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ON ']IIÌE SECÄNT }IEiIHOÐ AI(D IiON'ÐtrSOTìE'.I]]I
MA TTIE]\IIATTCÁI INDUCTION

IOÄr.\NIS I(. AlìGYrìOS
(Lxs Cr.¡sçs)

-4.1)strlìcl. 'l'lto nrt'iltocl oI nortlisclclc uralbcrn¿ttical iu<ìucLiorr is uscd t.o liud cl't't¡l']tr¡uncls
Iol lhc Sccattl" rtciltotl. \Vc assruuc onlv lltaL thc opcrator'has I[öldcr cr¡rlirnlons (l(t.i\,rìtivcs.
In casc lltc lirécìrc[-tìcrivaiive of the o¡rcratol salisfics a Lipschitz colrlition oul r.csulLs ,rt:rluce
to thc oncs oblainccl b¡' F. Potll (Nì.uÌì. llal"ìr. 1982).

(1)

Iulrotlrrelion. Consir.lcr' 1hc crluatiol't

,[(r) - rt

i\1tet'o.l is zl tìclnìircâr' opo'âtot rnal;1tiug a srll)sclj fl Oli a lìarr¡ic,tr sltÍtcrl
-/r,', into ànotlìcl l-ìan¿lch sl)zìco 1t2.

Ilelo l-e 2ìr'o concerìrcd u,ith finding soltrtìons of (1 )using'ihc lstrca,ni;
itclati ons

(2) c'¡,¡, -- r; - 8,f(¿,- r, x'n) 1l (!r; :

(3); ,' r,i,+r : a;, - ò/(a|-r, eo)-t./(er,,) , i:

t\'lìcro íl'-t ?-rìlcl i?"0 ?ìt'c i,l'o ¡toitrls ín tht' rlonlùilr of ,/, arrtl ò./ is a cr¡ìisis-
tcnt altltloxinull,ion o[ ,/'. :

'llhjs l'orli is llasecl upon l,lìc elcg¿ìnt l'olli of F. l'ott'a irrchrrlcd in
l-4 I colctrlrring thcr ctrol'zùn?rl)-sis oJi thc lJecant rnothocl . Onc oiì L'trt.l'a's
t¡asic ztssumptious is 1,he fact, thal, cssontiâllv thc liliear' olx,t'¿ttot' /'' ìs
.lripschitz contjr-Luclus. I]ou'et'er jn ihe plescnce of sornc jrrttlr'csl,iug
e-rampkrs (see pa,rt (IrI)), l\rlìcre f is onl¡. Hölclcr cotrtinuous \\'(ì ('\tr-ì-n([
rnost of tlte lt¡sulfs contâincd in [a] for, 1,her jtela,ticn (3). \\i'lt'lvc thç,
extension of thc results for' (2) to tho urotir-atetl l'eãdct'.

\ì¡e furnish tr\¡o oxamlrlcs in ¡rarl, (lII) to shori'th¿t oli'r'cijulLs can
:be a,pplicrrl \\'ììolezìs the cc¡rir.zr,lcll, r'csults in |4l c¿ìrruot. 1 ì

Sinct¡ orlr losults ale dr'âr\-ìr ¿r,hnoiit in tlrtr sanro liBcs r¡'i1-h 'LJrc orrcs
ìtr l -1], r'cr l'jll ncccl to l'ostâto sornc hr¡r'c.

