MATHEMATICA —REVUE D’ANALYSE NUMERIQUE
ET DE THEORIE DE I'APPROXIMATION

I’ANALYSE NUMERIQUE ET LA THEORIE DE PAPPROXIMATION
Tome 18, N° 1, 1989, Pp. 95—100

GENERALIZATION OF THE NEWTONIAN MECHANICS’
| FUNDAMENTAL LAW

CONSTANTIN TUDOSIRE
(Cluj-Napoca)

Abstract. In he present paper a new mathematical Lormulation is given to Uie Newlonian
mechanics’ fundamental law, for the material point with variable mass. This new malhematical
formulation includes the higher order accelerations, permitting their determination.

1. Introduction. In a previous published paper [5] I generalized the

Newtonian mechanics’ fundamental law
mi = R(1, 7, 7), *

for the material point with constant mass m, where ¢ is the time, 7 — the
instantancous position vector of the material point (considered zeroorder
acceleration), # — the linear velocity ( considered first order acceleration),
# — the second order linear acceleration, and B — the resultant of forces
applied to the congidered material point. wl o

In this paper a new mathematical formulation is given-to theé New-
tonian mechanics’ fundamental law, for the material point Wwith variable
mass, in which the higher order accelerations are ingluded.

2. Mathematieal formulation of the motion fundumental law. Tt is
known that Newtonian mechanics’ fundamental equation, for the variable
mass point is 4] iy
(1) (md) = R, 7, T).

)
By determining the accelerations #, it follows
f
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where
(n)
F=9ut), (n=3,4,3,...), (1 =0,1,2.),
“n’ being the higher order of the acceleration.
By substituting (2) for 7 =1, 2 in (1), one obtains
) |

(3) R(E)'F) ) i S ICa(t, 8Y Pu(s) ds = F.(1),

0
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Equation (3) represents a new mathematical formulation of the
motion fundamental law. 1t is also called “integrodifferential fundamen-
tal equation of the Newtonian mechanics, for the material point with
variable masy’’. Though different as form, equations (1) and (3) have
equivalent semnifications. Both of them represent the basic law of the
motion in the Newtonian mechanies. Equation (1), by the variable mass,
sets in relation the force with the second order acceleration. Xquation (3),
by the variable mass, sets in velation the force with the higher order
accelerations.

3. Particular eases

«) I B = R(1), equation (3) becomes
i

(6) nglz({v ‘S) @51;(8) ds = F”(t)’
(1]

where

(7) Pty = Ry - fut)

BExpression (6) is ‘“an integml ecquation of the first order linecar
Voltmm type”.
b) If R has the form
R, 7, 7) = A(l) — ap(D)F — a (1),

equation (3) has the expression
3

(8) Smun<>mwmm
0

in which

1 (1‘ . -5)” v—1
(9) A,l(t S) == ]{}l(f S) pay (Cv(i) (;_; y € 1)"

a _ n—v—1 (v--0) o

(10) Buft) = 4 U)--[1nu)-+ v 3w ’0)~4‘]

v=0 o=0 g

Like (6), expression (8) is “a Volterra lincar integral equation of the
first order”

4. Analytieal solution of the Volterra integral equation (8). Hqua-
tion (8) is veduced to a second kind linear equation, if the following con-

ditions are fulfilled
(11) Na(t, 1) # 0, E,(0) = 0.
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Tho fust oondltlon (1]) noL bomo fulf]lled equation (8) is derived

1

(12) ¢A0+SNML@§M@d&:EMm
0
where
(13) Nit, 8) == [m(ty2 L Nulb 5)
dtn 2
(14) By = [mt)1 2B, (1)
Having
(2t
L Otr—3 ]s:t T ‘”l(t) # 07

the first condition (11) is fulfilleq.
Taking into account (10), the second condition (11) becomes
(n—3) (n— 3) [ T on—y—1 (v-I-a]

(15) a (0) i f Z E ay(t ’)(0 ﬁ;,‘]m 3) 5

v=0 G! =0

)
The initial conditions 7 (0), (¢ = 0 1) are arbitrary

.]1 ]t} aJl C()ll(htl are T 'l ’(I |] 11 l II o) wWinho 2 1.
01]8 fOI /’/ > 1 ] (0] i 1] (&)

(16) (L) P D(8) - deg(8) 5 -

both  directly and by derivation,

aglt) F == A1),

By applying the method of sucee \
ssive a . solution
of equation (12) iy obtained under the fmnlipTgJ]xllnatlom, the solution.

