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Rilltao-llspaño

I. Introducfio¡r. lllhe al'itbrnrlti(:¿ìl fttnctiorr d(rz) is rrelì lino$'n, i.r,r.
thc nurnbcl of positir'o cli\¡jsols of n,. illhe llunctiorr cl(rl) trrn bc inber¡rrtr
tod as the nurnber of thc'Ì'cìplesollt¿ì1,iclns o1' 1¿ in 1rh(ì lclur âr,? (,'r.:',,ry e N':')
so the follo'ivirrg generaliza,l,ionis lr¿rtulal ([2 ], lr l, 17 L l10-l) : il]lltr num-
berof disl,inetsoltttiolìsof l,heequation fi-1r:r..,Ì¡-=--'¡¡ (s.ltcl'g ït¡ïz¡...¡x)r
lur tlìroug'h inclcpendcrrl,l.v thc set of nzùfural rurnbeÌs) villbc clenotcrl L¡y
d¡(ra). Fol lt : 2 \ye rcobtain l,lìo function d(ri,), ancl lirr i; : 1 oue has
tl1þt) : I .

Our ¿im is to plovc sorno jnt,elcstirq ploDtrll,ics ol l,hcfunclion d¡(rrL).
Sorne of thcse lcstilts arc gcncla.,lizatiorrs to linolvn llreorems for øl(r.r.)

(111, 1.3.1, [rt]) ancl had not, been rnticipal,ed (ts far' âs wc lirro\v) in the
litelatru'cr. i

(1)

II. Sorne sirn¡rlc propertics

7. l'ot' n>I xoe lm,ue (h)2, Jtined,)

tl¡(n) : 
f;,ch-t$,)

Prool'. (110]) I'ol r,,givcn, u'ith rl¡l l, bhe cqttâ,ttoillilii...iL¡,-1ft¡.: lr

h¿ls a nurnl-¡cl'of A,,-r(L) solnliorrs. [f lr,r lun tlìr'o¡-tlh ¿lìl the poäi[ir'o- \ ,,,,f
cliyisot,s oT ra, l,ficrr crr-irlcrrtl]. J!: givc, also thc clivisors of r, so tll¿lt lve

Itave d*(r¿) :
I
I d*-r(r'¡ : ¡
Èl¿ ;\tt

tlr-rØ), a,s lequir'cd.

(2) Conor,r,txnv. 'lthe Jwnctiort tl'¡(n) is rtx(,Ltipl'icah'e

Proof . Use incluction "lvith respeot to /c. For ir; : lvl: havo cl"(ra) : 1
1vlrich is rriultiplicative. Assumc the rnultiplicativity otil*-r(rt); thcn it is
wollknown thátthe function Ðar-r$) is also nrull,iili(rl,ivc ([1], l,3l) so

ïelation (1) irnplit:s the ¿csirËä pïopcrty. 
I
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d,¡(u,) :

(4)

(/i J- ø, - 1¡t (h;-la,-1
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)!

2 ON'l'l'-tE AIìITI-II\{ETICAL FUNCTION r1l.þ¿)

(8) 5. Onc lt,tt's d¡(n) :0(n') Jor ul.l e) O(lt>2)

riglrt-ìrancl ¿ì,rc lcss th¿lrr 11 0. .lìor l¡)- 2110, lJrc t¡xìl't'Ssiolts
qt,'-t

9f

, . I?'en'qfl,:.. anotrrel algunrrirrl, rn¿r,\' be founcl o.g. irr i2l.' 2. 'Ilr.tr l,:2L¡ ,lùe ,ç ) 1, or, l,'n,

(3) (((s)),,: Ë 4!9
rutrcrt, ((s)- î -t tlcr¿otttx I¿ir,,,,,,t tirr,s ,r1r1,.,,, J,,rrr,Oo,r.