I. l'rolimin¿rrics. Cjonsirlcl a class C oI- pails (,/, t:o) llict'c./ is as âbor'û
tìncl 1r0 : (!i)-t,+tt..., oo) is zr, s¡.st,eLn of l; points frorrr -Li. \'ì-c q'r-url io
.¿ttach l,o t¡¿r,ch pajr (,f, a)e û a soquon(1o {"v,,),n:0rI,2,... oI: poilìtä
r.tl [r)¡ ('otÌl'el':g,i nS^ to a loclt ¡r,* of (l). '1lo a,chieyr-. lhisi l-tr ussocintq;u'ith



the pair (./, on) an ope,rator þ' : E c- JXI -- It' rvhcle h 2 lt nntl tr'y to o1>

l,a,irr tì scqìlenco {nn\,, lr,:0r 11 2i .. ' by 1ùo scJtcrr o:

(4) ltJtz+r:'E'([t:n,. r*r., .' .,, Nî\) i¿ .: 0, Io 2, "'

Tho ¿bovc scl(ttlo rvill ,yicltl il seq.noìlcc {r,,}, rt' - 0r 1, 21 ' "' -iI
,ì.00: (s)-.,+r., .. ., øo) is :¡n adrnissiblrr s)'stem of sta'r:f itlg poitrts irr tho

sensc given by the llollon'ing rlefinif ion:

I)nnllrrllox 1. oonsitlcr àtr opelàtor lt' : þ) '-Dîi --+ 1l' a'ntl definc

reculsivcly
-Ito: 

¡¡, Tf ,,.rt: {ru : (i¡r, ' . ., 11n¡eîlui (llzr " ', llrt l'(rr'¡¡ eir"'l , tt : o'L'2'

Âny rr,n elN*:flÐ ri,ilibo <,¿r,llerl ¿n *tlnrissi'Lrlc s¡sttrttroli st'a,r'tingtrroini's
r¡>o

f-or' the schonrcr (4).
I.f üo is a,n *dnrissible s¡'stcrr.r of starting poitrts foÌ the schcrrle (4)

rve shall ìsay that (a) is rvoll t.lofirrccl'

lJr¡lrrNrtroN 2. I'eL C be a slnss
dcfinod oll Íì, subsctr IXl o

Patlt', -llr, and to : (lr-r,+rr
rerlurc õf t1'Pt'' (P ; 1) for
sociates rvith alrv (./, uo) e

thc follo*'ing trvo ltropt'rl,ies :

(i) *o : @_o*iu. i., ,,ro¡is rn a,drnissriblo s¡'st,.r' oli sl;arl,ing 1tr:itlt,s,

frrr tihe sohcme (4);
(ii) tlre *r,,1.,.,t,"., {r,,}, rl : l)' 1' 21 ' " given by ('l') cottvelges to'

a, I Ottl, al'F of
ì-Iaving cctlrtlei of 1-,,r'tre (1r;1) for.t'ho <ila'qs C it is'

inrptrrl,au1, to n'Z' -- d;anã.ti-fut't'fion p: lRl- *lR+
*.r*h th*,t tlt ua'lities arrl' sat'isfictl

(ir) d(m,,rl;'r') ( ø(rt)

((ì) (l(no - ,t"r) Þ þ(d('t¡-1,11, tr:n-n)¡ ' ", tÙ( ;rr'' 'r'-'))

fot' ovrrl'y pair (J'r'n) e () tuttÏ ovcl')
lf hc inrlt¡ualil,ics (,ir) a¡'c c"ìl l('(

ìantJ sitlc can Ìrc cotrputetì beforo
(4), rvhilc thc iucc¡u'.úitics (3) artr

thtlir ligùt halltl siclc ctl,n bo (l'onìprl

'lllrc estilnates (5) antl/or' (6) l'
(-f, ?¿o) e C tol l4rich thcse est\J7 "'In the st,udY of (i[) n'e u h

Tho lnel,hotl rvas initiatcú b¡' i ;
e

cI in thtl a,bol't', rnenl,i<llred pa'pcl'
e ttttntbcls, or an intt. val of t'htl
co be a naPPing of the carte-
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sialtr prorìuuL 'J'þ intcl .'r'anrr rct uß (ronsicr():1;hc ¡rir;+¡r,ates,, ro{")of cogiv*rfnr cacJr t, : (tt, . . . , t,). lri ïil ïiio'iäu.rüo[,*.,riri,äì' '
(7j co(o)(ú) : furT¡o'tt) (l) : e(n)(t',, . ., lo, to(t)), r¿ : 0, .L, 2, . . .

