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'ìth ¡¡(vo)> 1. ,,\
has logrlv) :
of logl(ll) is
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, In clttt'

(',1;')

1. r\postoì,
2. lìðuritc.r,

?77 -781 .

3. IIaldy, G
1 960.

1/,: f v lX/,i-v-9).
(tu - 1)!

g(v). llerc ilu):

(1,, I'i r r'rl) I'or suf -

(^
lrr

9.

-l-v-1

Íiicrit,rrtlvla,t'gcr v. lllhus nt'c¿¡rrcùooscr n : I12. '.lìho inc.cluirlitv (10) iìssuì'cs

tirrr,t /l; I v - t\','' 
" 

, l/,: ,- I -- t\ k¡r'ø(v) Lrgc(-l) 
wlrit,lr

\ v / \ 1 )' 
so 'L' ( 

I

meaìrs tha,t, ri¿ : I. -:\ll contlii,ions of the aboye l,lrtrolcru of l)t'ozclovil
alid I'r'cim¿ìn aro vcrilicrlr thus thc. rnarimnln ol'clct' ofi magnituclcr of
Iogd,,(ir,) js loe-À; .logrr,iloglogrr,, i.c. oru' theorerr- .

,tr. 'f'lte 'trí,¡1lLf) (tr nortnctl) ttrtlcr r.tf tna,¡ptitn,tle of loocln@) is togtt "

' ltrg l<rurt. i.a. ,l'rtr ttll e '- 0, lhc itterluttlil.irs

(21 ) ¿'(l-e)rosros¿ {r[¡,(tt,) q[(1+e)roetoru

ut'e .tru,e for eùtnost a,ll, n,.

l'looJ. \\'c use (0) and tr r:rrsult of }Ia,rdy alrd lìarurltuìan (su: [13J,
f4l) r'hictr sa,ys l,hat, thg r'igìrt ordcr oli rnagniturltr of r,r(ra) antl O(ra) is
loglogl.. lllhus se' (,a1r rvlito : (l - e )loglogn,.-<,,(rr,)<logd(1.)/tog,,À:<l)(n ).1-<(1 I e)losrlogl 1ol a,lrnost rll r¿. llhisr ploves (21).

t\l)sltncf. In thc ltlcscrrt papcr.n ncrv rnailrcrnatical I to Urc Ntl.[oniautlt cchanics' lnnclarlrcntal ìarv, lor thc rnatot'ial point rvith ucrv l¡¿rL|tlltatical{ollnulalion includc.s Ure highel or.cìcr ¿rcccleratiorrs, pcr rjlatiol.

l. rnttotluct,ion. rn a prcvious pubrishcd pâllcr' I.l'í lr gc.rrela]izcd theNelrtoIrian tnochanics' f nnilanrental- lau.
, tn[ : Eçt,rrri),. ,

for.tht¿ rnateÌial lroint rvith constant mass ,/?¿, l.hruc lis thrr tì rnc, rì - t,he
instantancous .position t,ector of the matt'riál point (consi¿cr,crI zcr,o.9rrl0r
1j'celelatìon), { the,line¿rr velocity (consirÌeiul fir,st olclu, :rccelcr:rtìo1),7 - 1'ltt'sccotttl ot'tlel'liucal'¿ecclt'r'¿rtiorr, anr[ Æ - thc l,r'srrltaul oI iolr.tíi
appliect to the consiclered rrraterial point.

Itr thjs plle¡ a nc\\' rnathcrnatiital t,¡ t1¡ tlrti Ntrrv_touian rncchanic¡J' fundarncntal latv, fol t ryilh rlariablc
rnâss, in rvhich tìte higher ordcl accelel d.

2. ìl'[atheln¿rl,ieal forrnulal,ion oI thc rnofiorr frurd¿unoirlal l¡ur,. Jt islinol'n that, Nt¡l-l,onian rnt¡chanic,srfunclanrentirl ccluat,iorr, fol the r,¿u,iablé
rnass point is [a](1) (lr,u). : n1,Í,r.).

lì¡' clotelrnirring the accelrral,io,-r* llf ii, follorvs
(il D-1-t (r-.Lo). ^. to. '( ,, _ (),!_¡-1(2) r- r ,.(o)-;1,1,)ï'_,ue,,(s) rrr,

rt lterc
(¡¡)

F :q,,ft). (,rr, :3, 4,i, ...):, (? :0, 1, ?.).

