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l)ul'l)oses of Iltis ¡trrpc'nt'c Lo gi'c.sor'c ]oe:tl .cprcscrrtatio. ¡rcotcl's lor)rìar ¿r- rlofir0(r orì sìnoorr,ior,n"ctì r,*"ì ,r,ìi.r^i,ii;ìi, ol. semi_inncr pro-
,1,'l'å'rï 

tu, antu'apia Isln,i¿-¿o cr'";;';:ï;åïtläi1,,"u, or rcrrcxivity

0' hlf¡''tlttcttntl...l; l',cL (.t, ll-il) lrt.a r,ea,l or,eoml)le\ rrr.',rn'tl Iirrt,n.
ìlil;liarrd 

ri ir rinr'¿r. srrbs¡rar.ò i,i .r. ír',ì",uì ùììr:ìo.,'ii*'i"ìlì*,rgr.r,,,r rr're_

(0.1) eç(r) : - ::å lln; _ sl! == d(n, G), u e X;
r¡'hich rvjll bt+ callecl. the" tlistance f*netio'al associatett to urre¿¡r, suSs¡racc G.ilhc follo.rving. }roper,üjes of llre^ djstaucc funotiolr¿¡l rc rvcle cstir,_trt ish e<t 

_try_.r\{i r.on }ii c;j ;J";; 
"iìi 

I ", öï
_ .u.1."r,ri,o,.ùr, 1.,rn. _rrcåreiä):".i Íì:: i']rfl, 

p,,,,l,T 
;,11,1,, rn,,,r,*, *",',,,*'tt'tt G its rùteut' tut,ipnri.'-'i:i;;;:;í;"¡r,uoui,,tg siit.tcrccs *re .r*r,irr:(i)ForallueX:

(0.2) 0çaç(ø) : e¿ (ø)=( co;
(ä) IÍ Al is ct,l,ineu,r subspr-¿ce in G, .ilrcn.

(0.3) ¿"(ø)( ca,(n), n e x;
(iíí) ll:'e ltam

(0.4) e.ç(it):o i,f rt,e1;
(0.5) ee(r 'l rì == ee(n) .+ ec(g) : ee(a), a e: x zr,ncl g e {Ì;(0.6) cc;(ø -i- !ì< eç(n) _F e"(,), :r, y e X:(0.7) eç(a,n) =,= jaleq(u), a e K, ç¡ c .X )(it,) ll'he J'olloui,tr,ç¡ in,eqttali,ties holcl :

(0.8) le"(n) ^_ ar(t|l< ilr -_ y iJ, *) lJ í: .X 

^
(0.9) 

¿,"(a;) < i/ø ll, æ e .ï:
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0.7. I)nr¡rxrrroN, (tirl. l-1-l ¡rp. lì86). Let 'Y bc u' reÍl ot'cotnplr:¡;lincu'
sp(rce. Ll tn,upltirtg (, )..'Í ,r ,tt'-' li is cuLtett senti-in'net" pt'otlrtct itt.the
iii,,iià ,,;¡ f,wnL'ci' or", ioi'inort, .[t-scnti-,i,nntn' .protlttct, if 'the I'ollox¿,'i1¡¡¡ t'ottdiliot's
are sa,tis.f'íeit :

(i) (t I!t,z)t-(r,z)" .t. (!l,z)r., r, 1i,r,.-e f;

(ii) \at', !t)r, - q.(r:, !l)t, a. e 'K, 
u, t¡ e X:

(iii) (t:, n)1) 0 iÎ er * 0

(ir.) )(,r', tl)r.i'" {,,-', r)t, Ql,'!l)t,, tt','! e A ;

(r') (,t:, )t¡¡)¡, == ),(:r:¡ !l)r, ), e Ií, ,¡:, t¡ e X.