nlr*tNrtron il. ,r rna,ppi.g o : ,r,p t, !r.. u,ith trro il,bov. i'cl,ar,io'lil'tv,is calletl ar'ate of co.,räïffi.," otìyp" (,p;r)., ,r,, if 1,rr¡.r s.r.i.s
(s) oft) : fr .,, 1r¡

is eonverge[t for a,II t e I,p. '-o

Ilrom norv o1^J-nill 
þc-a nra,pping of /J jnto _/l,", whcrc -8, is a,e'mplctc r'ch'ic s¡ra.*, a,ntr ¿ r sír,:,ì är: 

'ír,,,'iì*,,,".rîu 
¡r,orrrrct /,,)1,.we attac^ t' /" 'tho' ,,i*[¡rine"-ri', u -* L'¿,,'-<i,,rìi,,.ì'"r.o, (]\.o¡,,\. rt, :: (!lt¡ . . ., !Jo) e ./:) ì.r¡,

(9) Fet¡: Q¡r,...,yo,1,(u,)).
l-)cnot,itrg rttù : (cr¿-p+1, . . ., a;r,) Ntl ltavo
(10) ?{¿+r : F-(un), il, :0, I, 2,...
Sitnilarl¡' $'e a1,1,ach 1,o co tìrc ma¡rping ti : ,f,p _, ,fr" <.lcfí¡crl ¡¡,
(11) õ(¿) : (t2,, ...,ts, ø(t)), t: (tt, ..., I) e lI".

iìiiil!*i.îif ll" 
ii'erratcs of zó in the sc'se oï r,he *s'r¡r cornp.stio' rf

Zùto)(ú) : t, a(n+Ð ¿) : cd(õ(Ð(¿)).
Then (?) bceolneis

(I2) ¡¡{o)(l) : l,r, <¡{n+r) (¿) : (o(ãt(,¿)(¿)).

llinally, .we inil'oùnce tJre rrotation

T. l{. Allcl'rìos2!ì

ì 9(r) : o(t')--t,.
and (1I ) it ftotìor¡,s tr;haù

9(r) : o(õ(,)).

llroxu (8)

\üith t'he abo\¡o notation we cân state ilre folo.ving proposition rvrrcseproof can bo found in lB] or [4].

surtset 'i:,:iji::T!,,,ir,å, 'i.,ï,iu':í,;2':",!,ri 3_r,çrwttø,e es 
.t.he cttlss oJ+ it 

"Í, 
n.-Ì,;;";'ie n, rate oJ. cort-,üet'(tcil ; l) on 'I.

l-f 1,here exists'¿Lo : ({r_r)+t, ..., nr) e lland fo e l,r suc¡ 1,ha1;
(13) uo e 7.t(to)
ancl if tbc reìations

Q4) pþt) e r,(6(t)),
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(16 )

(1?)

(18)

(1e )

ilo 
r: K' Aric'ylìos

(f 5) ¡l'(tr'(tt')'Y") { tu

[.Ì,re s¿ì,l.istict'L fo' a]l f : (fr, "',1") e 1-'! amcl u: ('!tt' " ''!lt) e7'(1)i

lìterr:
(ì) t,lttr it'e'r'¿tiorr ('t) ¡¡ s'ol1 tlel'inott'

' (ii.) lllrt're c-xìsl's ill 'trr'i' e -llt' stLcìr tìrat r':*': ]l: ""'

(iii)The.tollotvittglc¡lt'lionsarosalisfieclfot'a1lit:0''I'2'"'
tt,, e 7t(ol"\(to)),

d( ;î'r,-¡ 1, e',,) > co{") (fu),

(t' 
"'nåî], ;;':' ;:'ï;:; ll'"'

