (2). flhe theorcrn follol-s frc¡rn this las[ cxprcssion
b,r' siln¡rl¡' betr,ring i1 ¡rirc1 t¡a1,

P(X) < .!.

vl<T l¡ (rl -- s;'-'o"
D (n - l¡¡"-r
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irlrtfl\rÂ ll. Un.clet' tlte cottclitir¡n,s of 'lemnlø 2, tlrcn

IPfil.,o,(x) ¡ I 2rnt'!i"qh + 1) "' fit@þ-Ïr)'''\ ' (til, - I'r)'''-l' ... (tnu - tt,,¡."-n
wlt,ere l¡:lhl ... {ltu,0 ( À;, ( r¿n, 0 S r, S I, i:I,...rlt,.

ProoJ. Il, is cas¡. to tledlce tþat

(5) -u, ,, s (+,)'(;\)',." (#)". (;3=,r"",-,"
for 0 (,uu ( nz,, i:Ir..,¡rL; tvheleif sornc t¿:,n?,¿ ot o¿:0 rvc 1,ake,

(ï)"(";t!':t)""-" : r

._. _ 
lìgasoning' witli similar rnethorr as in lomma 2 anù applying (l) ancr

(5) the lemma follorvs.
If in the las1, lemrna rve impose some restljctive conclitions on t¡e

ooeïficients of thc poly_romial, 1,hè r'esul1, can be improvecl, using sirnilar
reasoning. \,\re pror.e 1,hc following tcchnical resull,.-

I¡Ð}rûtÄ 4. T,et .P(x) lta th,e pol'¡¡rt,ontictl ùn, letnma 2 uith t,otccl d,e¡1ree
tn > üro, m : O(m¿),.ú : 1,.. . .¡ tL. If tih,ere is.u,, q,rbitrary but fined, n_tupta.
(sr, ..., s,), s : sr * ... +sur s0: r + lïlt,r,, suclr that

(6) a,u,...on { ntu+,,, s¿ -l- 1 ( rt¿ S tn,r - sn - 1r, i -.Lr..,r,tt
and,

(7) a,r...r,, { tnso

for thosc.cofficients tltat ltnae at leøst olLe s6 -Ì- 1 < ¿r, ( n?¿ --,sd -- \ but
notq,ll 1tÌten,in,n-d,i,m,ensir¡nalcul¡e0 S ø, S 1,i -. 1,-. .,,nJork:Ir..., ,e

(s) lzfil...,o,,(x)l1cm", lc: ltt*...-). t,t,,, 0 ( /c, (s,
wltere C iloas not d,eltenrl o,Ìt tn.

lroo-f.I-,,cl, us clivirle.8Y1,..,h"(X)l into three summandsS, B, and iSr.
fn the first, sum Át the index o¿ runs over alt 0 ( ã¿ ( s, aoä

nù¿ -- s¡ S,ttn S mn, lor i:Is ...¡lL.Inthe second sum ñ, the summands
corresponding to the inclex rt* .><,, Sln1 _ st-1,...,sn*I 

=<

intlex. This means that in 8, some s rbj-ndices o¿ v^ty lihe in Br whereas
ol,her oi vary like S,; in ol,her rvorcls, there are some ou such tïat either
0 (o, (so or fix¿-s¿ S,u¿ S rn, antl ol,hel o7 such 1,hat s¡*lS,u¡S
=<rn¡-S;-1..fret, us norv proceecl to 1,he boulrls to each of these summancls.

applying (5) for tho coefficients ancl (1) for the partial derivatives,,
r,ve gch

l¡or lJre surnmancl ,Sa thc coefficients alc bound.ed b¡r (6) rvhile for
the Bartial tlerirratives rve appl¡' 1,]re bound (sec l2l)

"'Ë, t 
-O"- 1¡s,,-r(I- fr)')l : g1¡rt'-'-r¡(10) 

à, ,tr, , ,* \, -

(11) lsrl S ',rru*'ÏI0(lrfr-"r-r, { C,ru,t'.