\'\'t ¡gtc that thci ura'pping X¿ t'l!' 1,r', lL'L)uz€fR* is Íì llolm olì

Ií is I cotltirtuous ìintrar'
) l,ntl ll.,f,, il =: llY li'
race is smooth ifl tllcrc
It'r'ftttls 1iltt¡ norrn or thrl
is ctnlinuotts i'c.,

(0.13) lim lìc (!!,,t, -t t!l')r, - l]o(i7, e;)r., '):)'y e 'f ([1-l'1tp'387)'
l;0

0.g. DnnxrÍ,roN. I./ot, (-l\, I . i) bc a ltolurcd lilLt'¿ll spzìcc. lltrl clcrntrltt
r e.X is ctrllcrì. or,tl-rogorral in'tlro scnst¡ of fljt'khoff oY(ìl''J/ e ,l' if

(0.14) llr l- ).y ll> 11" il folail )' e I('

\À't¡ notc tha[, rrl-.t7.

l¡ pa,per [? | (sce also f1 | pp. 401) Iotrn ììci¡ca itttlothrcetl the coltcept
oT or'thog:onality in tllt sclrsc 0f Jrltllrtl'.

0.9. Dn¡'rxrlt1oN. [;ct (, )¿ l¡c a jl/-scri'ri-inncÌ protluct, olÌ J: âlìtl i 
' 

q

i,rvo clements in L Thc ckìment æ e iI. is saitl to l¡c -l-olthogortal of'c-u

yeXil
(0.15) Qr, o),, : 1¡.

\\'c ttotc thlt, arL.ry (soc f2l, I)cfinitiolr 1'3)'
il¡c follo¡-irrrl li,rnnri.l 1l'or.ctl itt l-l] gives. ;r tiL¿rr'¿rci,t¡t'iz¿rtiotr trf

1, ortlx¡q'otr,¿lii.r. in'trrr.uu of i3ilkhoff's clt;thogollalit.y 1'ol' srrrtioth uol.ltrtltl
ljnear Np:ttÌcs.

0.10. Lnrrru¡.. ([-1l, L,ernruir, 1.1). l;¡1, (.t,li 'l) l;c a srrt()our tto¡rte¡t
linear.,pi¡",,a¡c1 (,)r'ttii J,-st:rni-ir-Lnel ptoclut-'t rvhicìl gettoliti,tls thcIroÌnr

ll 'll. 1'hcrr bhtr foìlowiltg tlsscr'Lions ¿ll'o t:qrtivit'It'ltt:

(i) n I' '!/ ;

(ii) t: L !t'

No.lv, rvtt s¡all giye LhL' (,oncellt .ol sern.i-lirncr lllorJucl. in thc serrsc o1

Tapia ¿[ssociatod to a reil]. ttotmetl lilttlal lJpa(rc'

i2 S. S. DRACOv{IR 
,

(t-) 'J'tttt mrrTtpi,tt¡¡ act is cttttl'ít¿'t(o'Lts otl' X en'ilorceù' u'itlL sLrontt t''LÐttlottry'

,\s :r co'sct1r,ú,,åì. ä'i:äi;ii,"ö.ìì.s'ì.;..i;';-ili,' tnttun'lrig co'olla'r'v

(ls l, ¡r¡r' 130) : 
, , , a- r, ,ì ,,, tt<,t, (ì u, I'ínrat'

0.2. Oonolr, Art"\' f'tt' (f' ll 'li) b.e a tt'ttr¡ne[l |itrtttt'r' s'p

stùtsyuce itt,'I' ,tttl 7")'r'i,rir,,,''r:ti,,,rri't', i,, 
''1"'"i'it'''n 

lltt' rettl I'titttlit'tt t,itrn bi¡ :

(0.10 )

is cou'ue,n irr' [R

{0.11)

t(t) : -- eçQ1 -j- tz')' I e R

II ,É(t, tltctt

lirn 9(f) 1: co'
t++@

'\lrothct pl'opclt¡' of thc clistancro Tunct'ional -cc left'l'r'ìlìg 1'cl s'ca'li

tnp"roi¡)'"i'i, llt:i "Cï; i'*1'"c1iec1 in t'hc¡ nort thcolctn :