'2t tL'

[)roo.f" (f3]l Fo' Iìesi] l the s *ies or ((s) is absolutely cor.vcr,gent,?
atttl tvrr crlr wlil,.: (((s))r :,,Ë,"1 

,,Þ,rt,
No\', 1ìltt ltttrnlltr of s¡r;1Ngl¡1g (,/rr ./:¿r. . .r ,/r) \r,ith vrvr. . , vr, ra is cxac¡y
r1¡.(z). 'l)hus w(, rravr,: (((s))r: i.l I L : î ,7dt)

,Ít tl'" v1v2 a¡'-t Ê, 'n"

- 1. f'ct, ,.:Ili'pi,... ,p\,i bc tlrc ccuto,,icøI,ept.esctttatí,on, (i.e. tlte printe
;factoriztttiort) o.f n. ,l,lten, tne ltclue :

Proo.f'. Lct ,r¿: f[p, \\'helc ?t{pz <. . . <
, tl(n) at ),-'l azt 1 a, -'r .l 

r0l) 0 rt'c ltâ,t'e-l
,oot = 

a2r,', -¡*; (rÏ¡o;' l"causa ol 7ttÞ2,

'7t" 2 ll, p, à r'-i 7. lìv i'1t" incqualitr¡- c¿ -l- I (2o, tltt' terrns itL tho
+1
-1

ø, !(tu - 1)! a,. !(/r; - 1)!
:(o*;l-') ('*ï-)

itr the lboye 1¡,orlrt¿t, ar,e lcss 1¡n1, "l-t*l ç f . il,llrs lrc ca,tì. rvlit,e :

r7(rr)- 

"(1/glzr/o 
: -,t. r,ci; e' == 2rl. thoic folos.s.li'.. 3!i)l< um .! -_-0",t+Ø 71" I rr +æ 7¿0tlo

Usirrg nol, (7), u-ith thcr nol,ir,tiort u : (tt - t-)e' u'c get 1;,r,1/'l"ì ç
'il.u

=tt* ({J)'-t:0. Since 1,lttr stùcct'ìc¡rr o[ e' and 0 is':Ìrr'a.t'spcrssiblo

in funcìion of e, tlrtr ¡rloof is finishr:tl.

6. ll'e lt,ut:t: the Jollouitrgl ineqttuLit'ics:

I?roo.í. Itirstntel,ltorl. Ilirst r,ç,e shory that d¡, (,1t,): lO*"*-t) for a
prime 7t nrttl-therLrrc.apIIicaûion of (2) yicrds equality lor. ,n" r¡urnbcr'of distincl, sol.tiors or' 1t" - üyc.)2. .. cì,. cà' uc r'c¿ucd¿' i,'o a wclr_knowncombinatorial pr,cbÌern, see e.['. 

-tg]. '

secontl mrttnrl IT ]) r'r'om rìuler,'s formula rve deiive (((s))r ==:T,t -e-')-t=+ (t -f p-"'+p-2" -F...,':TI (,* ++ )
and tahing iDto ¿crount- (B), r,elation (4) follo,lvs by coefficient, jdentification.

Iten¿a'li. h'o] a tlrird methocl'sôe [2].(5) 4. If nt,ln, ilten, ilrþn)4rJ(n)
(6)

(7) d¡(n) {(d(n¡¡n-t lor k )2' ProoJ. lrcL n - .Idlîlr, * : iluln be the prime factorizations of ø

iüll,il;:",;¿';Àiili 1"ti,if'-,"j';,pf,î,,Ílîî: ÌËïftf",;,,u,r:_"ïî,i3""f1*ln
nrar'king that th c t¡'m s of t,he flast ion -
n,l,c > l, rve obbair(;¡. ticlrtiolr (6) js
(5) :'ll¡,(,n) <,/r-t(,¿l ä 

I : lr-r(ài. ¿(

applical,ion of (6)(using dr(ra) .=.1¡. : i , : .,, :.

/,-"(,,) < ff )"' 
a r,,u,( ii.(") 

,

(e)

(10)

/,:-11 r --
clì

I'inrt frrt:tols oT r¿¿ltrtlu'hcrlc ro(nr) ancl Q(a) dr:noi,c thei luunllct tlf Cistitlct pl
the ntunbtrr oI all ltlirno f¿tcrtols oT 'r't,, res¡rcctivel.-)'.

l'ror{.1llltr, r¡lrr,iorts ittctlntLlili,', -/'' >'ll.- l., |1J.
q q-1 q-2

(p>- tj) tt ) 7) iLnplr- at orrco tltc lelal,iotts (pÌq)" I

.e, -Ttri)' r\ppl¡' this doublt¡-itrcrlutr'liL¡' 1o. q

to obt¿in :

e,tt,),,=(i 
) 

<(,¿ - À r r),'

_ 7t -ht-l
t¡-h= L

) (;)-

in olclel

(a
[ñ
-l¿

Selt:ct,irrg p -.- u. l' l,: l,lt, .- ut \'\¡(' .gct

t I l'-o a-* A:-1
d

q

l

I

] ,l' - 
t- 

b, arrd
a.

