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I. Introduetion. The arithmetica! function d(n) is vell known, i.e.
the number of positive divisors of n. The function d(n) ean be interpre-
ted as the number of the representations of «# in the form ay (2, 4 € N¥®)
so the following generalization is natural ([2], |57, [T}, [10]) : The num-
ber of distinet solutions of the equation @ya,. .. oy =n (where @y, @,,. . ., 24
run through independently the set of natural numbers) will be denoted by
di(n). For k = 2 we reobtain the function d(#), and fer k=1 one has
dy(m) = 1.

Our aim is to prove some interesting properties of the function d(n).
Some of these results are generalizations to known theorems for d(n)

([1], 131, [4]) and had not been anticipated (% far as we know) in the
liter atm C.

II. Some simple properties |

1. For n>1 we have (k>2, fixed)

(1) =Y Ay o1 l'

7 |
|

Proof. ([10]) For wx; given, with ayf », the equation vy a,. .. 2 12 = o

) 2
hag a number of d,y_l( ) solutions. If o, run tlll()Ll{l] all the positive
Xy |

divisors of », then evidently —- give also the divisors of 7%, 50 that we
&y
have d(n) = E di_q(@p) = Y di_4(9), as required.

Lln i\u
(2) CoroLLARY. The function dy(n) s 'nmltiplicatve

Proof. Use induction with respect to k. For &k = lm have dy(n) = 1
which is multiplicative. Assume the multlphcatlwty off,_y(n); then it is
well known that the function Y d;_;(¢) is also mulMpthe [1], [31) so

i

relation (1) implies the desired property.
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, ]?ema}]. Another ar gument may be found e. g. in [2]
2. For S Re s‘>1 one has 17

(3) (s)p — 3 Gl
A=t N
kadly |
here {(s) = % = dex Rie; ’ '
where Y - denotes Riemann’s zeta Junction
n=11 :

Proof-([3]) For Re s> 1 the series of U(s) is absolutely cohvereent
and we can write : ({(s))f = E L D M )

7

Now, the nomber svst . 9y
s ber of systems (Viy V.. y VE) WItD Vv, .. vy = 7 is exactly

di(n). Thus we lave : ((s))F = § L Z 1l = i i)
o 1 - =1 1 e, Vp=n e NPTV I

) fi. ,pet N i‘-,]);"])“z p"‘r be the canonical representation (i.e. the pr une

Jactorization) o/ n. Then we have :

iy (Z - e OC Gl )' L/(?iﬂozr —ﬁl_h: B+ oa—1 k4o, —1
Ty op Wk — 1) ' )

(4)

[#3] o,

e+ o—1
pnme P and thonbhe application of (2 ) yields equ&hty (4). o_;_‘he number

of distinet solutiols of p* = z
‘ = 1»02- .. &; can be reduced to a well-
combinatorial plo)lem, see e.g. [9]. =

Second mr’t’lod (£7D T‘Iom Euler’s formula  we derive (L(8))F =
(1~ p |n<1+p-°+p28+ ..>k=n(1+—-+...‘
dpt ki ' £ }
and taking into wccount( ), relation (4) follows b fficient i ificati
Remark:. iB‘oﬁ 2 thir(i method(sée [2]. y Sostiislent identificatiopy

|
Proof. Tiist wethod First we show that d, (p*) = ( for, a

(5) i 4 If m|n, then dy(m)<d (n)
(6) . | di(n) <dy_y(n)d(n)  for k=2
(1) | dy(n) < (d(n)F1 for k2

Proof. Let [n = - IG5, m = ]]B be the prime factorizations of n

and m, 1eqpcculvd and suppose #;< oc (Here some ot a; 8, can
Writing  du(n)/di(1) = TI[(k + o — 1)*/«;'1 I8k + B, 1)!] and re

marking that the tum.s of the flm(’uon ¢t B an 4Bt (o —Bi—1)
v 1, btain ). Rel H"B (o = By) -+ B

are we ob Mn\") w nuon (6) is a gimple . consequence  of (1) and

(5) : d{n) < e 1 21 =g (ny - din). (7) resulls' by the successive:

Tifn

application of (6)(using dy(n) = 1). « _ T

i
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(8) 5. One has dy(n) = 0(n%) for all > 0(k=2)

