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1. Intreduction. Phe classical Dini convergence theorem reads as
Tollows : '

1. TacoreM. If Tc R 8 o compact tnterval ond (@)eenm 18 @
monotonic sequence of continuous functions w,: 1T — R converging point-
wise to a continwous function x: T —~ R then (x,) converges uniformly on
P ilo a. .

There are many extensions of this theorem where the monotonicity
is generated by & cone (as in [5]) or where the interval 7' is replaced by
& topological space (compact, countably compact, pseundocompact). A
detailed prescntation of these aspects is to be found in a recent paper of
I. Muntean [31.

An abstract version of the Dini theorem in the context of ordered
spaces appears in the H. H. Schaefer’s treatise [7]. Recall that if # is
a real ordered locally convex vector space, the positive cone E, is normal
if and only if there exists a family of seminorms 2 generating the topo-
logy of I such that p(z) < p(@ + y) for'each p € # and «, y € 1, (Such
semninorms are called monotone).

2. TraworeEM. [7]. Let E be a real ordered separated locally convew
vector space, whose positive cone F s normal and suppose S < I directed
for <. If ihe section filter of S (i.e. the filter generated by tihe base
HyeS:y > a}:aelS) converges in lhe weak topology o(li, E'), then v
converges in I

Note that the abstract version of Dini theorem implies the classical
one : in fact it 7 is a compact topological space then I = C(7') is a real
normed ordered space with 2 normal positive cone (/7 is even a Banach
lattice); the section filter of an increasing sequence (a,) has the bagis
{m, : b > n),en and the weak convergence in C(7) is equivalent to the
puintwise convergence and uniform boundedness.

The purposc of this note is to obtain refinements of the abstract
Dini theorem for sequences.

1I. Convergenee results of Riduleseu and Alexandrov type. Let B
be a real ordered separated locally convex vector space. We say that a
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sequence (I, )iem i 7 satisties the’ Ridulescu condition (6], [3]) if there
] ‘ oIz, b !

exists  in B such that m,,'}—(——> 2 (# — oo) and tor any positive inte-
gers m and n, x, and , are comparable (i.e. @, < @, or ¥, < x,). Here
I’ denotes the topological dual of E. We need the following lemma (see
[1] p. 92 for E a normed space; the proof is still valid for the locally
convex case)

1. Lushiata. ‘Tet ‘Bl be ' real ordered separated locally " convex  vector

space. The following: stutements ‘arél équaivalentis 1 13
(i) B, 1s closed. . e
(i1) For every z, tn B, if flag) = O for each fin I, then x, > 0.
(F, denotes the dwalicone {fe B’ :f(E,)SR:})

2. TavoreM. Let B be a real ordered separated locally convex _1:1(3(:'[01*
space_whose_positive_cone K, is normal, If the sequence (Ty)ew. it | B sa-
tesfies ‘the Radulesew condifvon then x, — x (n — co). )

.~ Proof. We may suppose that F, is elo_.s.'ed.-_In-__‘fac!;_1 B, isa normal
cone ([7] p. 216). Note that it is also proper iie. £, n <K, = {0} since E
is separated. o . :

b

Denote ¥, = », — @(n € IN). We shall prove that f01" any n‘i.n 'IN,
Y. = 0 or 9, < 0. Suppose by contradiction that _there'vemst_g 1 1N ™.
such thaty,, ¥ 0 and y,, '& 0. Applying the preeedingleinma there' exist
Jy g in B with f(y,,) < 0-and g(ya,)'>0. ‘ . '
Because lim f(y,) == lim ¢(y,) = 0 there exists » in N with f(y,) >
700 7=>00 .
> f(yn,) and g(y,) < g(¥,). Applying the lemma again. oneobtains y, &
& Ya, a0d ¥, 2 Y, contradicting the fact that y, and y,, are . comparable.
We may suppose ¥, > 0, 9, # 0 for every »in [N. (In fact, writing
N, ={nelN:yn >0, y, #0}, N_={neN: ¥ <0, y. # 0}, NOZ
={neNl: ¥, =0} we have shown that N = N, U N_U N, If the
conclugion of the theorem holds for the subsequence (&, ).en, it Will also
hold for (#,)xe v_, roplacing ¥, with —y,.) ‘ o
For m in [N, write N,, = {n € IN: Y <Ya}. The set N, is funte :
in fact if N, is infinite then there exist n; <my<T..., 7€ N, (1 € N),
but for each f € B, we have 0 < f(yn;) < f(yn) — 0 (¢ = o), hence flym) =
=0, a contradiction with the lemma since ¥, # 0.

.3
We construct inductively n, = 1, 4y e INN U N With 2549 > 0y

i=1
Then yu, > s, = ... and o, E') —lim Y, = 0. Applying the abs-

tract Dini theorem (I.2) for the sequence (ynk)_kem one obtains ym, — O
(Il — oco). We complete the proof showing that lim y, = 0. Let p € 2 be:

N0

a monotone seminorm and = > 0. Since lim p(yn) = 0, there exists.
k-0

L1
k. € [N such that p(ys,) < ¢ for any kb > k.. N, is finite so there exists:
n.in [N such that y, < yx for n > n.. For n > n, we have 0 < 9, < yx,

hence p(ya) < plye) < e
In conclugion 'y, — 0, @, — @ (n — o). q.e.d.
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3. Rumarks. a) The condition on,the normality of the positive
cone cannot be dropped : there exist Banach spaces with a non-normal
positive cone for which the Dini property (foo monotonic sequences)
does not hold., For ,example I — 1% B, = {0} U {x = (2, 24, ...) €12 :
AN eN, oy > 0 and 2, = 0, ¥V n> N}. B misses the Dini property sinee
the sequence a™ = (0, ...,0, 1. 0, ...) (n.eN) is increasing, weakly