(iv) Lct r¿ bo n lrosìtivc iutcg-cl arlt-L lt't d'e l[1'1i'Ï

-,\l$o, ns in f2l \\'e càn ca,sjlv shot' 1,h¿-r,1,

(24) ll/T¿) -.f(y) -;['(tr)(t: -,ù'.1< * I -1lt: - t¡11t+qrïq
for rll r, .r¡ e IN;.

l''inallJrr fol ¿r,Il iû) yt xL) r e ll, \r,o hiùr,e.

llJQ¡) * J'@)- 3f (r-,, y) (ø - t,)ll :
: il(.ï(u,) - J(r,) - f'(tt)(tr, - ?,)) j- U',lo) _ tJ'(:t:, t¡))(u _ ,1,)ll

¿ 2d tt ,. ..r,r.r/ \ ,/t
" , -i A 

llu, - ull'nl -,. r/|l,r - tllø -i ll.tt - rljr)lltr, - t:iJ

(2it) <,t(-.',.,rr-¿,llo*;1, - ulloi ily- ,.,¡o)i¡,r,- ¿.|i.\l*r/ ')"

c 11 LaL C(ho, Ço,,. t'o) be tho class of all l,riplcts (f, ¡,0,,r_r) sa,tisf.1,ing the
ror lo\t't ug pl'opef'tles :

_(Pt) ./ is a havilrg the donrailr of ¡lefinitiorr /;i
inclutlecÌ jn1,o a, 1cl taìrïrr.g y¿ftlt,s j¡ ¿r, ll:r,u¿rr,h spa,cé
no.tt. : ':.

,. (l'r) ro urcl ol, H, sr¡r,ll lllruU

lj,¡o - r-rll < Çr, ll,to - :r'_r jl< r.,.

. (llJ /. is l'r'échct-crifferentiabre in ilre optx ball [l 
= 

u(no¡ v) :[* : nr./ lja, - aro jl < fr-] antl cont jnuous on il,s closru,c lJ.
( L'o) bltct'c crist.s a, r'orrsisLcttf gr,nrrlalizctl alrpro-r.irrllf .ioll òJ' of /' srrr.h

th¿l,, Ðo: :8/(,r_,, ,ro) is inr.frrtible antl
(26) ll D;r(ð/(a1, y) - l'G,Dll < hn(il ï - zll' llly _ âllo)

for ali t:) tl) ø e t/ ¿rnrl ,,itltrie /r,o > d.llD;rlt.
(P.) tJre foIIou'irrg incqualit¡, is s¿tisfie.cl:

(27)' liD;'Í' (øo)ll < 1'o.

(Pu) -\srrur'e thnt 1o. r'e (0, r'6ìr (o ) 0 anrr for fixctl q e 10, 11, the..
ftlllt-ltvinta csl,i lrratc ltolrl::

'tt ¡ -t e 7t (tÌ ,,) ,

thoir

(20) r7(c"' ar'i'){ P(d")

si rt,r' *e n'r' orir' s'i tg,11l ',:i'Ìllrlìi,ilî1î\\îi\ tÌ)j'ì1 "'uttlìt'iållì
* lr¡,1 rvill {<-rllorr-for' (2) \\'c àsstllllc [l'olì

the c-lclinition :

rox 4' Irt'1 -1l1 autl -Il' n?ì

Let f : 
"Il'' 

-' 1tr" llt' 1ì ' o

otl lí.' 'i\1" 'n¡" 
tlt'rl 

"1, '

t'ct' lil if fol l5o111e r; q'

(21) il.f'{'"¡ - 'l'(tt\li< r:il rr - tt\\"'

,Irr t,lris c'às[l \\'(' str'y .f '( ') e l{r'(c' Q)

1,h¿t

(22)llò.1(:r,y)-.Ï'(z)il<¿1(1lr'-c!l'r-lliil-z\"'o)'[le10'11,.'"'
r,rtrr'[ f ¡t- all r.,r r¡, c e Iù,r.