,.3. r,r¡:o*,,,n,.. f¡ s l,;,1i1'ïï i,,l,,f; 
t'ì;!lu);,,--rJ',,j;,t;,.ll,,li),,'i!,í",inli,,','i,i'1,

o.f x.
rr:sult n'c settcl to [Eì 1lP' 140'

tollorving I;;;ì; tiiti cir'imptot't¡ t' hc dcti rr i-

ctional'

s'pu.t:t: in, .X . I'lten' t

(0.12) ac(,t) : 13: li''' {tll' nr e '1I'

lìß\\<2\1 fll

2. '\orv. rvc strall ln'escnt solne.c:ou-ctrpts atttl resrúts in J-rcst apploxi-

rrr¿tioir t-lì;oi)' r'iìiiìï-tiili 1r. usetl in the sequcl'

Ltrt (I, ll 'll) lle a nottnecl lil,ìc:Ùl-spá'cu' G l)r'opol Unear stlbspactr

ln -¡¡ str",¡ iftnt ' A I J antl er e -li\G'
0.5. I)rc¡-rNrirroN. ¡h. sujrspàce_G is callcrl plo-rirrina'l in 'x if for

cver')¡ ,r: e ..\ 1,he *.'iîì'^li-tìtttit"ti* át bosl' apploxinration in G to 'r :

.aÌ¡1(;r,),: [foe Gilir - gol] ltåll " - 
glll - G

tt ""ììtirrt:(r) r_,ont,riirs u rLrrìr*.rc t,lcr,'r.rit, tht^ ..,, *.irl lr. calrerl chcbvshr>

yia,lr i t'r ,\ .

fl'¡r. 1r-.llo¡'iitq lcltrtnn r¡[ chalat'ltlizatiolr 1.8]ilp' 8? is irniroltzìnt in

rvh¿t lollos's.
().6. lrllr\tNr,r. f,r:t ('f, i '\i't), be tt'.,nrtr¡t¿eù |

,,l,r,,r'i',ì '\",]ui,,tui"íttr¡ Itta ttul! rlcnt''ttt0 ' 'l'Itan II
'i,'i'tåri,'ìt'. -t il'll 'ittdt tlt'tt :Ll{ itL tlte se¡tst'

û'8). - ity ri'c serc-l t,o 1,8] pp'
.[¡r

86-95 r'1,'oclLrct ill tho senser t¡.[
:J' si*ool'h no1nr3t1 lintral

Itllll.rCl
5ì)A Ces.
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0.11. T)tcr¡rNllrloN' ( [9]'
Unt'al spe,ce Íìlìd 1e1' / : -Ii -' [R

(t, !ùr t :tjiÌ

.T@):

ii,i ¡l I'i/; rllìþ, 
( 

;":iril'ÀÏ .î .ïli å:'lffiË
l'rrf;ting r : : 'lko)- ?(r, ì\-(ì olrt,lirt :' 

iiæil'

/(ar) : (n, a)", ,Ð € ;'ll aud ji./ij : floli

lJ"r. Ascroli's thcolelt ([8,] trll. 2l), r.e havc

rt1,u, rrt - lrl'])l , ,,, e .il,
il./ll

.[Qt -ì- tn ) -./(v)
t

, '1"'r'Y e X

Ís crillt,rl sQilri-innrrr procllrot iil tlrc, sense of 'Lìapia ot, foL sholt' fJ-s¡rmi-

inuer ÌllorhLcf'.'""" r'r.'ffi"' tzl n'o pto'c¡tl tlc follos'ing result'

()'19'llìì']Iìt,\.(l-9l,Lctitltrnl.2).r,et,(.\,il.ll)ü¿tl".sltl'ootlt,ll,ol'n,c[I
!,i,ncr* s¡tace a,tttt rctl,'ll,' tii'i'ti,'î'Ï,-'r,:,i;í:;;,';,;1:'-:ptloaìitat totúctt' rte*erutes the

nonrt, 'l^' ll' ilìlrtn rt'c hzlvc :

lìo(r. ,t: )- ill)" - lì'r ll'