ø;wc rn'ix'io (9).
l

I

J', to (9) irnplies
I

( /tl"

Using (4) arrcl l-ìclttoullì's inec¡t"Lality

taking irrto accc¡unt o(n)'-r, O(ø) =- x1 f ø2 -l

Ilernnrlt,. Tol sqù¿tt'ofrctr ',? ono has c,r(rr,) : O(n)
that d¡(n) -- /c" for srtch. r¿'(k>2).

I:- Ir+
a

>1
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4 035 oN TrrE l\llr1'I{I\¡tlJ1I'1CÀL, rrUNCfr'cN ./Á.(2)

. _IIII ,t qenctalization. A ri'clter.aliza,tioll of tlo(n) ctttt bc obtained by
colrsiderinq sums of 1,Ìre t¡'pc

(11) Á¡(n): T

l,vhcrc (rø,,) is iì soquencc of real lrulrrbcrs such l,hat tho llirichlt¡t series

i 
t+ 

con\,'t,lgcs a,hsolul,el¡ lor lìe s)1. lr'ol: ttn : l(1¡':1,2) 31 , . .) one
At ùt

ioobtains the irurction [17,þr,).

illhe folloving prope.rty c¿ùn be plovecl similzr,rl¡' u'itJr (3) :

('t2) )': ,þ,+ : Ø(rL,,,s)

In 1;lrc lig'hL o1i 1it, rvoulcl bc inl,elesting to sl,tlcl"v t,hr,r suln tr ilh\i

or nol'c generzllly !
1L<

l:.1
rl¡.(rz) rvith r a rc¿r,l nurnt'¡er. \\''t', c¿rtt pl'o\'(r :

Í(r\Q,r,2.,, Q,n¡,

L¡c1, trou' 9¡(rir) Cenote thcr Jot'dau alithrnctical function ( [4], l 6]) and o¡,(ra)
be thc sum of h-th powels of clivisors oI ,r¿. llhe folloving linox'n rela-
1;iorts : Ø(q," s): ((s - /r)/((s), Ø(o¡,, s): l(s - lr,).((s) and thc, iden-
ti1,y (((s - f)/l(s))'' (L(s¡¡"*': (l(s - tu)i(s))þ lead tc¡

¡'t,

(13) (Ø(çr, s))k . Ø(d,,,*r, s) : (Ø(o¡,, s))b

Let us introclucl thc function

(18) 2. 
,\,dt(tt) 

: 
- +,r 

logr-r r f 0(e:iogt-21;)',1;>2'

Proo,f . We shall use jncluction rvith lcsltet:t to fu. Ilot' /': : 2, 11o,
bccomes I ø(r¿) - ølogø f 0(r), rvhich is s'elll<nortn(l_1.1, l;ll).Assrtrntr

non, that"fís) ;. valicl, antl ûy to proye il, fol l; f 1. ,\1¡tl¡'irre (L) lvL)

lra'e,)J tt¡,*1(tt):,å 
ì 

tt¡,-,(ö) - [rå;l'gr'-r1-1-t,(åt"O-'i)]'
[,ei; ns consirlct' fit'st l,Jrc iittrn I ] ,r*t-t *: I 

t f '''^t--' " -
t t t?'I

- (u ,l)toe^-''"logt 
* (t';t)t"*'-3 ,1og2¿ - ..' r (-1)"-'1o*'-'¿l -

: rosr-l,r' (ros" + c + r (+))- (t ;t) to*"-',,(-t"T"' o t (ïo))*
*(r;1 )roe^-,, (]*j*.(Y) )- +(-r¡^.-.(Ïr,*
n r (!fa )). 

t*'" ne hr'e 
"*".r ,¡.* 

: ros,r, + o -F r (+)), .*i,"""

c is nulcr,'s constzrnt, anil ! l9g 1 : Wf 
" 

t (þtrl)' ctc. (sr:e itl,

l3l).'r'rreri,r'rv. irrentit¡', -+(*;t) *+(^ ;')- . I I (-rr^-r-

: !i,¡. cqualjly --f -.+: I *t,.1 nu atralogous argttnttrtt tc¡ Lilcr
l; ' (tu-1)! l; lç! -

:rtro-r,c 1or ! O (9fo*--r3) i*f,f,f easily thzrt, thc propolt¡, (ls) is itt-

deecl valio Tor' /,' --l- 1.