' |Ilrd'trl.lor'tl cilt-Ltlit,iolr irrrlrljtls ,¡ht¡ llöIcler, cloLllitrrtitr' o1i l',. Ëìltce'.

il./'(r') - Í'(tt)ll : lt'(','('r) -- 3'l(rr'r7)) -', (s/('' 
' 
y) - '/'(y))ii

,, <,d( li:r - t':il'-l-ll '!l - t'li() -i- rt(ii 'r'- 'Vìi'+liti - illiu)

(28) Iro

lvht:re

(2e)

2

q+ l I'r-f (o(r'o) - "(t.) + (to)" * ("(r'o) -- o(t'¡¡,t

o(t') :))o-e,,
1-l q

r' ç co(r)

(217ll:t' - ltl','

Il'hat is

(?:i) lll'tr: -.f'(y)ll { trii;rr -''!l\i':" ¡1 :2rlzrrrtl 1o'- all 
"t'' 

t1 :1ì'

(30) i ,o,(,')-rr{f ;, *:',- 'f
7+q

ì
I

_ &l+a
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(31)

a,nd tr is thc nrinir[urn Dos.i ivc solution o1 (iT it' oxislx)

(32) (øo(r'n) -i' (u)'oo - (øu(10))1*q ==' 
r'

\Yc "ritl usc thc cst'im:rt'e

llD;l(1(u)--/Ttr) -ù.1(r,3¡ 
('u-t))1i '- liD;l(/(tt'\-f(u)-j''@lþt''-a)

-l- Dtt (/'(o) - Ð./(r,rr)Xø- r.')ll

< zrf il D;lltllu 
- ,¿,,lir+4 -L lu( ll,r, - oll" -rl1y - r:ll)4 l{r^" - trli

,r+q
('by (24) arrcl (20))

' f z-¡rt 
-,ll', f ll,r. - Dllo -i- lit/ - t'tfltt" - t'll'(33) <

II. Mnirr results. using (3) tt'e sh*,ll show ùhat iÎ (-f, ff¡¡¡ #*rì e

e C(horqo, ,'o) then (1) has á soltthion ì¡1" ìvlrtch is urrique in a certain

neig'hborÌloocl of rno.

Wtlwillncccll,lte.tollotr'inglernrnatÌtclseprooÍirssirnilarl,oIjerrtrna
I in [4.J is onrittcd.

0, Qo )n 0, r',, > 0 u'ra sw'clt' t'hnt tlc rqt+al"itttt'

(;t2 tliie"iot,itriut 'à.-'firr,.l.he..l\nt<4ío,tt a) qitrn ¡'1¡ (ll0)

iv o,l' t!t'p'' (l 
'11 

oJ 
'ii'i 

+'"'t'ìl"ul l!' : (ò' i 
" 
l and tht

apr is gí'uctt' btl Q9)'

\\il rvill Ìì.o11' Ployt) the'' rnain rtlstilt'

fllltrlorinlr :t. I.f (,Í, ei,, o'-r) e C(h,,, qo'ro)' lhen,-

(a) fle seq'tlcn'ca"{'r,,)", tt =- O, f' 2' " ' is rcell' tlqf'inc[l on

(i '=' ¿¡1'¡:n, lLo), t:ultere ir'o -'- o( r'r¡) ""ì¡"ì 
litt Lr onct 1'ç¡¡1:1¡r¡"s ltt it xolttl'ir¡tt'

r;t tal' (l) srrc/i lÍaf :

(:J4) linu-r. - n:*ii ( o(or("i(t','))' '¡¿ : 0' r' 2' "'

(35) lì,i,,, - 3å'lj( o( ll.'t",, - 'ii,-ril) - llltr" * l¿n-rl| 'n - llt l' 2' "'

wltet'c o). G ol'e 'gduen lt'r (30) anil (2Ðl respecti'ttelq'

Proo.f ' -l)cfintr t)re rntr'pllirrgs f' t [í -.//' :'r''trtl '/'':'f' :
: (0, t'nl -' e-t¡r(øt,) b"r

i:J6) /'(n¡ - e' - Dur Jþ;)

i3î) %(r): {rt: e Il,/ l{;rr - â:{'11< o(ro) - o(r)'ii l);tJ'Qt;)i1 < rì'

I3¡-, o(r'o) : ¡r.¡, it follol.s ilnf ZQ) c [/. Ilì r e (0, r.r,l, t: e Z(r) and
u : n'@), thcrn tr.e hat.c

(38) ljzo - roll< iiz¿r - îrll -l- llø - a.,oll < r -j 6(10) -
- o(r) - o(co(r'o)) - o(or(r)).