(0.16) 0',u)r: lìe('ry''7;)t'-tlllT

!'ot' crcrt¡ ,i', ì/ € I' ¡ p T .....-; i',ì¡¡r, rìr,rì¡url, antl ]-t-Sertri-iuncl'
.[,'ol' ollicls 1rt'o'¡ttit'ties of L-strmj-ilrucl' ulothrcl' ant

ntor[ut'{, 11r1t strrì(l ro-iil' f?J' ].11plr';rsä1î2'";;ì; 
tho recenÜ papcls of

i,lìì,'-ü,'lr,ot' l2l, l3l rrutl l4'l'

1. Loeal rcltreseutal'io
sunìroso thal (..T' ll 'lì) is t
o'àitior.t numberi fieltl ancl

rvhich Ecncratt's the llol'm

1'1.Trrnonnlr.]'et]Ibect,lt,EperTll,anocrln,t'u,ilt,itt'gt,lrcnullelent,en,t().
flrrrr-ili-iittolul"'ç¡ se'nte'nces rt'r'a erlu''italent 

"

(ti".it tt ltrou'i'ttr'iiu'l' in X;

(il) TlLere e;aists un oletn'enl t't' e 'l-' llt¿ ll : L suclt' 'tlt'at

(1.1) a"(n) == l(u' w)'l ' 
n e X'

e'rve that e'(m) == o for all n 'e'rr
îir."äî¡i"i."" L"-*a o'10) bY

linX.'f,it""-ir, is closeù in X '([8]'
åälti"tit"* Iinea'r functional

(fì;r" 
exists an elemcnt' ø e x\{o}

LH.

J'@)tl -f@)ae Ker(/) : 'H' neX'

u,1¡(,r.r, ,tL i -= - 1'--, artrl llrrr Lhcorcnr ic l)l,o\.cr¡.
ilt' ll

1.2. O0trcr,r,:\Ry. T,9t_\X, ll .l]) be ø stn.ot¡t,lt ttrtt.ntet:l l,i,ttectt, Sp(tce u.ttlr
l.he ru3l nu,nther J'ieltl q,ntl II u hq,¡ter1tlnrtc in -Y er¡nru,i,,ni,ng the nui.L elen¿enl
0. 'Ihcn, lhe ,follou'ínq contli,tions u;ie equil¡a,l,ettl:

(i) l1 rs Ttron:inrinol irr. .{;
(ii) 'llh,ere eui,sts ttt¿ el.ent,cnt ø e -I, lit li .-- ), suílt tltut
(1.2) e,,(:t:):l(n,u)r,f, re,1.

[.3. Conor,LÁ.Ry.. !9t (X, ll ll) úe a smootlt, ,nottnccl l,i,neur spü(:e orer
tha conpler-nuttilter,f'í,elil a.ntr II u l41.peq¡tl,t,n,e itt x contu,in.itij ilrc n,ttl,t,
alenten't 0. 'l'l¿ut, lhe J'ollotoi,,ttg ewset'tùc¡ns t|tre aqttit:ctlent:
(r) lI is ,proni,m,inul, in X;
(ií) Ihere erists tttt, cletn.ent ,u e ..\1, ll¿'ll : .1, snph, lltcú

(1.3) ey(e,) : l@, a)?, -,r gn, a)¿r,1rrz , r:' e ,1 .