'('r¿" lleing thc highcr or.ctcr of thc accclcr,ation.
,R.y substituting (2) fol i:1,2 in (1), onc obtails

(3) E¡t,r,-, - I/t,,(r, s) Ç,,(s) cls : j,(t),

IìtitìtiììttNcES

4. I( r'ä t z. cl, l-., Zriltlcntltcoric, Jlcllirr, 19S1 .

5. P r a c lr a r', Ii., llrintzrtltlocrl¿ilrrlry, Splingcr' \irrlag-, 1 978.
6. S á rr <l o t', .I., Ott Jordut¡'s oLíllttnelicttl Itutt:lÌott, lÌtLth. StutìutL (l-o r.ppr:ar).
7.'f itcìrnr¿rlsh, Iì. C'.,'J'hcLhcolyol lltellicntutttt:do-lnucliott, Oxlor.cì, 1951
8.'li Lclrrn¿rls ìr, ì-ì. O, 7'ltc lheor¡¡ ol' l'uitctíorts, Oxlolcl, 19õ2.
!1. 'l'o rrr c s c n, f., ItttrocLttcerc ìtt conil¡ittaloricù,7ltl.'l'cìrnis{, Buctrlcsti, 1972.

10. Virroglarlor', I. -1I., llct:clctrotitiuttrtrtrclor,lfrì.Àc¿rrlcLnici,1954.

l ìcccivcd 21 I\¡ 1 98f1

'l-. l\I., lrtlrorhtcliott Io anaL¡1lic ntttnhcr l/rcor¡7, Splirrgor' \'cllag, 1976.
ìI, G., 't'ltc atillt¡t'tttical l'iutcliott r¡,(l\), r\rncr. ll¿rLh. I'Ionthly, 60 (1962),

II., -Wli gh t, ìì. lI., -ln ittlrorlucliott lo lltc Ilrcory uI trtttnbers, Oxfolrl.

S titttktr Jozscf
41J6 ltorletri ìír. 79,
IIút glüle, RotntutitL



0rj

ìvherc

(4)

(õ)

C. TI]DOSìE 2 Ð T.llE NE \\.f.ONIÀ¡J MEC}IANICS' I¡UND.{Iìú}ìN'IAL LA\V 97

J(,,(t. s) : tt¿(L\ 
(f - s)'-¡ I ria(r)-(-l-- 

*)"-' 
,' (rr, - 3)! (tr, - 2)!

l,tt) : 
[,,,t,1 l' " ,1"'(n) + rit,(t)), "]'',0,] -]ï-

Tho firsú co.tritior-r (1-J)-tot bci'g f*lfirotr, cquati,' (g) is dt.riv*tìr¿-2 tirrcs, in r'cration ,u'ith't,ht finiir, a't[ ono ó¡tá;rrs 1-ire seco¡¿ 11;r11trinl,egral ctluatiorr

í2)

whele

(13)

9,,( t I
I -rV,l(ú, s) ç,(s) ds : I:IL(¿),

llqual,ion (3) r'c1tr:cselrts a ncls' nr¿¡thernatica,I fornrulation of 1,ho
lnotion funtlarnenta,l lar'. 11, is also called ¿rintegrorìiffcrlcntial funclamtrn-
tal cqua,t,ion ol 1,hc Ncn'tonirn rncchanics, for t,hc material point rvith
vil,li¿ublo nì.¿ìss". 'llhouEh cliffcrcnt, zls folrn, cc¡uations (.1 ) and (3) havc
crqlivalont sernnificnl,iors. Iloth of l-hcrn rclxcsent thc basic, Ias' of the
lnotion in tho Nervt,ollian rncchanics. lìqua1,ion (1), b). lJre valiable rlìass,
st',l,s in relat,ion the lolcur rvith l,he seconcl orr]cr accelelation. llquation (3),
b.-v 1,hc vnri¿lblo rììASs, st,1,s ilr rolation thtr Tolco with thc higltcl order
¿¡cgt:lt'rati o¡rs.

