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I. l¡rtroduetion. lfhc classicral l)irü convorgc'nee theoterrt teads as
'f:ollows :

-1. 'tirr,:onnjlt¡ [/ 1]c Q t:,1

tt¡,ot¡oton,i.c sequ,enct o,f cantinumt's
wí"se to u, canth¿qlmtt fttrtction' n t

'I to n.

tt cont1tact 'ùtuterral ¿ntcl (r,¡)ue6 is a

.þtn.ctiono no; ll.' +Q cotn:tt'ginl¡ point-
? -* lR then (n,,) conue,rges tntíformly on

[here &re rnÍllty oxtensions of ùhis t]reorern "where the ntonotonicity
is genera,l,ed by a cone (as in [ir]) or where the interval I' is replacocl þy
,a iopologic:rl space (compa,ct, oountably compact, psouclocornpact). r\
.de1,ai-lecl ptcscnbation clÎ these aspects is to be founcl in a lecent paper ot
I. Muntean [3].

r\n al¡stract, version of the .Dini theorem in the conbcxl, of orrlerccl
suacos iùt)peats in the H. ll. Schaoft 's treatise iTl. Iìccall that if D is
aileal olilôr'cct locrall¡. convex vector spaocr thc positive cone Z* is normzli
if and only if thelo exists a family of serninonns Ø gcnerating the topo-
logy of /7 such llnal; p(ru) < ?(n -f 17) fol enct' 1t eØ antl r,t1 e lla (Sttch
scrninorms are calìec'l monotone).

2. T.rn¡:onnw. l7 ). Let E b¿ ct' reetl' ot'dered scl¡sa'atccl looalLy collr)cfr
Decl,ot' sq&ca, whose positíae c:ottc II* ís not'tnc¿,I antl s'uptgtos¿ 

^S 
c D tÌirectetl

.fur < .-If the section, .filter of I ('i.r:. tl¡e' l'ílier gan,ernteil__bq . 
'the. basc

ï{y. S : rt >- n\: a e S}) conrerges in llttt ueuli, tolto\ogy o(Itr,II'), t,hen.-i'û

cllt.uerges in 7t).

\roto tha1, tht¡ abstract yc¡.'sion c¡f .llini theorem irnplies thc classical
oner: in ÌacL; it ?is a compacl, topological space then Z : C('l:) is a leal
norrnecl orderecl spacc n'ith a, norrrtal positir.c: cone (/7 iS e.;'en a l-ìanacll
lattice) ; thtr secliorL i'iltel of an incleasing Btrqllcnce (,r',) has thtr J¡asis

{n¡:tc ; ra}reo.r zlncl thc rveak cotrveÌgonc,o in 0(1') is equivalent to the
pointrvise convûÌ'gcnoe ancl unif ortn bolurclccln ess'

lfhe ilur.posc of this notc js to obtain refilterncnts of the alistlact
l)ini theorern fol seqttcnces.

II. Convcr(,cnße re.sults of lìäc ulescu and Alexandrov- typc. !1eL. X)

be a real olde.r'eü separatccl locally corlYe-{ vectol Spâ'oe. 1l'-o s¿ùy that ¿r"
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sequenoe ('ru),ren in 74 satisfics tht'ilì¿îtlulcscu conrlition (iu l, tr-il if thcl'c

c-xisi,s ;n irt E such that : r',:at-'P\- rþt, - co) ancl tor an¡' positive inte-
gers '/,¿ àlrtl tt,, c:r,, a'ttd- üù àte comlrarable (i.e. ar,, < ,,'?¿ or rr, 4 t:r)' Iferc
1r" denotes the topological clual of Z. We need the follox'ing lernnra (see

l1l p. 92 for'7l a notmed spacc;tlto ¡l'oof is si,ill va,lid for l,lte locally
convex case)

l. lrtillrrA. 'Lel:D Ite ' ¿t, t'eut ttt'tln'rrl bipuALc,ll lovall.y' (t(rttreiu teclot'
s,pûcc. 'l'lr,e Jollowi:n,gi sl(titrAhL.en,{4 fl,r'Qi.e(fiuipa,knú:: i i :

(i) Ðn is t:lasecL.