Sr'nce æ: ?(ø) irnplics ./(e) * .Do(tu - ¿,) : 0, usìrg (.ìlì) rve havc

llD¡l f(to) ji : ll¿;'(,/(tu) - J:,.i') - i)o (zrr - ,r) ll

,f 2 l< ,r l-1-* O 
-l'tu -.rllo +(11,,'- .r,ii +ri ,,'n - i/0lj'/l- ri r,., - ;.1,4J zo - r,ll

* ,, 
[- ,1 , 

r" -', (6(/'0) - o(r') -]- tn)o f (o(r',,) - o(r))"-1 ,'.J
(3e) ( ro(r'), (b¡' (28)).

_ lJv (36), (37), (38) and (39) it follol-s lhat tbt Jn.potirescs (13), (14)
antl (15) of ploposition 1 arc satisfiéci. The esbilnatcs (3a) follon,lhcn fi'om
(19), rvltile, colresponcling to (16) ancì (17), x.e halc

aro(r) --= ¡'o =: 1'.'1 ur+o,
t,,,

(40) âi¿-r € Z(d@-r)(rò),llu, - ar,,-rll ( or@-l)(r,n), r, 2, t)lt

llsiug (40) ancl the fact tha1, ' inireascs orr (0, r'ol lc hâr't, øn-r €
e Z(llt:,, - ,u,-rii), *o that a,ccortling to (ir-) of p.,ìliosiûo,r 1 it, folloivs
that (35) hokl fol n,:'7,2, ...

l-r(ìt no\y r¿ +o9 in (3) to gct/(e;r'): 0. This oorulrletcs ltalt (a,) of thc
i Ireolt,lrr.

I'alt (l,r) ancl (c) tollorv itlcrrtically a,s ploposition 2 in ll.].
llrìtat, corrrp]etes the proof of tbe tht¡orcru.
\\'e can tallc nbotrt thc uniqucncis of tho solutit)n ,?r'i'in iì crìrtàin

ilcìgìtbot'hocltl of øo but the motivatecl reacler can rasil¡'ploduce the ¿rn¿l-
log of thcolern 2 in 1.1] tllat c'lesct'iltcs thc urrit¡rencss of erl,.

;\t l,his point rvc prcfcr not to putsue thc goal of itu.cstigalìug ite-
latiou (2) ivitlr oulnc\\, hypol,hcses but jltstead lefet to a couplc of in-
telt'sl,ing crxarnlrles tt'het'c our lc.sults can l¡c applictl ¿uld thrr col'rcspou-
rling oncs in [a I cantrot.

III. r\pplic:ttiolts. Jlt'rtrttple J, Considc¡t' thc functjotL G t1t'fint'cL on
[0, D.] ì:¡'

,3
G(t) --,-,.t., j-i-3

.)

fol sclrne ¿/ > 0.
Iet ll jl clenotc thc rnax tlollìL on [Q, lìtcn

llG"(t) ll -- ura-r
I F tO.úl

1

2
+l :Øl

which jtnpiics l.hat thc Lras;c h)'pothesis in l2l (tlLc .l,ipshitz cc¡r'rtinuitl'oË
J'lot q I .t in [al)for'1,ito alipliõltion ol Noii'lon'..{ rnet]hotl is not satisfied

3 - c. 1172
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for fintling tr, sollrt,iorl rlf thc tltlual,ion

(41) G(¿) - 0.