Ì,1,(1, s) - ln(t)'l-l o''-2 N,,(l, s) 
,

ò|,il-2

(14)

Ilavin.g

il. P¿rrtieular c¿tses

rc) If li - ,E(¿), etluation (3) l:ecomes

O"-B.r]/rr(t, s
nt(t,) I 0,0t"-s s:,

bhe first conclitjon (11) is futfillcrl
(6) I(,(t, s) q,(s) tl.s : li,,(f), Tarring into accon't (r0), the s.clo'cr concrition (11) Ìrecornes

Ift-31 t,

(15) "',4" (o) --('=3) r I x-!-r (v-r o) /a I r,,-3)J, Q) - ["å "! 
a,(r) 0."'10) '" 

J;=i'' 
: u

Thc iritial corrrlitjons.? Jnr, (i : or t ) ir,r,o ¿rr.biLr,lrr,.TJre initiar eorrritiors fo' i"> i ít'¿",J"1,,,í,.,,íniiir riö", îi,",runo*,ing ccrìra_-

.rvh etr¡
(7) 17,,(¿) : RQ) - Ï,ft).

Iìx¡rrcssion (6) is "ir,n inl,eglal cquati<tn of tho fil'sl, olcler
Voìtelr¿¡ t)'pc".

tt) lf 11, hns the form

ctlrration (3) has .,i,ltLiJ]-;,Ít" - 
oo(t')F - c'(t')r1

lincar

(10¡

botli
nt,(t) ï i- Ltñ,(t) J_ cor(t)lT + c{00) r _ -Ãe),

rlilectl¡' rurd by dcrivatjor:.
(8)

irr rvìrich

(e)

l/,,(¿, s) Ç,,(s) tls : ll,(), J3y alrph'ing thc-method of succcssir,^e apprgxirnatiors, the sorutionloT cquation (19) is obtair.Lect ùrrãär:"är" forrn f3l(17) ç,(l) : p,,,r]tS * q,,r(t) i V^,rçt¡ + ... l- e,,,,,(t) f ...1
rvher o

9"'o1t¡ : Ð"'(t),

p,,,r¡t¡: -- ['_y](t, s) p,.e(s) rls,
J
0

À/,,(/, s) : I{"(t, s) -j- I øy(r)
(f - 5)"-v-t

,-o (ru - v - 1)!

(r0) 8,,1r¡:-4(rl - [.l,trr 
+ å 

"-"É;' .,u1r¡(''r'lo; :l ]
Lilrc (6), erprcrssiotr (8) is r¿a \rolterla, liltra,r'integra,l ec¡ua,tion of the

first order'".

/r. ,Ì.nalyl.ieaÌ sol¡ltion of thc Volterra intcgr:rrl equal.ion (l|). Dclua-
tion (S) is reducocl 1;o a sccon(l ì<incl linoar ccluatiotr, if t]tc follou.ine' con-
dil,ions are frillillccl
(11) N,,(\t) + 0, -Ð,,10¡ :6. I

0

7 -c_ ltiz

9u,,,(t) : * lfi(t s) F,;,_¡(s) cts.
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: l: 5. liurnor,ic:rl solution of the Volter.ra infegral cquation (B). Thc
;tpploximative solution of equation (8) is dote,rrniried by lnt ¿l,ns of 'a' 

nurnc-
lica,l intcgration. ì,\¡c apply on the inte.lvai 10, ct'), ¿r; > 0, a urethort ¿ùnùlo-
gons to that, of tlrc ¡rolvgoua,l lincs. \\'c clividc 1,he inlcn.¿t f0, ø] l¡)' tht
points lr : h n-, 

lt : I, ur, and 'rve consiclcr' l,hc cluarh,zlturc fortnula
'n1

(24) .Zl.å(l) : fnr(l) ¡-r 1,,111¡.

Fol, it : ?r, tvc llilv0
(2õ) Kr(t, s) : nt(t) Ì- ir(t) (t _ ¡.),

(26) ti3(l) : Ettl - rlO¡nilt¡ _ i(o)lnù(t) _i_ trù(t)1,
arrd relatiols (28) and (24) lrecorno
(27) Kl(t, s) : þn(t)l tl2rit(t) _¡ ùi(t)(/ _ s)J,

(28) F"(¡ : in(r)lr{É(f ) _ 2:ie) úù(t) _
-Li(o¡ -F i(t¡)¿l ùi(t¡,r.

