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Abstract, 'I'ìrc aiur of lhis papcr is to ¡.1-ivc sonrc t'clincmcnts to rrcìl-linorru ìrtctlurrliLies oIÕ,cby-
shcr', Cauchy-Runial<ovski-Schtvaltz, alrrl l)iaz-ìIt'tcalI lor isolotric Inncti<¡ta]s dcl itrccl on a

subalgcbra oI rcal lunctions.

1. Introducl,ion. Let ì.ts considor ù Ììoncrì)pl,.r sct, J, atttl lc',t -å'(-&) ìto
the ortlelecl algoìtra of all lca,l funct,iorìN (lcfine(l orL ]'. Iìult.ltclr \\'o 

"\h'¿ùll
¿ùssumc that -L is a subalgcbla of -É'(/ì) so that :

(i) ./'e D irnplics l/'l e -L;

(ii) ll e 1, rvhere l(r) : : 1 for ¿ll f e -Ð.

\\¡c clenoto by l[.(L) the sot, of alllirlr:¿r,r'frurcl,iona'l -{ defilctl onL
([? l). Recalt that a funcl,ional '1 oll /, is isotouicr, iT J'e L,,'l' ) 0, irnplies
LI(J) 2 0. l-oÌ some inequalitics involvjng lirrear isotonic functional.qr
see the p¿ìrpers [1], [2], l3l, [4,,], [õ]'s,herc furlìrcl lefcìrences ¿ùr'e giYell.

lloi C gir'on lincal isoton.ic functiolal A, : I' - [R, rvo denotc by .{C'

'LCBS, AD'lI the follorvittg rna,ppings:

AC : Ls --+ Q, AC (.f, g ; lt) : : A(h,),'L(fuh) - A(Jft)tl( ¡¡h);

,'l0lJ,\: J,2 --+ p, ^+CllJ(J,ç¡) | : A(l') Åkl") - l.L(Jfl)1";

Al),lt:1ie X./,2 -- [R; ADÌ[(nt, )I;,f,tl):: (ril/ + nt,)A(ftl) -
- A(ï') - n,)IA(sz);

'tu¡i1rh x'ill l¡e callecL Õebyshev's7 Cauch¡-]Junial<orslii-Schrvartz's Ìes-
pectivcly Diaz-ìlctcalf's functionals associatt'cl to á.

I

I

I

2. ¡I IlcfinclnenÍ of Cebyshev's Incqualitrr. llefole presentilg tJte
ma,in results of this sectiolt, let, tts git'e a clcfinil,ion.

2.1. l)l;luxrrroN. lJlhc' lcal functions /', g e I' are s-vnchrone (a,s¡'n-
chrono) on 1l if:
(2.1) (/(¿') -Í(v))ktþ)-s(v)) > (< )0
for all r,, y e Il.

,l.he follorving thcolem is an irnproverìlont of the tvell-hnotvn ilr-
cquality of Õebyslõv for the functionai"s set ,'lf*(-L).
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2. U "f, q e)'e es,Utlul¿rone on, 11, IlLen,:

{2.õ) ll0 (J, r7) ç rnin [-irlC(]ll, lgl)1, - VA(1, lsl )1, -
- lta (lll,, s) ll < 0,

2.4. Iìr.;rr,tlin. l?ul,ting ,1((n,),,ev) r : I ø¿ or -,1(/') : -:
i:0

rvherc (gn)r.wis a sequerì.cc of re¿ll numìler,s, ll e grl, and ,/ is t¡.llicmanrr
integrable function on comp:r,ct inter:val Ia,,, bl, florn tho abovc lcsults l't¡
can obtain solnc intelesting incc¡ralities for rea.l nrlrnl¡el's a,ncl for intc-
glals, rcspectir.el¡'.

of. CaueltJ,-Ilunial<ovslii-Sclnvarúz's Inequ¿lit5r.

fl i ii#" ilf -, iil 
"Ti "t 

",i,l'.:r1i,T ll,'l'r 
i :re c1 u ar i 1'¡' of

(3.1) A(Í,) -4({t') > lÅ(|g)j"
\r'here l, {l € L.