.Irinall¡,, for ó', \\'c use rh":rl""*U (?) fol tire coefficic,nts, ancl the'
bouncls (3) anrl (10) for 1,he ¡lartial tlelivatives'

Whcn boundittg

(12) ,{:I ;l I

rve'r,v.iìl firrtl in cacìr tot:m, grouìls of t¿ factors of trvo t¡rptrs

f, )1ntlt-"¡ antl O(rialr-"r-l¡
ul

rvjth 0 S 'uo S s¿. Lel, us gr'oup these l,crrns in l,he follon'ing way : aLl 1,hosc

rvil,h onþ ottr:, Olntl'-'n¡, ihose,rvithtw¡, O1m!'-q¡ and'O(m,lr"r),andfollo-'rv-
ing in this rva¡., up to those rvit)r (ri, - 1) factors of l,his first, type. For
the L¡ound for (12) n't', proceed. jn the follorving rt'a¡' :

GENERALIZA'IION OF GUEI,FOND'S 1'IIEONE]\'I òr)

11 1t

-t . 
É, [ ,Ë.'t"'o-o¡'-(s-s¿')-(ra-"r] 

-t

,I
O(,nh-("'t r't'l^) - (s-si1-str) - (tt--2) 

)
'!r "72ET

r". -0 t. :0

[,å:,
î,

E+E

+T Tir-l i2:
¿r+ì2

-Ì- +

sir¡-1

X o(nt
?1t-l

1r- lr ¡ r-l- .,. 
-f znr,_ 

r) - (s - s¿, -.. : - r 
¡,, _ r) -

-/'
1

)
i1:l i,

t'11+tq

Ilhc biggesb vlllues arc obtained rvhen Dil

the oltler ol this expression is least or oqual 1,han

,D; -= 0. li'hcrcf ot'c'rn-t

Ilt

('¿ -- r) X
dr:1

É olr,l-('-"'-"'-""-r)-1)
in-t:l

(e) l8,l < E ,.. E
rt rn.

Zt"tnli', 2k"m'll"
lOrnth

zpf tq

s-ince il, contaits the largest c,rponents. 11u1,'Lhis lasl, suiltis of the,foliorv-
ing orctre,::

(rt, - 1¡n"-1l}('m,h-"-1) -l- . ..'1 o(nth-'"-t¡l.
(tttr-kr)n,'-nt (m,,r.-ltn)",r,--no
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lì'hcrr,

(13)

llherefolt¡

i,Srl S O(ntt,t s0-s1-1) + ... { o(nt|i,so,s?¡-1) : C,tt)tt.

,Ë.,Ð, 
:f,, ù Tr n"';'-n< c É :rWllllrts frour (g), (11 ) ancl (18), thc conclusjon r,eadill. [o]lo1.s. ' r l

r\.\. r'r' can fiua,ìI.r, app.oac' l,ho 1l,o'f of theclr.ertr I.
_ ,,;\pp1¡.ing a, i,heorcnr b¡. (i. t\

,rrrclr llrai, i'or all lr, ) lr,¡", ¿: l, ..
lt,zrl cr¡trfti t.ir,rrl,s .P(-\) of ilegl,ecs' (
ù : l, . . ., ns srrclr bhat in Lhc r¿_rii

- l, ..., rl tìrc follotving itrcqualiti

st

(17) l,slrl <oI
"r: O

.Il-or thc¡ srLrnrnanil S, tho cloefticicnts';r,rt'r'opla,c{rtì by 1/2, n,lrilc for'
1,ltc partial clclivatives, tve appl¡' tlto bountl (1()), obtairrilrg:

(t.3) l^\'rl - ffo1n1;'-"' '¡ - {¡1,,,"-'-',

(11) ]./Íil .,0,,(x) - PjÍ|.. .,,,,(X )l < û
o,, /-l- l

\ -,,)r:o:;,!, o sr', ss,, t;- t;, !-. . . i ri|,;