, 'llhe proof follorvs b.t' the prcvious tìlcortln anrl by Lcrn¡r¿l 0..1-2of Introcluction. \Yer omit the details.
- .ì[o\y' l\¡e clùn give the theorem of lclc,nl rcplcsentatiolr for, [,ìre tlistarrctl .
frrnctional clefinecl ott arì arl¡itlall lìlcal subsltacc {ì1 jl u sLnooth lr¡rr¡cil
iinear spaco (-\, ll.li),

1.4. 1.urcorr-Ellr. I'cl, cf be u ,pro!,el'linetn'su,bs,puce itt, )¡. ,l'han, lttefrtttoto-
ing sentencelt (h'(-. tquirctl,etrl :

(i) G zs pt'or,hnittuL i,n ,Y;
(ä) Itlor e,Der,y a.o e f\G I,het'c e'¡:ists, cnt, eletnc,iùt ,tr,.0€G@lrol,

litø'o lf : l, sttt:lt, tlttr't

(1.4.) e(j(n) : l(n, u,"),.1 , . G €¡ [ø0.1.

. ," lrru!..Iret øo eÏ\G,a,ncl7'"0.-. : G @ fruol. lthel {lis a h¡.nsrplancin -þ'h conl,aining' the rnrll elenienb 0.

:ãnd l,lÌen

e,r(r): l(nr, ,r)rl

ll ¿'ll
'lt. L reXLll

¿lncl then
(f(u:)r,u '- f(t'u)u, tu)r, : At n e H 

'

rvhich givcs b¡' simple computation :

L,
te)
ll¿,t ll'

neX.
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(1.7) co([):l(.[,t)1,1, .fuli'(Ð[f,1.
(ii) I1 t]l.e unit sphclc. 

^9r,: 
: F 0 ñ¡* is o(X*, -.[) - conrlxlcl, in ,\'i',

t,lrcu for evel'J¡ / e -Tñ\ZI :o the,re exists a functiolral g¡, e tr'Ø l,l o1,

llg¡,ll : 1, such that (1.7) is valid,
(iii) If /S1, is ryealc'F secluentiall,v comllact sct in Ji', then for cvct¡'

Í. X *\.11thcrc cxists g¡"e n O t/;l sLrch that (1.?)holds.
illìtc ploof s [o]Iol' Lt)' 'llheorun 1.,t anrl b). Oololltrtl- 2.0,

2.2 ancl illheoleru 2.S frolrr [8] pp. 9-l-9i.r. \\rc ornit thc dtrl,ails.
Notv, tvo shall point out a result that gir.es a chaliìc1.t'r'ization ot

chcbr.shcvian sultspaccs in prchilbertian sllàces.

1..S. Tlrnor;ll\r.f,et (f ,'( , )) hc q, ltrehilberliau, s?(tc€, ttnil (l (t l.)t'o,pct'
lineur stt.bspa,ce in, X. 'Ihen, th,e follotoinq cont'litions cn'e, cqtt,ir:u)lent:

(i) G is chcbysherian in X ;
(ii) tr'or eucrrl r'o e ,l\G, there ctt:ists tnt elen¿.enl ,u*oeG @l,rì, 1, l,rr,"ll : 1,

sur:l¡ tlt u,t

(1.8) eç(r) : l(n, u,o) l, I e ú1 O [r0],

Iloreorer, iJ'r,oe G@ Lrol is ctn,ollt,er clen¡ent uitJt, thc propct'tt1 Q.8),
then there e:lisls rt, scu,l,nt' I e ,I( such lltat,r'.0 : l?1"0 rmcl il,i : 1.

Proo.f . t'(i) - (ii)". lhc existeuce follorys b¡'lheorenr 1.8.
.Lct us srrìlì)oso thal, r,,0, ,¿'^o€ Gr (in Jrt,.o : : G @ le'o l) and since

clilr (Cr) : l- in -l'"0, tltelo c-xists i. e 1l such thaL r,ro : 7r?r"0.

'Ihen b¡'tho pt'cvious rc¡Iations I'e obtain :

e"(r): l(r, ¿',")l: l(ø, ir?r¡)l: lÀll (r,r¿".)l: j(Àlcç(a;), re G @ laì,1,
thal, inplics l). j :1 ancl the fjrst part of thcrorc'rn is provctr.