$l lor eua\t xto in, )1, if l@o) > O .l'a' each,f in It)!, tlten, ,ro 2 0.

(D* rlen,otes the chseltcon,e {f e 1I' : l'(Er)s IR*})

2. ll'It¡lonr¡u. Let t l¡e a, recù ortleretl sepu,t'o,tetl loctoll,'¡¡ colL'r)cc: tictttot'
space rultosc, .uQ).t( þ* is not'ntuL. l.f L,lrc segye1gq (&',),uen.in ll sn-
t,i*,ficstlhc n t t'untliiit,tt' I'lrctt ';t;n -;t'(n --' co).

Pror{. \\rc tttii,¡l iiupposc tltll -Zr'* is closotl, tn {acf Zr*.is a not'rrral
Cone (t7.1 Þ. 21(ì). Notc th:r,t it js also ploper í.e. -Ð*n -ll+ : {0i'since -D
is setralatccl. 

.:

I)enote !/t,: lìn - u('n, e [¡l). ìMc shall prove that for a,ny n in [N'
.Uo Þ O ot U, < 0. Supposo by contr:acliction thal, lheld tlxìsts rt;o in IN.
s.uch l,trat !1," Þ () anrtl yno { 0. Applying 1,Jre preeecling lernma, there; exist
.l, g tn J?i 'wil,ìr J'(1t"") < O',ancl 0('y;,) > O.

llecausc lim f(y,,): lim g(y*) :0 thcre exists ra in firl with /(37,) >
,l+æ 1l+æ

> l@"") and ç¡(y*) < g(u,"). Applying the lemma again one obtains 9l {
< 1," â,ntt Un Þ yu^ conl,radicting thc facb lhat '¡¡n a:nd llno t're cqmpat'abìc.- " \47c rnay suþpose yu > 0, !l* * 0 fol every ø in [{. (fn facl,, 'writing
X+:{¿e tNiun}1), lln* 0}, rV-:{rr,e [}r|: Jt*40¡ y"+_9}, Xo_:
: {z e M : !lu} 0} rvtr have- shou'n that firl : -òf+ u ¡f- U :Vo. If the
conclnsion oi the tireorern holdsfor the subsequelìce (ïn)te*¡ il, u'ill also
holtl for (u)ne\Ì-, replaciug !J, u'ith -y,,.)

Ltor m iri gil, rvritc Jy',,, : {n,e [N:3/,,(3/r]. The set ì1. is finil,e:
in fac1, if M,, is infinite then thelc exisi rt, <nz<...¡l'L¡e -ð/,o(ie [rl)'
butfoleach./e-Dirn'ehave0 4l(U",n) {Í@") --+0(i *oo)r hence l@à:: 0: a contradiction rvil,h l,he lentma sincc y* # 0'o

Wo consl,ruct inductively rr,, : 7, 'ì?'¡,.._e fN\ 
l={ 

t, wiLh ttv¡1} n¡.

Then y,, Þ!/u, >-... and, o(Ð,n')-I\Tr*:0. Applying the abs-

tracl, Dini theolem (f .2) for l,he sequence ('r7,¿)r.eul one obtains ln¡ -'+ t'
(/u--+ oo). We cornplote the ploof .shoving that I:#r": 0. Let p eØ be'

a monotone seminorm and e ) 0. Sincc¡ 
ll¡"n 

p@"ù : O, thelc exists

/c" e [f.{ such that p(y"r) ( e for any lc 2lr"..Nn. is finite si¡ therc exists
nu in flrf such that !/o {. yt'.fat n, >- ztu. Ilol n > ILe we have 0 ( U, 4 '¡¡r'u

hence p(y") < ?(Un.) < ".fn oonclusion g* -r 0, ü, --+ n (n + oo), q.e.d.

iJ. [ìr;lr,lnris. :r,) Thc crolrr-lition on thc rrolma,r.it--v of trrc positivc
conc calurot bo droppetl: thu'o exist, jJan¿rch spaccs ivjth a ¡o¡l¡orriral
l]ositi\¡tì conLì for rvltich lho Dirri propct't¡- (foi monotorric, st'r¡rrcnccs)
does not hokl. For_ cxarnplcr n: I:, h*: {tt¡i , ,r, : (tt, rr,r, ...) e 1r:
l_ffuB.lr ei1, ) 0 and.;rtr:0r v rrlrY] . umisitjs ihe l)ini '1.,r'ti1rcr,t¡i 

s¡1¡s11ilre s(ìqucllc(¡ n'' -- (('t,. . ., 0. t. 0, :. . ) (ii e tf\) is inr,r,r,irsirig, ivcaliiy
cotrr.txgr:nt to 0 brrt lln"l!: i'.