Finallr,', fol ñ, ì\¡c tìso tht-r bouncl Il2 1.or thrr coefficients, a,nd the.
bounds-(3) ancl (10) for tho partial dc-¡rivativcs; ancl l'o proceed 'u'ith
identical leasoning as in lernrnà 4, \\'e g'Lìt

(19) l8rl S O(nth-"-t¡ -l- ... | (,)(nth-',-t¡ :
l.hclc út tloes trot dtrpcntl otr ,Ìtt,c, i - I, . . .t 11.

: ,, 
t'.u.t,';::. trc' 't11': sup (,ar), clea.l.r ,n : o(nt, i' rn, : o(,r¡), i, i :
\\rt' ca,n rvlito this por.ynomiar in Lhc foilorvirrg.rva¡- l2.l

,Ia 7)r1l

P(X) := I^ | ^e,,...,,,t:'r, 
... *aø(I 

- {t,r)tnt*a,... (1 _ t_,,0),,,n-u,,,r:0 1,r¿:0

:urrl rr.r. rltrr,ornltclsc Iltc. cocfficieltL" u,,.....r! i], l.llt, l.a.\. u1t,...1,, : t,lr,r.,.rn _!_

{ iii:.,,,t'o,..u, 
beitrgth.irtlegcr lhat,isiïca.cst, tt,al,"", ari,l t",,.1",;'] g

\\r-il,h this nrtu' trotat,ion, \\-(J c¿ìll Lìxptess

(15) P(X) : r/(x) + ¡¿(x)

ìil:ìl; 
?ì' ur rÙnt[ ø"'..o,, :ìr'tì tho cocfficients of f/(x) arLrt ]¿(x), rc,spoc-

Let trs filst bound the çocfficicnts t¡f ttfil,..,o,, ]I.¡.\t\rc cal uct b,r, itrduction tlr ?) :

: o(Ð, ;",-- -)
Substii,uting'(15) in (14), and bearing in nind (17), (18) ancl (19),.

rve get,

l/jif..",0,,(x) .- Çlf,...,,,,,(X )l : o
tt

),
i ==l

^'(l;:,1 * 'l;,

Iìt i

srnce

1 1

,É #r.:o(É 1

'nz'¡- 
n-rr

nùs -t¡+L n,

It
(ù¿ I

,n?.t

'Ihe l,heorern js trorv provcrl.

ConorlÀnv. ('LJ u,nder lhe co'nd,itiotts oJ tha th,eorem

then, the f ollowittg inequalilies lr,old,

L,:o("'(;))'(r6) 1o",..',1 < o I
¡:1 ]ili

fvhel'c r¡-,It.¡ ot'm.,¿- .i,¿fot,e-tt_.t,¡. i:I,...r-lt ¿t,ntl all tr,SatiSïying thcr'trltrlil'i olrs:0 S r', Sr¡, ,t):,L-t +... l rr, lí, f,...,,,.Thrr r'o.I of Lrris. rrourrr[ ,ì,,n* .'*n,]Lr¡."Ls i,, iäììui,'i,r,n 1,21¡;1r ¿ __ !.Lcl, us clivicle ÆÍf,. .,r,,(X) into thrco ,nr,r_"r,.l, S, n rS, J_ S' in1,hc samc \\¡ay âs it is'ex:pôs.,d in l"-rna 4.

. l4tt Ñt -corrtairrs all tltosc sumrnarrcls n.hosc coefficienbs aclmit thcbo''rl (tG), rvhil* ilrc pa'ti:rl derir.atiyes ."o buuoãeil ij. r.irt'o of (:ì).