Cou,ol,t,'\r'v.([õ1, p. 94, Aufgabeu S)

(19) !.r?*(rr,)- #nrnlog'r-r 
2'(¡' - cc-.)

tr'ot' t,lte n¿u;rinutn order of nt,n¡¡n'itn,cle o./ logdr(rr,) onc l¡as :

(20) r. ri*--l9g4JH:*"*:rosh(t¡)2)

.Proo.f . \\rc rrccd the follorving theolcrn due t,o Dlozclor'¿l' alrtl .{ù'ci-

man (sc..e iq,l fr. l.2ó): InL ,l'(n) 1laã rnull,iplicatir.c arithmetical tunctic¡tt
rviilr ihe piopi'r,t,¡- 1Øu) .: g(v), 1'hcrc 2 is pìirrrc nunrbcl zlnrl 9(..,) ticpcttcls

r' (,Ð,#

(11) O¿(rr,) :

ancl analogousl¡,

,pr(n) cgr(tt,r). . .,pr(nt)

(1õ) \t(t ) := 
,,,,,,1,,n_,,or(nr)o¿(tt'r), 

. . o¿(u,¡).

Using lhe well-hown l)irichlet prortucl, (t11, l3l) anrl the uniclueucrss theo-
rem of l)irichlcùsories (l8l) frorn (1?), (13) we ge1, 1,he rela'titrn:

(16) 2. 
nr(*n)0r.,(rl) 

__- f,r(ra) ancl (/c : 1) q(r¿) <d(n)' o(n)

CoB,ol,l,¡\tìY,

(17 ) 2)o@) ç d¡-'1(rz) " 
ì,o?b(d)

Proof . ifhiqfollows a'1, once from (16, by using (a))

lV. llsynpúie resulfs. "1.. I'lte number oJ solutions in ltositiae inte-

x
1ìL1r2., ,?llû.:t,

?L

i

I

ll

gers t{ LIrc ùtequliotù cryfi2. . . tt,4n is gioen bt¡ th,e swn E d,fr.
I ¿:t

í?rorrJ.lliv,lr¡ rll thc systerrs (rr, nr,. . .t frt)t rvhichsatisfy thc al¿ove
ineqna,t;ion, in r¡¡r'oups ordclecl by .1, 2, :ij..., ra. Attribute 1,o the i-th
group t,htr systeu sal,isÍying ïtfr2,..$tt: i. the number',of thcser sysl,ems
lleirrg rlr(i), ì-ry {rnmatiorr u'e obtain the rcsult. .1 , I ì, ,, i
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(::[sc wc havo tl,,(pv):

6 NIA'TÉIEI\,IA IICA - HEVUIì D'ANÄI,YSE NUIIÉ NTqUI
Eî DE TFIÉORIE DI] I,'AI)I,ROXIÙ,IA'I'ION

r,'aNAr,YSE NUII'IERIQUE ET r,a l'HEorìut DlÌ r,,Al,rrfi{)xtrt,IA't}IoN
Torne 18, N' l, lglllJ, fp. g5-f{Ð . ¡

GENEIìÂLrzA'rroi"ÎåT^Tt#*ì.TIti"^i""1\'rDcrrÄNrcs'

CONS'|ANTIN '.IUDOSU]
(Clu.j-Napoca)

'ìth ¡¡(vo)> 1. ,,\
has logrlv) :
of logl(ll) is

r,. tosø(:) 

{ 
*

ì
í

, In clttt'

(',1;')

1. r\postoì,
2. lìðuritc.r,

?77 -781 .

3. IIaldy, G
1 960.

1/,: f v lX/,i-v-9).
(tu - 1)!

g(v). llerc ilu):

(1,, I'i r r'rl) I'or suf -

(^
lrr

9.