Iìr'onr (25) anrl (26) conrlitions (11) r,csult
(29) Kr(t,D:,nt(t)t'0,
(30) Æ(o) - ùt(0)v(0) - ,r(0) F(0) : O.

The solutiou o1, etlnation (22) js of. ilro for,ln

h
a

;;
(18) - (t,

./(s) tls = -- å r('
ln,

(h -- 1, 2, . . ., nt,)
1l¿

13.v rvrit'no that ecßrar;ion (8)is yer,ifierl for,/,. : ¡¡!-, attd b1. using
,)) 

I.

thc forrmrla (18) for thc applorirnat,ivc calculation of thc intcgr,al, one
ol:1,¿lins an a,lgebraic s¡-stotn o[. lr ecluatiolrs l'ith a¿ urrhrlonrn t¡umrtil,ics

(1e) a $ rt',, (" #' " ,i)e" i'
(T

]n.
I,),, (À

!_
nt.

(/r;:1,2,...,,r)

Thc unhnon.n quanl,ities of s1'stcrn (19) ato (31)

wheirr
9.(l) : F',0(ú) -l ?r,.(¿) + pr,r(r) +

er,o(t) - Fl(¿),

-l- er,,,1t¡ -i-

I I. ., (' -!!
1n )

,"',9,(rt')

fn tLurnclic¿ll t-:ìlucs, the solrLtior of s¡-sttrn-r (f9) is oJ:tainecl þ¡. usilg
the ì<lrown rnt:tJrocls f ll.

li. Jnalvticll.soltrliort oI lhe lroll,crr'¿r iirleJrr:rl cqualiorr (li) tor.,rr, :.9.
lÌol r¡ -= 3, ccluatiorL (6) l)ct:orncs

Tr,'(l) ... - -Il$(f, s) þr,o(s) tìs,

(20) /í,,(1, s) <pr(s)cts : 1'¡(l), 9s,,,(ú) -- 
_- K!(t, s ¡,@¡,,,,- r(s) ds

u'hclr'

(21) r.,(/) -= Eçt¡ -- ¡¡r¡.
Ðr¡tutiotr (20) is conr.urterl into srrcollc[ ]ijncl ìnteglal r,rll.l&tir)u

(32)' 
þta). : ft.

lYe shall take, as a m.1,Íls valiatjon lal,, the erprcssion

(22) çr(l) -l 1íl(1, s) Ç.,(s) t1s - IL(t),

in n4rich

\23)
(33) nr(t) : nto(l. _ at),
'Where nt,o ã,ntl ,¿ are constant.

lii(t, s¡ --- I),(t;1-'r 
j!!{L9-,

0t
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(34)

Ior'_r¿ :.3, cqual,ion (82) becornes (22).
Iì¡r ¿.r'.'tng the lau' (lìB) in lera,tion ìv;tù tht¡ tinic, ¡,e ¡iì,r,ç sncrces-

rit(t) : -.,,r,o, tä(t) : 0

-ß.r- considering.

-ã11¡ : nt(t) j, (g : c6¡st,.),
u.r] ltave

(35) itlt¡: - d.tt:o{J.

By observing (34), contlition (S0) bccornes

tttrlg j ø?'o - ;i(o)l : 0,

whonce it follorvs

r(O¡ : j Í q.ù0, þrt,o t' 0).

R¡. taliiug jnl-o ¡r,ccourit (:14) and (BJ), cxplc:ssions (22) a¡cl (28) b¡cor¡c

K!(r, s1 : " 2!t-, ?l(¿) - a(2aùo * 0\ .
c/.1 -L L--- o,t

. ,BJ. ol:scrving (31), the solution of equation (22)inthe second âpplc-xilnation is

ItQ) x pr,o(f) -l- er,r(z¡.

13¡' cffectrta,t,ing_thc c-a1culì, tìrc third olckrr accelel,¿rtion of t¡c poirrt
rr.i1,lt r':lliabk¡ l¡Lass has tlrc t:xpr.essit.rir

(lì6) pr(¿) ry ø"(1 - ø1)-1f1 - ?tn(1 .- d¿)Ì (20,-au l_ g).

13¡. ¡t.ojecl,ing'(30) on thc uprvl,r,tl ver,ical a,xìs (Oz), it, follou.s

',;(t¡ x ø(1 - d.t) ll1 
- 9ln(1 - at)l(2at:n - o).
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