Proof. Liet n = H P where p; <<p, <. - < py are primes. Then for

i=1

d{n) a1 ay+1 o, + 1
hig S . = — — AT U (3]
G20 wee Lage a0 S ooy A%z Wi (B 1)0 —; beeause of p, >2,
Py = 3, pr = 71, Ry the inequality o 4-1<2 ,Lhu terms  in the
g o 41
right-hand are less than 1/6. Tor k> 2V the expressions—= 1“—
§k-
L 1+1 o\ I . =tk
in the above product are less than —— hus  we  can  write
d(n 1 : . d(n)! o044
(n) < (1/0)? P 4. Let ¢ = 20. There folows hmf(ﬂ—- < lim —— =0.
Vi },.0 P N—00 ne ’ | n-o0 H 0
: ; 1 1 ] (7,()7)
Using | now (7), with. the notation < = (& — 1)’ we gt lim <
i 200 ne

|
Lo d(m) Yt ) ! d i :
< lim ((—’)) —=0. Since the selection of ¢ and 0 ixjslways possible
ne
in function of ¢, the proof is finished.

n—-roo f

6. We have the following tnequolities

: ’ k—1 , N
(9) ket < II( il A== ) < di(n) < KW |

i=1 ey ‘
|
where o(n) and Q(n) denote the number of distinet pr um factors of nand
the number of all prime factors of =, 10%[)(,(11x ely.
D —- 1 P2 p-—h--1
P 1 k _ph

Proof. The obvious incqualitios 4 fia .
‘ g q—1 qﬁ2' q—h+4-1

) o ) 1 5 | '
(p= ¢= h >1) imply at once the relations (pjq)* o [1;) ) / ( Iq) <
[k b

< (2} oot ]) . Apply this dou ble-inequality for i'q =L in order

¢ — It
to obtain :
(p/h) < (j )<(p — h 4 1), Selecting p = o= o, we geb

ki --l4 4 h—1 ,
(10) ( fani gel ) < ("+ )</L |
=444 [eA [e4 1
; A8 e e : k—1 i k—1
Using (4) and Bernoulli’s mequahty( 1+ 21 o =k, and
o

d.
taklno into account w(n)=r, Qn) = % + w5 + . - gfwe arrive to (9).

\
Remark. Tor squarefree n one has w(n) = £(n) s0 (9) implies
that dy(n) =k for such = - (k=2).
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I A generalization. A generalization of dy(n) can be obtained by
considering sums of the typo

(11) Ayn) = Y.t | ang

Nty Mp=n

where (a,) is & sequence of real numbers such that the Dirichlet series

2, !
Y, — convergss absolutely for Re s>1. For @, = 1(n=1,2,3,...) one
=1 "

|
reobtains the function d,(n).
The folloving property ean be proved similarly with (3):

oo k [ced 7
(12) 1. (E “_) =V M = D(Ay, 9)
n=1 M =1 N

Let now o4(n) cenote the Jordan arithmetical function ([4], [6]) and o (n)
be the sum of k-th powers of divisors of n. The following known rela-
tions : D@y s) = s — k)/Cs), D(ayys) = (s — k) g(s) and the! iden-
tity (Lls — E)/X65))F - (L(s))*t = (U(s — E)E(s))* lead to "

(13) | (@ (91 ) D(dpsas 8) = (D(asy 8))F

T.et ng introduc: the function

(14) Bun) = ¥ @m) oyfng). . i)

[ My ., Pp=n
and analogously|

(15) f; Yun) = ) oy(iy) oyy). -« ap(y).
g, Rp=n : (
Using the well-hown Dirichlet product ([1], [3]) and the uniqueness thec-
rem of Dirichlebzeries (18]) from (12), (13) we get the relation :
|
. e
(16) 2. Y (ll(t)dkﬂ = Yu(n) and (k= 1) g(n)<d(n)- ofn)

AE)

COROLLABYi

(17) | Fn) < dia(n) + 3 040) N

| i\

Proof. ’l‘hicfollows at once from (16, by using (4)).

iv. A‘sympbue results. 1. The number of solutions in positive inte-

gers of the mequ(;wn By ... Py SN LS grven by the sum Z d,c(@)

i=1
Proof. Dnﬂw all the systems (x,, @y . ., @), which satisfy.the above
inequation, in rﬂlou*p% ordered by 1, 2, 3,..., n. Attribute to the -th

group the bystel, satisfying a2, . L,f = 1. The numbu of thesc %ystems
heing di(3), by smmamoll we ob'r‘un the result. it M (e el

ok—1p = 1l
—+ 0 (B“—J)) Here we have used Z — ==logx 4 C + ()(
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kg
In the light of 1 it would be interesting to study the sum Yy dy(%)
pe==1
or more generally ¥ dx(n) with o a real number. We can prove :
nEy