"
convergent to 0 but || a"| = 1.

b) On the other hand K may have the Dini property (or even the
more general property using the Réidulescu condition) without the positive
cone being normal. In fact, for the Banach space B = 1! the norm and
weak sequential convergence are the same and it is sufficient to exhibit
& non-normal cone in %, but such a construction is possiblein every infi-
nite dimensional Banach space (cf. [4]). ' ’

¢) A. B. Nemeth [4], proved that an ordered Banach space in which
every‘weakly' ‘convergent ‘series with positive 'terms is unconditionally
convergent "has 'its ‘positive cone mnormal. ' '

The monotonicity ‘¢ondition'in the Dinj theorem was relaxed in [2],
[3] using an Alexandrov condition like :

i

¥ h k .
Y el a(t) — @upq o)< Y ala(t) — @ (O, (te Ty, nelN)
[t P u ) f

where ke N, ¢; 1, >0 (0= 0,1, .., %) arce fixed. ' e

In the sequel we shall obtain an abstract' Dini theorem replacing
the monotonicity of the sequence (a,) with an Alexandrov type condition.

Let B, ' be réal ordered locally convex vector spaces. We shall
say that a sequence of mappings ¢, : BN — I is an Alexandrov sequence
if the following conditions are true: . ‘

. 12 For. epch, positive integer n, ¢, (0) =0 and, e, is “increasing’’

. - N - WN : o =
in the sense: & = (ay, @y ...0 B, T = (Y, ¥p --.) € B with 7 < i
(coordinatewise) implies ¢, (F) < @, (7). _ G

2° It (w)uem 18 @ sequence in & weakly convergent {o 0 then
a( B F')-lim @, (%) = 0. (T == (@, Ty ...) € BN,

=200 v

3° There exist 17 and W neighhouthoods of the o1iginin X and I and
there exists a positive integer & such that for each n in [N the mapping
bnit@e V' 0l —0,(0,0,...,0,20,...0eW nl,is a bijection  and

n--k

the family of functions {¢;':n e N} s equicontinuous in 0. |

4. Taporwm. Let B, I' be real ordered separaled locally convex wvec-
tor spaces, I having a normal positive cone and let (¢,) be an Alewandrov
sequence. 1 (@,) 15 a sequence tn I, aweakly convergent to O and for any
my w10 N one has ¢,(T) < ou(@) 07 0,(F) < @u(T) where & = (ay, ay,. .. ),
then x,— O(n — co) tn I

Proof. Denote y, = ¢,(Z). The scquence (7,) satisties the Ridulescu
condition in /7 (ef. 1% 2°) and the theorem 2 yields y, — 0. We have 0 <
< 0u(0,0, ..., 0, @yypy 0, ...) < ¥y, and using the pormality of the
cone I'y wegeb 2, : = 0,0, ...,0, %5 0, ...) = §(2,,,) >0 (7 — oo).

L}
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g - . and go
Using now the condition 3° we have @,,, = YaH2a) = 0 (2 - 00)
#, = 0 (n - o). qe.d.

5. Avrricarions. a) Let B be a real ordered separ'ateqef(:l(;a;iijé
conve!x. vector space whose positive cone is normal and (x,) a seq
in B, weakly convergent to 0 such that

%\
Wyyg $1[2(204y + &)y (1 €IN) (*)

Then z, — 0(# — co). ‘ Ly i
In fact, choosing in the theorem ¢.(, , . ".)fﬁ- m,,% r(') " /Se I,;;,
(*) can be written as Puir(®) < 9.(T) hence (9,) is an Alexan seq T

AR is r is obtained by another method for & 2
; aper [2] this result is obtained b} \ _ oft
norm(;l(illg'zii(l:)e.IOuIE proof shows that E need not be a lattice.

Note that the condition (*) cannot be relaxed to :
2, +2<1/2(wn+1 "+' (l?") or ﬂ,/'1l'+2 21/2(‘7"u+1 —}— wn:)y (n € N) (‘g )

it i icient to ¥ ) = 1], (¥2) & bounded
p 3 le it is sufficient to take B = C[0,1], ‘ g0
qu?rﬁz%uinntelge;ﬁ?éﬁ zo]nverges pointwige but not uniformly (e.g. %.(t) =
seque bW ) ‘
=qt,, — =, e [0,1]) and

Tgp == Yy ¥gn-1 = Lgalg == 0 (n€IN).

parable.
b) However (*) can be replaced by

ik

Boen S(1 — by1)@usy -+ L% (€ IN) (**)

here (4,) is a bounded sequence of positive real numbers, by choosing
where (%,

in the preceding theorem @u(¥) = Tp4y + tan-

To obtain a convergence result to an element @ (# 0) we apply the
preceding theorem for the sequence (& — @p|)rem:

6. TrauoreM. Let E be a locally convex vector lattice, lt?‘ anozzdi:";g
'.i'{ﬁ'ﬁ;‘}d Ibcr,allry convex vector space having a w.o*rmql %OSZ; :2?0110 g at
?gp;} an Alewandrov sequence. Let (3,) be a sequence in y
. lew /

gent 1o » so that for any 1,j in [N one has
0 (| 2 — @nnew) F 0i((|2 — Ty | Jnem).

Then @, — @ (% > 00).

T ok
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