3.1. T¡nronnx. Let Í, ! € L emtl Å e ÌI*(L). 'Iltt';n, lhe J'ollotuitr,¡1 in-
equctlity

(3.2) lcll¡s (1, tJ) > Ia UllD,L (slgD - A (J' j!!) Á ( jJlg)l > t)

,i,s 'ualid.

Proof . \\re start frorn the ncxt elerncnl,al-r incquirlity :

lJ@) g(y) - J(y) g@)l > lll@)l ltr(,y)l - llØ)l W(n)ll, a, y e n.
j3y multipl¡'ing l'ith ll@) {t(y) - l(y) g(n)l > 0, rve obta,in

(I@) tt@) - J'(y) s(n) )' >
l(Jþù {/(y) - J@) s(e)) (ll'@)l ls(a)l - l.f(y) i ly(a)l)l ; r:,, 31 e H.

ilhis int,tlrrality givcs r

l"(r) g'(y) - 2l@) s@) l(y) sø) -'r .f,(y) s,(n) >-

ll1,) ii?)l {t(y)lg(Ðl -r J'Ø)ll@) ls(r)ls(n)l -
ll@) ltr@'t l(ù lg0)l - l@) ls@)l tl@) i !0)1, n, y e D.

-tpp\'ing the functional'¡l s'ith respecl, to r antl thcn rvith respect to
-v, anrl since ].4(/i;)l .< -.1(]hl) for IteL, ive obtain easil¡' (3.2).

3.2. Conolr,ap,¡l. Let f e L ct,.cl Å e M*e)). ,f.ltett ttrcJot,louing inequ,ct-
Li,ty 'hritls 

:

(3.3) ACB,S$, 1) > IAC(Í, ljl) i > o.

J'(r) t1r
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2,2. 'llttÍ:or¡nlt. .Lct J', !, lt,e .f,, h, ) 0 untl À a. ri,t¡t:tt, isotonit: ftt'nctio-
na.l d,e.finetl on -l'.

1. Il L g cn'e nyrrcht'ona o'il Ir), lhan :

(2.2) ;LC(f, !; h) >

> m,âx{lAC(lll, jsi;lùi, iAC(1, lsl; t,)1, iAC(ilj, uz tt)l,t >0.
2. Il l, {l ore úsynclt,t'ottc ¡)tt Itr, l,'hen :

(2.3) -l(!(.[, g; h) >

2 ruin {- IAC(lll, Iti; h)1, -- lttU(J, lgl;h,)1, - itlÇ(lll, r;/¿)l} < 0.

Pt'oof . For evet.r' ,r'¡ ll e Z'rrc llavc :

ll@)-Í'(y)l > ll/(,r')i- L:[kt)I, ki(¿-) - sØ)l > llg@)l- ls(y)ll

vhich inplics:

I(l@) -l(y))kt@,¡ - s(y))i > l(lJ'@)l - lJ'Ø)l) (is(a,)i - lg(y)l)l
respecti vel_1.

i,(l@) - l0)) Ø(^) - {t(y))l > i(/(r) - l@)) (lø(n')l - luø)l) I

respcctir.cly

l(l@) - fø)) Ø(,r) - s(y)) i > I (i.lGùl -- IJ@)l) k/@) - çt(u))l'

frtrt us no\\: snPposc¡ that, J, ¡¡ ate s"r'ttchloltc on Z'. thcn

i(/T,,,) -,l'Qt))Ø('¡) - sØ)l :"/(,t,) s(t') f- J(y)s(y¡ J'@')gkt) - .f(tt) s(t';

is grcralcl th:rt :

ll./(,r)ø(¡u)i -r l,[Qt) s(y) I - iJ(r) s(lt)l - l]Q) {t(r)ll
lespecti veìr'

l,/(¿')i(s(¿)l : .f Qt) i,s1)t - .Í(r)l s1t)l - ,lQt) i í(,¿')il

t'cspectì r'ell

ll./(,r)i 17(r) -r iÏ(l)l sQ) - lJ1)l g(y) - l.Í'(y) I s(n,)1.