b) orr thc othcr þand z rna¡'have the nini ploptr,t,¡'(ol ovcn tlro
moÌ'c gelÌcl'al pro¡tcrt,y u,sing tJre .[ìir,clulescru contlition) wit¡out, t|c positi vg
cone being nolrn¿ll. In fact, fcir,the llanach s¡racc 1/: 11 lho ¡oiln antl
veak soclucutial coltì'olgoncc ¿r,r'c the same ¿lnri jt is sufficicnt [o cxhil¡ì1,
â non-noÌm.al colttr in ,//, but such a conshnrction ìs 1'tossiblc i¡ cvcr,\. i¡fi-
nitc clirncnsional Bánach sp¿ùcc (cf. fal).

c) r\' Il' i\rcrncth l'l], ptot,ecl that an orrlctt¡tl lJan¿rch sll¿¡(ì in u,hich
ôr'erY lYcitlil¡i conr¡clgenl, s-crics ri'jth positivt''tcr.ms is ¡lrio¡tlitionall¡.
convclgr,rrl Jras its positi'r'c coìrc rioimal.

The Inonotoriiclt,v conc-lition ilr the Dini thcolcrn \y¿!s r,llnxtrtl in l2l,i3] using iln Akrx¿ìncii,ov conclitiolt Iikc :

TI.IE ÁBSTIIACî DINI CONVTIRGENCE 1.I.IEÔIIIìM 1r,

I E, c,l a1l¡ - nt,,+t,- ¿(l)Îi, (l e 7', ir e [{)

rt'lrerc /,; e [rl, a¿; T¿ ] 0 (¿ : 0,1, . . ;, fu) artt fixtrl.
.. Itl thc.sequel rvc shall obtaìn ¿ur a,bs1,ract, Dirri t,hcolcru t,eplacirrg
the ntoncltonicit¡. of tho secltlence (rr',,) rvilJr arL Alcxandlor. t¡'ps.,oilitiu1i.

IteL II,I' lle, r,ea,l orclerccl ìocally conrrclx f,e(,l,ol spacos. \\1cr silall
ZN * _lt is atr Aìc-randror- soqucnco

't'
gr(0) = 0 :lrrd g' is ,,i.ncltra,¡iuÉj"

).1 
.- (.ìttt Iz,. . . ¡ e /,JN r', itlr ø ( y

_?"_If (,r:,),,eo.r is a srrquertcc irt.l/ r.¡cal<lr. 
"o,r".":g.-.,it 

t.u 0 tl¡cn
o(lir,lt")-lim ç"(ñ) :0. (,, --= (nt, 12,...) e Z"t¡.

v. ANtsat 2

,'11 r'ir¡ * r,,*, * r- u(l) l"i (

3' 'f'hcr'¿¡ cxisi; [,' a,rrd IJ,- neighlro
thele cxists n, 1:ositive integer /,: such
þ,r : u e l- n ß* *,o,,(0, 0¡,..,,r, 

l_i|r,

urlroocls of thc origin in 14 a,ncl I!, and-
llrt¡l, for cach r¿ in ftrl tho rnapp.irrg
...)e ì:[¡1'*is a bijectioriantl

the larnilv of functions {t|,;t : rr, e ftl} is ec¡ricontilruous irr 0. ,,,

4. Trtnonl';¡t. f'ù IN, Ir' bc rea,l ortlcretl sepctralatl loac[Lly colùl)eu ,t)ec-

l,or s'paces, It' haain,g ct, norntal, positire cone cnil let (g) lte sti ,{lenultlyr.tu
se(lueïtcc. 4 (n") ,ís ø serltøtce ùt, IN- uea,lçl,u aonøe,rttent tr,¡ 0 u,niJ ,fot ntn¡
ttt,,'tt itt, firf ozc ltas ,g,,(r)_{ g,,,(n) or g,,,(ã) ( <pn(ñ) titrct,e E : (rr,"tr:r,...i,
th,en rin- 0(n -'co) ,ín, It).