"(ìi) + (i)". It is et-rc'lent Jlr'lllhcorenr 1.4 arrd b¡. thc l':Lct tlrirt lttc-
hilber'tian spzrctìs are stric1,l1' con\rcN sprlces (sce f 8], Clor oll¿ilr- ,3.1ì, pp.
102). \\'-c omil- tlte rletails.

1.9. Colollat¡'. I'et (J; ( , )) be u prclñlbulian space nntl II rt, ltqper-
pLone containing tlte nul[, elentettt 0. 'l'hen the Jollotoin0 cont'\,ítir¡tts urc tqtti-
rcùetrt : -

(i) II is chebr¡sheú,ç,n in X ;
(ii) ll'herc e risls a,n elem,ent u, e X, lløl] : 7 stt.tilL lhut

(1.9) e,,(r) : !(n, u,)1, r e X.

Ll adclition, if ,¿: js altothel crlelnclt l'ith tìlo pr,o¡rclt¡' (1.9¡, then
tlrcrc c:tists ). e Jí such th¿rt r -: )lttrt ri-helo l). I : 1.

2. Ch¿rracteriz¿ttions of rcllexivitr'. 'Ihe distancc Tulrc:tìolill ea l'¿s
utilizc'r1 b)- \r. N, Niholslii arrcl I. S. it'iriremsliili (scc' fot exarnplc' l'8-1,

'-L'heorerrr 6.8, p¡2. I42 zr,nc1 lilhcorcm 6.9, pp. 144) to clta,r'¿-¡ctelizc 1'he lt'tlt':ti-
yit¡r sf gcnclal llan¿rch spâces.

56

,,(i) - (ii),,. 11: G is ploxirrrilral irr,f , lltctt G i,s yt'oxittrillal iu J¡"" (fol'

ever'.\' ,)'0 e J-\G) *r.rà'frr''it;trlieati,orr "iii = (ii)" ot'tltc pt'cvious tìtcorctn'

1,hcrr, t,sist,* 0,, 
"1",ì'rî"-i' 

,,.Ë'lq",," l'rr',li'] 1 , 
'sricìr 1ha1''l'clrtion (l ''l ) is

valicl.
,((ii) =+ (i)". lt is evirlent by sarne iuplicntiorl--::.,:rtnorcrn 1'1 fol

thc rr.rr'trrl ti'ear -iÅá".¡ì,ãtrtl ìry tlefi'ition of p'oxi¡rinalìt¡r'

'lllLe lhcorcrn is Proven'
1.5.Conor¡Ã-rx.LeI'(-T,ll'l,l)tc-a'strt'ooth'ttornt'eilli'n'eq'rsp('ceoaer

tlt,e retol *um,bar .¡Uù'niíí'C'-i'7t'r:'r7rl,,'titten'su'bs1tr'rce 
in' X' Thentllc 'follow-

,íng serrtences (tr'e etluinulen't :

(i)
(ii)

G is ltronittt,irtu,l in' X ;
]t,or eaery ro e .I\G there e:t:i,sls cttt, clentent, tt,:,oe G @ [#o'], lltr''"]l : 1r

su,clt' t'hnt :

(1.õ) c.(t:):l(ar,rúro)r'1, neG@[âr0]'

u, sntootlt, nttt'tt¿ctl Iinru'r s?('(c ouer-a' 
Iittctn' sultspacc frr J' Than the

ctn elentent t'o e G @ [æol, ll o-. lì : 1'

(1.6) ect(r) :1.(u, u)?, * (iø, D)"'ftt'' ø e G @ [ero]'

lfrut rt¡rr s'e shall givc some conseqÌences s'hich are important in

applications' 
ll) be a smooth normccl linea'r

odict tvhich genet'ates l'ho rrolnr
valic1 :

such that tle unil' sPhcre

soqucnl,ially contpilct, tlten I'or

Iemcnt, rL*oeG @ [æol, llru,o¡¡ : rt

(ii) If G is a tinite-clirnensional sub rn e X\G'

l,trere exist-',r"Ëää-i"li"ll; valicl;