ô, _1_

'l?'1,¿

l/Íi1...,,,(x) - Ofil,.,o,(x)l < c"E
')tri

where the cctttstcut,t, {i does n,ot, deltencl on nzi, i : 7, . . ,r'h".
lYhen n, :'I Gueifonrl's theolcm is obl,ainecl.
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tttttiott bg polllrron.tials oittt inlcAral t:rteffitienls,

b¡1 ¡tol¡¡ r tortrittls wi th i r ú c(Jt. ut cot f ficietrls,1-65. (tìussiarr).
lty ¡tolg ttonials tuillt posll ite coel'l'icítttts,

nsiottal Bcrnstein_pol7ttontials,, to appbar ilÌ .L
IÍotts lty polgttomío.Is ruiLIL inte¡¡raI coefficiertts,
261 _280. (IÌussian).

cooticme rÍlllt u¡:,¿l.t¿ tt. .tt t t,oeu I nc pcJlc, t t u)tÙ:
t,nu næ{fi útl,ult, e t Ln ¿ q,.4 nL, (ì B O PH p.l K
alriurrr3 r,r rrx üprIJrolrierrftH, ßt ufyclr
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Rilltao-llspaño

I. Introducfio¡r. lllhe al'itbrnrlti(:¿ìl fttnctiorr d(rz) is rrelì lino$'n, i.r,r.
thc nurnbcl of positir'o cli\¡jsols of n,. illhe llunctiorr cl(rl) trrn bc inber¡rrtr
tod as the nurnber of thc'Ì'cìplesollt¿ì1,iclns o1' 1¿ in 1rh(ì lclur âr,? (,'r.:',,ry e N':')
so the follo'ivirrg generaliza,l,ionis lr¿rtulal ([2 ], lr l, 17 L l10-l) : il]lltr num-
berof disl,inetsoltttiolìsof l,heequation fi-1r:r..,Ì¡-=--'¡¡ (s.ltcl'g ït¡ïz¡...¡x)r
lur tlìroug'h inclcpendcrrl,l.v thc set of nzùfural rurnbeÌs) villbc clenotcrl L¡y
d¡(ra). Fol lt : 2 \ye rcobtain l,lìo function d(ri,), ancl lirr i; : 1 oue has
tl1þt) : I .

Our ¿im is to plovc sorno jnt,elcstirq ploDtrll,ics ol l,hcfunclion d¡(rrL).
Sorne of thcse lcstilts arc gcncla.,lizatiorrs to linolvn llreorems for øl(r.r.)

(111, 1.3.1, [rt]) ancl had not, been rnticipal,ed (ts far' âs wc lirro\v) in the
litelatru'cr. i

(1)

II. Sorne sirn¡rlc propertics

7. l'ot' n>I xoe lm,ue (h)2, Jtined,)

tl¡(n) : 
f;,ch-t$,)

Prool'. (110]) I'ol r,,givcn, u'ith rl¡l l, bhe cqttâ,ttoillilii...iL¡,-1ft¡.: lr

h¿ls a nurnl-¡cl'of A,,-r(L) solnliorrs. [f lr,r lun tlìr'o¡-tlh ¿lìl the poäi[ir'o- \ ,,,,f
cliyisot,s oT ra, l,ficrr crr-irlcrrtl]. J!: givc, also thc clivisors of r, so tll¿lt lve

Itave d*(r¿) :
I
I d*-r(r'¡ : ¡
Èl¿ ;\tt

tlr-rØ), a,s lequir'cd.

(2) Conor,r,txnv. 'lthe Jwnctiort tl'¡(n) is rtx(,Ltipl'icah'e

Proof . Use incluction "lvith respeot to /c. For ir; : lvl: havo cl"(ra) : 1
1vlrich is rriultiplicative. Assumc the rnultiplicativity otil*-r(rt); thcn it is
wollknown thátthe function Ðar-r$) is also nrull,iili(rl,ivc ([1], l,3l) so

ïelation (1) irnplit:s the ¿csirËä pïopcrty. 
I