Proo,f'. nenote ?t, - q,(CI). 'l'he sccßrcnae (y,),satrstics t;hc lì¿itlulescu
conclition in -/i (cli. I",2") antl thc¡ theolcm g yielcls ?lu + O. \I'c hayc 0 << 9,,(9J 0, ..., (), r'r*,,, 0, ...) ( 3/o arLil rLsing tho nolrnalit,l- of thg
cone .It* we gel, 3u: .: ?u(0, . . .,0, !ti,,*r,0, . . ,) : Qn(t*+r) -- d þt, --, oo).



t6 V. A'NISIU I .5 TI{E ADSII.}ì,q.CT blN.I CONVUTGENCE ?,¡ìr,OEEM 77

Using norv the conclition 3o we havo flrr,+rd : *^t(2") + 0 (lr, * oo) and so
fir, --+ O (ra + oo). q.c.d.

RI]FI]RIìNCES

ir. Àpp¡C,tl:roNs. a) Int, E be a rcal orclered sepa¡ated locally
convex vector ßpace rvhose positive cotle iS nOrmal And (#.¡¿) a, Se(truencê

in Ilr. rveakly c,otu.ergent to 0 such that

â),+¿ ( Ll2(nu*r l n), (n e lN) (*)

t 
Si"ßinîå,ff'r*å.tt"ttctttri tle ordinc tn spalíí líniare trcrmate, Bucurcçti, rìrt. ÞtiinIiricã çii

oretnc ;i probl.etne de nnaliz(i mnlannticù, Ruatt-_

cces, f,oDdon, Ì{acmilìan, 1966.
Ileeeived 9 IIlggg

Uniaerciíy of Clu.j_Napoctt
Deparlmenl of Il,Ialhernatics.

3100 Clttj-Napoca
Ìlonwni<t

lHten ø,, --+ 0(ir, '* oo).

ln faot, choosing in 1,he theorem gn(flt, frz¡ , , . ) 
= "'*r- 

-l- 1f2 nn,

(*) can 
'bc \yl:it1,en as q,,*,.(#) ( 9r(ã) hcDce (qr) is an Alcxandro\r segu-

cnoc.
fn the paper' f2l this resnlt i,s obt3,inccl-by anol,hc} method for J9 a

normed latt,iôe.-Oui ptoof shovs 1,hat -D need ¡ot, be a lal,t,iitc.

Note l,hat the conclition (*) cannot l:c rela'xed l,qr :

n,,*r4Ll2(n,.nr * .r,,) ot ü,¿+s¿ll2(n**, -l nò, (n c IN) (*')

¡ror a counterexamplo it is sutficient' to 1,ake Ð : Cf$rLlr-(llå. a bounded
**o"rr"" in .D whicñ co¡vetges point$'ise bul, not .niformly (e.9. y*(ú) :
-'t* - t2nì l, e 10, I-l) and

fis¡:'llí üur- L: #sn-&: O (tl' e lN)'

llhe same exa,mplo shows thatintheorem2, the ll,ädulescu condition oan-

[9:t ü r.elaxetl 
-by rlernancling l,hat each consecutivo elemerrts be corn-

pa,ra,blc'

b) Ilon'ove;r (*) can be leplaced hy

#¡¿+¿( ('L - tn*r)r,r+t * tnü* (n'e lN) (**)

where (t",) is a bounrled sequence of positive IeaI nulnbcrs, by choosing

in the þiôceding l,heorem q,(#) : un*, I t,nn'

To obtain a convergence result 1,o an element û (+ 0) we apply the
preceding theorenr for l,he sequence (|fr - ø21),sn:

6. TurconnlJ. Let D tte a local lattice, I an ot'ilered'
conueffi ttector spa tal posötitsa cone q'nd'

01) sequ,ence. Let ( in D wealcl'¡1 conaer-

for øn7¡ i, i in ft'l

qr((ln '- ø,1),ear) >< ç¡((l n - #,|)'ux)'

'Ihen ro -> n (tr' -' oo)'
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