-l-v-1

Íiicrit,rrtlvla,t'gcr v. lllhus nt'c¿¡rrcùooscr n : I12. '.lìho inc.cluirlitv (10) iìssuì'cs

tirrr,t /l; I v - t\','' 
" 

, l/,: ,- I -- t\ k¡r'ø(v) Lrgc(-l) 
wlrit,lr

\ v / \ 1 )' 
so 'L' ( 

I

meaìrs tha,t, ri¿ : I. -:\ll contlii,ions of the aboye l,lrtrolcru of l)t'ozclovil
alid I'r'cim¿ìn aro vcrilicrlr thus thc. rnarimnln ol'clct' ofi magnituclcr of
Iogd,,(ir,) js loe-À; .logrr,iloglogrr,, i.c. oru' theorerr- .

,tr. 'f'lte 'trí,¡1lLf) (tr nortnctl) ttrtlcr r.tf tna,¡ptitn,tle of loocln@) is togtt "

' ltrg l<rurt. i.a. ,l'rtr ttll e '- 0, lhc itterluttlil.irs

(21 ) ¿'(l-e)rosros¿ {r[¡,(tt,) q[(1+e)roetoru

ut'e .tru,e for eùtnost a,ll, n,.

l'looJ. \\'c use (0) and tr r:rrsult of }Ia,rdy alrd lìarurltuìan (su: [13J,
f4l) r'hictr sa,ys l,hat, thg r'igìrt ordcr oli rnagniturltr of r,r(ra) antl O(ra) is
loglogl.. lllhus se' (,a1r rvlito : (l - e )loglogn,.-<,,(rr,)<logd(1.)/tog,,À:<l)(n ).1-<(1 I e)losrlogl 1ol a,lrnost rll r¿. llhisr ploves (21).

t\l)sltncf. In thc ltlcscrrt papcr.n ncrv rnailrcrnatical I to Urc Ntl.[oniautlt cchanics' lnnclarlrcntal ìarv, lor thc rnatot'ial point rvith ucrv l¡¿rL|tlltatical{ollnulalion includc.s Ure highel or.cìcr ¿rcccleratiorrs, pcr rjlatiol.

l. rnttotluct,ion. rn a prcvious pubrishcd pâllcr' I.l'í lr gc.rrela]izcd theNelrtoIrian tnochanics' f nnilanrental- lau.
, tn[ : Eçt,rrri),. ,

for.tht¿ rnateÌial lroint rvith constant mass ,/?¿, l.hruc lis thrr tì rnc, rì - t,he
instantancous .position t,ector of the matt'riál point (consi¿cr,crI zcr,o.9rrl0r
1j'celelatìon), { the,line¿rr velocity (consirÌeiul fir,st olclu, :rccelcr:rtìo1),7 - 1'ltt'sccotttl ot'tlel'liucal'¿ecclt'r'¿rtiorr, anr[ Æ - thc l,r'srrltaul oI iolr.tíi
appliect to the consiclered rrraterial point.

Itr thjs plle¡ a nc\\' rnathcrnatiital t,¡ t1¡ tlrti Ntrrv_touian rncchanic¡J' fundarncntal latv, fol t ryilh rlariablc
rnâss, in rvhich tìte higher ordcl accelel d.

2. ìl'[atheln¿rl,ieal forrnulal,ion oI thc rnofiorr frurd¿unoirlal l¡ur,. Jt islinol'n that, Nt¡l-l,onian rnt¡chanic,srfunclanrentirl ccluat,iorr, fol the r,¿u,iablé
rnass point is [a](1) (lr,u). : n1,Í,r.).

lì¡' clotelrnirring the accelrral,io,-r* llf ii, follorvs
(il D-1-t (r-.Lo). ^. to. '( ,, _ (),!_¡-1(2) r- r ,.(o)-;1,1,)ï'_,ue,,(s) rrr,

rt lterc
(¡¡)

F :q,,ft). (,rr, :3, 4,i, ...):, (? :0, 1, ?.).

'('r¿" lleing thc highcr or.ctcr of thc accclcr,ation.
,R.y substituting (2) fol i:1,2 in (1), onc obtails

(3) E¡t,r,-, - I/t,,(r, s) Ç,,(s) cls : j,(t),
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