n-Iorvcr.t,l,; it, r:an casilv bc" sct-n l,lrat G'(l) is Hüldcr colll'iìluotls olr [0, b]l

wilJr

c :7. atttl r¡ : +
T¡e¡e1o¡e untltrr lJtc assutlptitlns of theorerrr 1, il,tn'ation (3) ivill

clon\-ergo tO ¿t solutj tltr 11' of (-[1).-
:\ utorc it.Ltclt'stirrg ltotrlrivial application for theolen 1is giTen by

tltr. ttrllr¡tt'iìlg ('\âlll [)ìc.
ll ru n il tt 2. ( lõlrsi tlcl tllt' tl ilfe'rcnl'j aI ec¡ral'i otl

í12) ,t:" I '.1r-q 
: 0r q e [0t 1]

llt(0) - æ(l):0.

\\¡o diviclc tllo jn1,crval [0, 1]into rr, subintcn,a,ls antl rve sct t, : ] '
þt"

X,et [t*] Jto 1,hc points of snbtlivision l'ith
0:rh{rr(... <

-4. stâ]nclâr,{ apluoxirnatio4 fot' the scconcl de.riyatir-e is giyt'¡ þy

ç;, :--r,- ?:,':. 1, *tlt, ¡ r¡ : t:(t:r), i : l,t2r. . ., rr. - J.
h,2

Talie ,:o : ,t'tù - 0 ¿r,lltl tlcfinc thc ollciriltot' 7t,lR'-1 -* ]R1'-1 by

(43) i'(,t) : Il(ttt;) ! lt'2c¿(n)

lDhen

l:r'i 0
l'.j

l" @) :- II 1- /¿'(q * 1)

0 ï,!1.-t

Nc¡n'ton's lnctltorl caluroi; bc applierl to tltr¡ ci¡uiltion

(+4) 11*,¡ : o.

\\'c rttà\, not bc¡ able to cvalu¿lte tho second lrr,échet-tlct,ir,¿r1,ivo sirice
i1' tt-oulcl ittvolyo tìrcr evaluation of rJuantìties of tìre for,lr lr';ir arrc[ they
rnay not oxjst.

\4rqr rvill face thc same cljfficultv in vclif¡-irrg tht Ljltscllilz co.ntinu-
ì1¡' ,,¡ ¡'.

.Lct n; e fR'-1, Iy' e [R'-1 X çr-r ancl tlcfinr. [hr-' norlrs o1 r, alrtl ff
,b¡,

lirll : ììr¿ìx l';t'¡ii<j<r-t
il-7

ji11ll: rììâx
1(jçrr--1 T Ut¡ol

.[i'ol al] ,¿', ? e fRil-l for n'hich lrnl> 0, i¿., I > L),,i - .1 ,2, ..., .l 
- 1-

rr'o ol.rla,iu, for' g : -l- .^r',

2-7
t!t"(:.\ - It"(z)ri : 

l1 

ar-s 
{(t n -j )r,(,7 - 

ti)}11

1! 2 0

f,)

(--- it!
t

l-nraslr,r, - ?¡ll t, '¿ 2,nìA-\ I?', t -:t i

H 1ç.¡ (;r- t 2

-J :2 ¡,,riri, - :.¡ I .
2"

Tltclcfolc, unclcl thc assnltptìons of thccli't'rn 1, itrr.rtìon (13) l.il!.
couvelg'e to thc solution ar't of (,14).

Ilctn,ctt'1,:s. (a,) Notc bhtt l'or' e: I oul rt¡sults lecluce to thc ones in
,l,ll ar-L<l conoition (28) is then irninecliatel¡. s¿rtisfiecl fol the pzrlticnlar'
chojce of <¡ ¿lncl o girrcn b¡'(:10) and (29) r'cspcrrtivel"r..

(b) Using.ììollo's l,hcorem onc crlrì,,q-ive suffjcicrrt corrrljtiorrs irr tt'r'ms
of l'0, qo, q ancl /ro tliat guarantco the e-rjsteiLcc of ¿l rrriniruunr positir-e
.solntion ø oï (il2).