(iii) ;ii;,"ìili¡ is renexive : ä'Httii\ --l 
in :f ând fòr' anY no e Z
such thal, relation (1'4)

ale tralicl :

(i) tt -O is o (rf '¡, 't) - closc.tl il 'I"" l'lrcn fol ovcÏy /' e X+!' thcltr

.rists n it u.iioán1 i¡,eJr' @ tJ;j, llg¿ ll : 1 such iltaf



ô LOCr\I; RE PIìESD NT'A.'f IoN Ol¡ D IST^NCB FUNC'I, IONA f,

IìEFI]P\]]NCIìS

59

5,3 S, S. DFAGONIIE

2.[. Dtr¡rllÌ'J]tol\. il'hc lJ:tnat:h spaco (J'll'll) lìâs thc (/l¡)-plopeÌi']'
if fol or¡ur,¡, inclcu,sin.q soqu.cllcje of tilosctl linôai subspa'ccs (6,),ex in Jl

such thal, :

{2.1)) i0] : Go - Gt c (l , c ... c.(iu, c.G,,+Lc '-.t r¿ € ilr;

a¡¿ fot, AJì-\- soqu(,ìtco of t'elìl lÌulnbet's (?r),,6N sat'is1i¡'ìrrg .llte conditiotl

{2.3) (oÞ (r2 r:r2 .. ' }- c,, }z c¡-rt-cn+z-- ..' - 0, l¿ e Jt

tht,l'c c'ri-sls nn olctllclìt .ll € f such t,ha,t :

(2.3) ec¡(t') - Pr., /,: e 'V.
Nott', tvtr câll Þ^i\'o Nlliol¡liits tlt¡' olcltt oI l'efleril'i1¡"

?.2. Ttrrcolllìrl. ;l lJcttt.jtclt s1,:ttc:r' (X, ii 'll) ltas lltc 1I'ìr)-prolterlu if
úil(l, otllry i.J i,t is rr1[Iu;':ire .

llor tho tì.ccreasing scquenc¡is of lincar subñpac('s \\'c havc thc fol-
trowing tlteol'clt tluo to f. S. Tiulelnsl<ih'

!.3. rlllr¡;clnru. Lct (-Y; ll. ll) ¿¡r ct, ßq,nu:lt, space. Tltctt, thc ,follotuirto
c,ou tli,li.t¡ tt s ure a(lui.telc nI I

(i) For ct:et'¡l tlcr:t'ectsi,ttrt s(tqttcn(:e o,l' riosed' littccn'utbsltaces (Gu),,e¡' srtcl¿

l,hut:

rr2.:L) ,Y : (rro = (ìt -, (ìr=...- (],, '- (l ,+t...t rl e -\-:

rr,ntll J'<tr' (Ln1l real se(ltlence o/' (er),,e .r' srttisJlli'ng lltt: tt'sserli'on':

(Z.it) ()-(o çcrr*<0g(... (er(at¿+r"' <c'<oc

lltere a¡:isls (Ln el,enLc,¡tt,l e -IJ s¿tclt thcrt

(2.6) ll ,i; il : lttn e,, ertrd ?c¡ (tr) : t?¡,', /ir e rV ;

(ii) -f i.s r¿ t'e.flet.,ire ]ict.ttot:lt sl-1rr(e .