1
18 2. di(n) = ————axlogh 1z + O(xlogh ), k=2,
( ) n§1 I( ( - 1)' 2 ( S ’

Proof. We shall use induction with respect to k. For & = 2, (18)
becomes ¥ d(n) = wlogz + 0(x), which is well known ([17], {3]). Assume

now that ?{8) is valid, and uy to prove it for L+ 1. Applying (1) we
@ 2k

have 1 =N ¥yd —————lo L - ()(~—100‘ )]

have Y dyyal ") i-1(? == (bibo1) e p . p

N nga i tgn

| z 1
Let us consicder fivst the sum Yy — IOQL AT N ] e
1<y b
A (]g — 1)10@,""_2.’1? logt + (7\3 9— 1)10gk~3 2log?t — ... A+ (‘1)1'—1}01‘.."/041 t] —
] -
s — it log
RPN b o(i) o (7 1)1ogr_~'—za; (_bg 20 ( 0g 0))+
£ — @ 1 % ¥
. (7,. 4 ot }Ef L0 log2e S Ay g 17039'1 v
" ) 2 i I

) where

X 1<

(
¢l

logt log2x log = L
C is Euler’s constant, and Y} ol Sk 57 +4- 0 (—i_), cte. (see (17,

t<v [4 2 X
1 71, = 1 7\3 = 1 1 .
37). The known identity 1 — — Lo (==
O e A(l)Jr:s(:)) Y
= i1;he cquality ~—~1 1 A, —1— and an analogous argument to the
% T (B —1)! &k k! N

above for Y 0 ( —log"*~2 q) imply easgily that the property (18) is in-
f<x t 1
deed valig for I - 1.
COROLLARY.({H], P- 94, Aufgaben 8)
19 di(n)~
(19) g ) 1)t

For the maximum order of magnitude of logd,(n) one has :

il > co)

(20) 3. Ty logdy(n) - log logn

1—00 1() 2971

= logk({k > 2)

Proof. We need the following theorem due to Drozdova and Frei-
man (sce [4] p. 12()) Let f(n) be a mult,lphcatn ¢ arithmetical function
with the property f(p*) == ¢(v), where p is prime number and g(v) depends
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only on v. Suppose g(v) 21 and there exists vy with g(vg)> 1. Assumne also
that for a certain real number' ¢> 0 one has log g(v) =0(v*7%).
Then the ‘“‘maximum, . order of magnitude” of logf(n) is given by

logg(m logn . | logg(v log g(m)
gg(m) . = - where m is definite by -—3—0(‘) <“7‘}(
m log logn v n

logg(mn '
for v< m and < _ logg(m) s for v m.
m
E+v—1 :
Lodnoour case we have dy(p?) —-_(b+ = g{v). Here g(v) =
. 4

lle g (B Ik v (R Ao 2). 4 v Y .
(l" Lo 1) V4 2 Ve s DA ety Jeigd» <2V (k fixed) for suf-
J—1 (k —1)!

ficiently large v, Thus we can c¢hoose @ == 1/2. The inequality (10) assures

e+ v — 1\ b -1 — o (.
that (/ E | 1) < k= (/ gl 1), 80 Logg(v) logg(1)

K e which
] 1 v 1
means that m = 1. All conditions of the above theorem of Drozdova
and Freiman are verified, thus the maximum order of magnitude of
logd,(n) is logk - loon/lmloon, i.e. our tlleorem
A The “right’ (or mormal) order of magnitude o Zo(d‘ n) is logk -
X : ( x
<log logn, t.e. for «ll == 0, the inequalities

(21) ].;(1~a)10=;10‘.,'15 <(1h'<“/) <k(1+s)loglol§n |
are true for almost all n.

Proof. We use (9) and a result of Hardy and Ramanujan (see [3],
[4]) which says that the right order of magnitude of «(n) and Q(n) is
loglogn. Thus we can write : (1 — ¢)loglog n\m(n) <logd(n)/logik <€ (n)-2
<(1 -F e)loglogn for almost all #. This proves (21),
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