MATHEMATICA — REVUE 1’ ANALYSE NUMERIQUL
ET DE THEORIE DE L’APPRONXIMATION
I’ANALYSE NUMERIQUE ET LA THEORIE DE L’APPROXIMATION
Tome 18, N° 1, 1989, pp. 61—65

REFINEMENTS OTF SOME INE QUALITIES FOR ISOTONIC
FUNCTIONALS

SEVER S. DRAGOMIR and JOSIP E. PECARIC
(Timigoara) (Zagreh)

Abstraet. The aim of this paper is to give some refinements to well-known incqualities of Ceby-
shev, Cauchy-Buniakovski-Schwartz, and Diaz-Meteall for isolonic Iunctionals defined on a
subalgebra of real functions.

1. Introduction. l.et us consider a nonempty sct I and let F(E) be
the ordered algebra of all real functions defined on K. Further, we shall
assume that I is a subalgebra of F(F) so that :

(i) felL implies [f|elL;
(if) el where (t): =1 for all te E.

We denote by M, () the set of all linear functional A defined on L
(I7]). Recall that a functional 4 on I is isotonic, it f € L, f > 0, iiplies
A(f)y > 0. For some inequalities involving linear isotonic functionals,
see the papers [1], [2], 131, [4], [5] where further references are given.

For a given linear isotonic functional 4 : I —» R, we denote by A0,
ACBS, ADM the following mappings :

AC I3 - R, AC(f,g;h): = A(h) A(fgh) — A(fh)A( gh);

AOCBS: I* - R, ACBS(f,9): = A(f*) A(¢*) — [A(f9))?5

ADM : R? xI2t - R; ADM(m, M;f,q): = (M + m) A(fq) — )
— A(J?) — mIMA(g?) 5 i

which will be called Cebyshev’s, Cauchy-Buniakovski-Schwartz’s res-
pectively Diaz-Metealf’s functionals associated to A.

2, A Refinement of Cebyshev’s Inequality. Before presenting the
main results of this section, let us give a definition.

2.1. Duwinrrion. The real functions f, ¢ € L are synchrone (asyn-
ehrone) on I if:
(2.1) (fla) — fly) (g(x) — g(y)) > (<) O
for all », y € K.

The following theorem is an improvement of the well-known in-
equality of Cebyshev for the functionals set 3 ,(L).
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2.2. TMrwowvesm. Lét f, g, he Ly 'h 20 and A a given isotonie functio-
nal defined on 1. . )
1. If [, g are synchrone on B, then :

(2.2) AO(f, g3 h) >
> max {|AC(If], lgi; W], [AC(f, lgl; B, {AC]], g5 B} > 0.

2. If fy g are asynchrone on K, _ﬂzew q

(2.3) AC(f, g5 1) =
> min {— [AC(|f}, [g1; W, — 14O, lgl5 )|, — [ACfL g5 W)} < 0.

Proof. For every x, ¥ ¢ I¥ we have:

[y — f) | = 1 — 1fw)ll, lgte) — )] > llgte)] — gl
which implies :

[(f(@) = fly)) (gle) — gyt = 1@ — 1f@)D) Glga)) — 9@ )]
respectively

(@) — fi)) (gla) — gy = 1(fle) — Sy) Ugle)| — 19 |
respectively ;

[(fl) —Sy) (glae) — gDl = | (@] — [f@)) (g@) — gyl

Tet us now suppose that f, g are synchrone on #. Then

() — Jen)y (glar) — gQn | = Jlax) 9Ce) + fy) gly) — fla) oly) — () gla)
i¢ greatler that:
Iy gay i == 1) gy b — ) 9@t — 1) () ]|
Tespectively
[H) gy ! == Q) BgCn | = Je) [l — () g(@)i]
respectively
(@)L gla) + i gly) — LR [aty) — 1] o(e)].

By multiplying with A(z)h(y) > 0, (2, y € 1) and applying Lhe func-
tional A with respect to @ andithen with rexpect to y and since [A(R)] <
< A(|k)) for ke L, we obtaifl cany (2.2).

The proof of (2.3) is similar. We omit the detailx.

Puatting AC(f, ¢): = AC(f, ¢; 1), we have the following coroliary.