0 L ,2

,t(ti¡ :

lrr
ù2

tlt-'t
ït*o

:

-l+q"tn-l

an cl

] n-]-
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SUL IìilîDIìfÀ:ßN .l.O IN,-IßINSIICO
ÐI Ur\,l\ illl-ì,{SIìORilIr\ZIOND PUN.I'U-r\IrD

'I.R.;\ DUD SPAZI DUCIJIDEI

t.ÀNl)o r)I]Gor,I
(ìfoclcua)

lìcccivctl 20 VII 1988
Deparlnrcttl ol )lallrcrttulìrs
N¿tu rì1¿oico Slalc Uttiu,
l.us Crttcts, ,\'..l1 ss0t,?

nìiirssulfo: Tntlodrrctntìo nrro spcci:rìc l'ifclirncnto inLritrseco, il sistcnra algebrico tli uono
grado rlclle rcLto inflcssionnli di rura lras-tornrazionc pnutualc Lra tluc S, cuclirlci si spezza
i¡r sistcrni rìi sccondo graclo, cnuscrrtorrclo rìi dctouninarc lc cclnazioni scparate clelle singole
¡'cttc inflcssion¿rli c clclÌc proicltivita\ catattc¡is[ichc csistcnti tla lc coppic cìi rette corlispon-
dcnLi.

1. fnlroduzione. Di un¿ìr corrispontlenza pìrnl,uale 'I 1:ra clue 8'
TJrrclidei conlplessi nell'inl,orno di una coppi¿ì, (O,O') cli punti corrispon-
denti a Jacobi¿r,na 7 0, sono note le scguenti proprietä.

Nell'intorno cleì prirno ortline tlclla coppi^ (O,O') sc P è rul punto
infinil,amcnte vicino acl O al qua'Ic corrisponcle il punto P' infinitamente
vicino ùd, O't si ha che la corlispordenzâ, fra lc clirezioni OP, OP' è una
proiettirritàr, non degenere cù.

Nelln, geonetri¿ì, rncl,r'ica il rappoltr:+: 7, tlett'o modulo o- o'P'
cocfficiente tli clil¿r,i;azione line¿ì,ìre, clipenrle soltanto tlalla clirezione OP.

Nell'intorno dcl seconilo oltline c7i(Or 0') si consiclerano quelle alire-
zioni nsccnLi t7a 0 (da O') per le quâli ? conser\ra le inflessioni delle cut've
Ìrscenti cla O (rla O') clettc tlí,reziott'i i,nflessi,otttrli (o ccn'u'tteristiclr,e) di T
nellu, t:o1tpt'í,a, (O, O').

.1,¡c', clilezioni inflcssion¿¡li usccnl,i rlzl O (da O') sono in gebcrale (r'ecli :

l11l) :

2, -7.
'llra lo coppic cli lcl,tc càì:¿ìl,teris1,ichc corlis'¡rondlcnti in (ù, conside-

niàmo le ploiettivil,¿ in cui ai tre punti irrfinitarncnte vicini clel flesso in
(,) cortisponclono i tre puuti infinitarneni,e vicini ciel flesso ín O'.

Tali proiettivil,¿\, sono clettc ltrotettíu'ità' ce,r&tteristicho cli T in' (O, O')
(vecli : 1721,

Rifcrenclo 1a trasforlnazione puntu.¿ì,le ai 1,re ¿ì,ssi, clLe si colrispon-
,dono nella proiettività co, la, 1,r'asfolln¿ì,zione assumc la forma :

'!¿: u¿fr¿ I lrb¿¡.nn¡,n" + Lsl (i, lt,tu:A¡2, ...,1')

dcrvc lc o,¿.b¡¡,¡. sono costzùnti con (,t + 0) ar¡en(-[o supposto la ,Jacobian^ + 0 e
,rlove [3] r'¿ppresent¿1, i l,crmini cli orclinc > 2.