l3.r' ntultipl¡-ing l-iih h(r)!t(y) ) A, Q', y e Jl) altl aplil¡'ilg lhe 1'unc-
tion¿ll ¡l rvitll rcspcct to ;i'¿uldf.Lhen rvith lcspcct to i7 and sincr: iz{(/,')i E
i ,{( l[ 1) for /,: u 7, ]\'t' obtaifi czrs¡- (2.2).

liì1rc ploof of (2.:ì) is sinrilar'. \\i¡ ornit the rletails.
i)utting A0(1, g): =- AC(.|', g; l), l'e h¿rvc lht' foilol-ing colollai'l'.
f .il, Cottor,L,\rìy. Let J, g e .L untl tl e )l't"(L).
L. IJ.ï, q are st¡ncln'o)te on ß, tlrett:

(2.+) 'lC(f,9) > ruaxli'LC(11i, isl)t,, IAC(J', Iui)1, ¡,:LC ('.'l , tìiÌ "- t¡

2
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is greater than

KlMl + lml) lf(u)lls@)l - þ,tllMl!,(u) -/,(,r,) I

respectir-el¡.

j(11 + jnt,l) lJe)ise') - þt jtr ¡1(1,)jr(,r)j - !(,t)tj(,t) ,

lespccLi r r,i5'

i(i-l1i -l- ttt),1(t)itt(¡')) - ttr 1,tt ¡9(¡.)llt(,),)i - j\:t'; .l(.t)ll
for all ø e.ll.

Applying l,he functional -z1, ï'e obtain easil¡' (4.8).

ììEFEIIENCE-S

rl5

4. A lÌoiiucrnenf, of Di¿rz-llfefcalf's rncqualifr,. J. Il. Ditiz alrlrì. T. ,\lotcaìf plovctl (scc ltìl pp. 61) 1,rrei folios'jn!';rioqualil,¡. fol rcatr
numbers :

É "; + nr,tt ib! a (n,r I nr)
i:l ¡: I

fl..
?ii < - '- ç .,111i -- l, rr).

lt 
'

.l¡ultherr rvc shall jtuplovc tìris inequalit¡- for isoto¡-rìc furrctio¡¿rls
tlefinecl o_n a. subalgcl¡'zr oÌ L'(H) l-hic]r sìrtisfiòs the conclitions (i¡-(u;of Intt'ocluction.

4.1. T¡rrronntr. Lal ,nr, .lI e [p u,n,tl.,f', g e Ít suclr llrat:

(4.3) ,,, ç l. '') <. ,\{, t e IN,
ult:)

lL'lren, Jor ctll ,tL e _lI+(t,), ttre .f'ollotuinq ,inaclttc¿l,íly ltokls:
rlDll[(nt, tlI; l, g) ) rurx [],:lD,lIrt,, lADltrl, IADII_I] > 0

ADllIr: = ADllt (i,nrt,, I)I!; l.f!, ,,¡1¡¡,

À DnI,t : (:V -i- llrl)'1( j.Tl{t) - jniJt;L (s t{tj) _ ,L(.f t.f i) antr
;tDIIt):: (it,tl -l- ttt ).t(,|'jtl) - ntt.t[iA(gjttl) - tL(:fl.Íl¡.

-?i'cto.f . .lÌol. cr-er.r- :.'' e .lil, u-e llar-r, :

t ç,¡1- (u, l,',) (íl:ì-,,,):i(,, lllìXll:l -,,,)i .
\

ll'iren u.r' olrtain :

rr(:,:) ) i(,,, _ iiîi Xi;:î _ ,,,,,) 
I

lospt'ctir-rlr'

E(r), 
I 
(' _ t::,,,|) ( 

,,1 ,,,1 
_ , ,,, ,) 

ircspt'c Iir-t'li'

II(,,'¡ 2l( " - 
ii'' )l I l/ /l'''i \

t\ '.!/(,n)l/ \ l¡r ,L - "' J',' ''" 'tt 
c l'-"

J,ir. sjIllflc r,onrllnliltion u'rr olttaìtr :

(JI ,- nr)J'Q') ¡¡(':t') - nt)tg2(u) - í2tît

(4.1)

tr'herc

(+.2)

(4.4)

witcle

\t,bi
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