ì¡rlr 1,hcr proof oleììls r\-e s('ì1d to l8 ì 1;11'. 142-1't4'
\6¡r, þ1r- ttst' 1.1 , \\-c gj \r(' .a, tlhal'ir,ctu'iz'atj cllL of refle-ri-

1it¡' fi¡, tinoätl. l; s ilr. tc¡¡rs of t,hc tì.istaItc¿ funcrtional'

2.{. ilgnot¿rìlr. ¿¿f (r; li 
.l\) Ite rt smoolh, ljrtttuc:lt sltr+r:e unù l_,)".o¡

íltt.¿ L-se¡tí-í.n.ttt:t' lirgtlttct ì.t,h[,ch rlttnc¡'ules llrc ttoì''ttt. i,'' 1,. 'l'hcn tlta follotuittg
tonili.liotts (ra (qtLit\(lenl :

(i) -\ is ø reJl,el:ire ]iQttarilt s4oce:

{ii) I,¡t rtnU pr()pet' c[<tsed ltt¡ltctpl tnc II r'r.tttlu'í,ni¡tq Ihc ttttl,L r:[entent 0.,

t.lt.c.re ,:,¡:'ís:ts ri retl,,t' ttz e -1 , Li r¿tt ll : I , suolt' Lltu't

(2.i) tt,,(t:l : l;u, 'tL¡)al, ;l e J'
proo,['.,,(i) = qii)". 11, is clj<lcnt l;)'imllicafion.(((i) + (ii)" of 'J]ltco-

rctrr l.l , sílrce c\;cl'Jr cllosetl h¡-llelplane in J is ploximinal'

"(ii) .+ (i)". lly tire inplictr,l,ion ('(ii) = (i)" of llhcortru .l.l it fol-
lon's th¿t evet-r' closocl h¡.pctpla,no crontilirring thc nuìI t¡lcnreLrt is proxi-
minalinXanclbyColollar)'2.4oI [8.] pP.g2itrestrllsth¿li,-[ jslcflexirc.

2.5. Conolr,,{ny. Let(X,ll .l]), be u snt,ooth, l}lnctclt s.p(tc( ot.?r, Iltt: reuÍ,
nttn¿lter ,Íti,eltL. 'Ihcn, the fol,lotuí,ng settten.ccs &r"c açlu,iaa,lt,nl !(i) f is r¿ refleniae ßctn,erclt. spa,cc ;(ii¡ .'1.'or tt'rty. propcr closecl hyTtu'ytlctuc II conttñnilt(I llt(' tttt.ll tlr:,trr¿1¡¡¡ 1tr,

theye erists ct, reck¡r u, e X,ll ,rr,rrll : .L, sych lltat
(2.8) e ,,(nt) : l(r, ur,)",l, r, e ,l-.

2.û, Ciolror,r,;\]r,f. ltt (4, ll_ ll) l¡¿ ct, s,nootlt, Ilttnuclt sltact 6re,t, tlte
corttpLer nu,ntber .field. Tl¡ctt, the ,f'crllowínll ussertiotts cr,re er1y.i1:ått't¿t;(r) X is n refl,euir:c JJa'n.ctclt, sp(,cc ;(I) tr'or an11 propc't ciosed ltrperplane II contuinittr¡ lltc tttill tl,e,tttcnt (i,
lltere erists a, aockn'Drre X, llorll : I, sttclt, lltcrt:
(2.9) e ,n(:r) : l.(t:, t',,)fi -i- (i,r:, t,,)|r,lr/., rr e J.

]ìirrall).r n-c gir-e :

2.7. Tlrrconnsr. r'et (.'i,. il' ll) lrc ct, snrtotlt ?,tltüch, sp(r(.a. ,f,lte¡ tlte
-j'ollowín g con.lítiotts arc er1u,i,uctlcnt :(i) X is u reflcri,ue ljctn,ctch, sp(ce :(ii) For euerq (i ø'proper r:l,osedlincrt srtbs,p.ur:c irt a ttnd,fo,,un)l i(,0 e r\.ú.

lltc¡'e e,risls cun clentcnt ile ,..0 € (r, @ [eìr],

l) uo',"]t : 7 t suclt' |l¿rtt' :

(2.10) e¡,(r) =.. l(t', tt6,,)1r., r e 0@ f.rol,
toltere' ( r)¡, tlen,ote llte I'-senti-ittnerprctcluct tultich ¡¡enerctfes tlt.a nr¡tyt i, 
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