(17) CP,,(t) i Aan,o(t) -+ @nl( ) - an,z(t) L+ @z,m”) =l

whete
qo—n,o(t') = E}l(t),
1
@mw:~gmmmmﬁw®
]
)
?ﬁn,m(t) o SN’I’(I‘, 8) 511;7:1-—](8) ds.
0
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5. Numerieal 'solution of the Volterra | integral ' equation (8). The

“approximative solution of eéquation (8)is determined by means of ‘a” nume-

rical integration. We apply on the interval [0, ¢], « > 0, a method analo-
gous to that of the polygonal lines. We divide the interval [0, «] by the
it

oints ¢, =k —, k=1, m, and we consider the quadrature formulg |
b E b y My |
0
z &
"
u @ 1%Ll 1
(18) J@yds =— Y flv—1} (k=12,...,m)
M y—=1 m
0 .

. .y 1 . 31 « y
By writing that equation (8) is verified fov ¢, = k-—, and by using
: M
the formula (18) for the approximative calculation of the integral, one
obtains an algebraic system of m equations with m unknown quantities

m g1 m m m

{ k " 7 . _ [
(19) =8 Yy N (If i’ ¥ —&)@n (V Ei) = Hy ( . —a—‘:)’ (b =1,2,...,m).
n . m :

The unknown quantities of system (19) are

- a L a Y- (8]
Pl ], @ult2—105..., Pu(nr).
m m
In nwmnerical values, the solution of svstem (19) is obtained by usin
z y 4 B ¥ i = o

the known methods [1].

6. Aunalytieal solution oi the Volterra integral equation (6) for n = 3,
For »n = 3, equation (6) becomes

!

(20) ' Slfgu, $) @a(s) ds = Fyt),
0

where

o) Fyt) = R) — Julh)-

figuation (20) is converted into second kind integral cquation
(22) Bll) + S.If;(z, $) By(s) ds — Py),
Q
in which
i ik 5 Liqe 004 8
(23) Ii(t, s) = -[m(1)] 7(,3)(7’)_, :
ot

L
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(24) Fit) = (1)) by,
I :FOI' ).Lv = 3’ we ]‘]ﬂJ.VC : J [ 2il
(23) Iyt s) = m(t) - () (L — s),

(26) Fyt) = R(t) — #(0) ML) — F(0)[m(t) - t mi(t)]

)
and relations (23) and (24) becomae

(27) 5(ty 8) = ()] [200(08) + sin(e) (1 — s)l,

(28) Fiyt) = @) H{E1) — 25(0) w(t) —
—[7(0) -+ F0u] vy,
From (25) and (26) conditions (11) result
Kyt 1) = m(t) # 0,
(39) » R(0) — m(0) 5(0) — m(0) #(0) = 0.

(29)

The solution of equation (22) is of the form

(31?. Pa(l) = as,o(vt) + $3,1(t) N .63,2(':) .‘}‘ vee R 53’,,1(1) + ey
where "

(?43,0(7:). I Fi(’%

[}
Faalt) <N i ) 50y 0
[
2
53,7:&(1") = SKé([) 8) E.53,7",-1(8) ds.
0

7. Applieation. The material poi i iable ' i
. . » The mate point with variable mass is considered
I\LL_ 1_1;1}.1\.3&1 51. _v_(?me‘cul motion, in the gravitational uniform field (g = const.)
m; ) tl]ﬁ t]‘) {1]1]_111111,_131 vf::.flocni\_r vq] B'V\ admitting the capture of meteorites falling
2ok b6 point, uniformly, the Newtonian ec uation, propose eVi-
Civita, for the case of the capture, ig [4] l' | i
(32) (md) = R.

We shall take, as a mass variation law, the ¢xpression

(33) m(t) = my(1 — at),

Where m, and « are constant,

199
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For » = 3, equation (32) becomes (22).
* By du‘wmn the law (33) in relation with the time, we have succes-

sively
(34) m(t) = —amgy, M(t) = 0.
By considering '
B(t) =m(t) §, (9= consl.),
we have
(35) B(t) = — amyi.
By observing (34), condition (30) becomes
mo[§ + afy — F(0)] = 0,

whence it follows

7(0) = § + aby, . (m, # 0).
By taking into account (34) and (33), expressions (27) and (28) become

20 = a{2aby - §)
Ki(t, 8) = ————, Fi1) == 2220 T Y7,
s(tr ) at — 1’ <(t) 1 — ot

By observing (31), the solution of equation (22) in the second approe-
ximation iy

Boll) & Baglt) + Byall).

By effectuating the caleuli, the third order acceleration of the poing
with variable mass has the expression

(36) Py0) & o1 — )L [L — 21n(1 — at)] (2aB, + §).
By projecting (36) on the upward verical axis (02), it Tollows
) & all — a) 1 — 2In(1 — at)|(201, — g).
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