2.3, CoronLARY. Let f, g L and A e I (L).
1. If 1, g are synchrone on B, then :

(24) AC(f, g > max{IAC(f}, lghl, 4G, 1gD], 1AC (If], i} 2 0
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2. 1f f, g are asynchrone on I, then :
(2.5) AC(f, g) < win {—JAC(If), lg)l, — 4C, 191 )], —
— e 9l < 0.

b
mn

2.4, Ruamanrk. Putting A((a)wen) 1 = Y ovA(f): = S Jlx) de
i=0

13
where (@,)nenis a sequence of real numbers, m € [N, and f is a Riemann
integrable function on compact interval [«, d], from the above results we
can obtain some interesting inequalities for real numbers and for inte-
grals, respectively.

J. A Refinement of Cauchy-Buniakovski-Sehwartz’s Inequality.
Further, we shall give an improvement of the well-known inequality of
Cauchy-Buniakovski-Schwartz for isotonic functionals :

(3.1) A Alg) = [AUp
where f, ge L.

3.1. TororeM. Let f, ge L and A e M (L). Then the following in-
equality

(3.2) ACBS (f, 9) > 1A (fIfNA(glgl) — A(flgh 4 (if19)] > 0
ts valid.
Proof. We start from the next elementary inequality :
e} 9y) — J) g)| = Ifi@)] lg)] — 1)) lg@) ), @, yeB.
By multiplying with |f(2) g() — f(y) g(®)| > 0, we obtain
(@) 9y) — f(y) g(2) )* >
(A2) gy) — fy) g() (S @) ] g — 1f)] lg@) D5 @ gy < E.
This incquality gives:
TH@) () — 2f(@) gle) fy) 9(y) + f2(y) g3(x) >
(@) 1) | g l90n)| + f) i) Tgta) lg() | —
() l9(@) fy) Mo | — flw) gl | 1) | g)l, 2 y e B.

Applying the functional .4 with respect to « and then with respeet to
¥, and since |A(k)| < A(k]) for ke L, we obtain easily (3.2).

3.2. CoROLLARY. Let fe L and A € M, (K). Thenthe following inequa-
ity holds :

(3.3) ACBS(f, 1) > [AC(, [f)) i > 0.
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4. A Refinement of Diaz-Metealf’s Inequality. J. B. Diaz and
F.T. Metealf proved (see [6] pp. 61) the following inequality for real
numbers :

(4.1) Y @& A m I Y b2 < (I 4 m) Y ah,
i=1 =1 i=1
‘Where
(4.2) m < ;”f» < M@= Ty,
h: by

7

Ifarther, we shall improve this inequality for isotonic functionals
defined on a subalgebra of F(F) which satisfies the conditions (i)—(ii)
of Introduction.

1.1, Tanorea: Let m, M e R, and f, g € L such that :

(4.3) n < S
_(}(.’L?,‘)
Then for all A e A (L), the following mequalily holds :

(4.4)  ADM(m, I ; f, g) > max {|ADM, |, |ADM}|, [ADI,]] > 0

< M, xell

where
ADM = ADM (Im!, [M];5 If], lg1);
ADMy = (M + jm\A(If|g) — |m|Md (g lgl) — Af1f]) and
ADM = (1M w YA 1g1) = m A9 = Af1F).

Lroof. For every e K, we have :

H{xy: =M — SN ey m | == : /M ECIRYSIEO) ;‘5/1,";3.
| ] )'

\ .0(5') glx) g{a)

Then we obtain :
() > [( |3 — Lf(_ll’ )( Wiy I f) |
| () |

respectively

respectively
() f( l
H{x) > l( ' — J()L) (/(3—)~ — 'm) I, r,oy el
| @) I\ gl |
By simple computation we obtain :

(I == ) f(a) glory — m M g*(a) — F2 o)

5 REFINEMENTS OF SOME INEQUALITIES 65

is greater than

1G]+ [m)) | f(@) | lg(@) | — |m || M| g(@) — fi(2) |
respectively

AL ) (@) lgla) — |nc| B glay|g(a)] — f(a)ij(a)]
respectively ’

(ALY A=) J() [gGr) | — m LM (o) [g(a) | — s ()]
for all z e X,

Applying the functional 4, we obtain easily (4.3).
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