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Abstract. An estimate in the Tlausdor!l metric for the approximation) of the non-ncgative
bounded functions by polynomials with positive cocllicients is obtained with participation
ol the modulus, of continuity, ;

1. Introduction. We shall use the following mnotation :
RY — the set of all real functions defined on the interval A,
max {|f(z)|, xcA} < M, M > 0; o(f; 8) = sup {[f(«") — fla")] :
[ — "] <9, a','a" € A} — the modulis of continuity of f e RY
For every fe RY, 8 > 0 we define : by

I(f5 ) =limy 13, f;);
80
S(f5 @) =lim S8, f; @),

) 30
where

103, f5 @) = inf {y :y e flt), te [@ — 8, 2 4 8] Al
S(3, /5 @) =sup{y :y e f(t), te[x — 3, @ 4= 8].n A}, .

The completed graph of fe K is the segment function
| Flay =II(fsm), S(f500
~We define the Hausdorff distance between Jy g9 € B according to
([7]:pp.34) i _
(A5 f, g) = max {sup inf o(4, B), sup inf (4, B)},
A€F Beyg deg Bef -
where '
pl(z, ), BE ) = mas {| w gl Jy =g,
We denote the Hausdorft distance between (3, f) and S(3, f) as
follows i |
(A, f328) = <(&; I3, f), S(5, f))

and call it a modulus of fI-continuity of the function fe K
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Let P, be the qet of all qloobm]e pol\'nomnk of a degree at most
n; P¥ — the set of all pn € P,L buch that _
f |I II._"L;:l"‘; 1 y ! ' AR RSN 1/ ' 4 i ."-:.
Pz Z aua: 1 — %) iz 0

1, -l 7<1L

The following estimates are established

In ([8]; [7], pp-134) it is proved that there are absolute constants
(% and O such that for every fe R[u "
by 4R, 38! VAR TISEE
: I M
. int dis ([a b]l, f, Pids Dae P,U AT ) {Ovﬂ + 00——.}
. n 7
TN RV ST /] '
is valid. Further in ([9], | ‘], pp 148) is \ho“ n tlm1 the]o are ahsolute
constants € and Cf such that for evelj) f € ), the inequality

(e - nelf:n=1
int {<([a, b]; f, pu), pac Pal < (b — a) {Og nig bomolfin ) 001_}
1 n

oY i i I | 4 Tl | | Pl PR Vsl

holds P 1) i
For the &pplO\lnT’LthH of le functlons with polvnomm]& Pi'E P,, 1‘5
is known that for evcly non- negatn efe R:V({]] thc_1e holds

. e wizel
--- SN M il

jnf{ (10) 11} f, ]7” p,le"'j)',l) 2 o((n 2 hiny )]

l

Whelg the constan‘u 0(1) depends only on M [3]. It is 1)1 ov ed leso t]nt for
every non-negative convex f e B iifoly v 0 < 1 ;

int {< (10,1505 pu)ilps e Pi}i= 0(n~172)
gets, where 0(1) depends onlyjen M[4].

2. Main result . | " Sy

THEOREM. Let us fe Ia’[o yp J =0 tor we [O 1. Thew fo) su/fumztlj
large n |

inf {([0, 1] Iy Pa ]JnelD,,J = 0(( Infe - ' o(f; n—'%)) )”2)

1

holds, where P 1is the set of all polunommls with positive coefficients of
degree at most n.

Proof. This proposition shall be proved in two steps.
(1) Let I; be an arbitrary natural number; x, = k/8l;, (k = 0,1,. ..
, 8lp) are points on [0,1];

m,,.:min'{f(m); loy — x| < 1[4 1y} ;

My, = max {f(z): |2, — @] < 141},
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We define a continuous funection ¢ such that :

i Mgrya x e [.Tv!l.]‘., .’1:511]{_*_1]’
.f/(;‘l,?) = 11[4}{_'_2, xT e [3’4“27 51‘4174-3]7

tlinear tor a'¢ [@re1y Zyignl, @ €
where b = 0,1, ..., 217, — 1.
Obviously we have

| Tarrgy el

max {g(x); xe [0, 1]} = max {f(z); a < [0,1 1.

In view of the definition of Hausdorft distance
of f-continuity, function ¢ hag the properties :

(1) (10,115 /5 g) < 1/21y;
(2) ([0;17,1959) < 8, it & < 1780,

v L ¥ iy
The following mequality is also valid

and the modulus

(3) o(g; 3) < 33w (f;3), if 1/32l, < 3 <1/44,.
Indeed, let us

d = max{max| Jj — ) B g
ANXUNAN[ M yepy — Mgy, M yppy — Maprgl v k=101 000, 21, — 11,

By the definition of the modulug of continuity there
o(f:1/l) > d
On the other hand due to the definition of q

follows

o (9;8) <d, 0<8 <14,
Iy true. Henee, if 1/321, < 8 < 1/47, then

o(f59) < of;1/l) < (14 1/80) o (f; 8)
< 33 o (f; 38).

2) Let By(g) be the Bernstein polynomials of function q:

"

jjﬂ(g; x) = Z g(*v") Pvt,')(a")v
n

=0

Pu(@) = ( " ).’l’v(l — )Y,

v

It is not difficalt to see that B,,((/) e P¥,

Now we shall prove that for sufficiently large » there holds

(4) w00 115 Bulg)y ) < eo(n=YIn yyi2,
where

Yy = e+ a2 of; n 2y,
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We shall use the following statement ([7]; pp. 63).:
Tiet L(f) be linear, positive operator, defined on RY. Then for every
3>0
(A5 ), f) < (4, [; 28) +
+osup Lo (a8, f) ;) +
$EA
+ M sup |1 — L (1; 2),

¥€A
hotds, where

ofa, 8, f5 1) |  be o= 8 @+ 8] A
Sy 0y f 5 1) = 1
o(f; e —tl —&) teAN[z — &, & + &

Consequently for the Bernstein polynomial we have

(5) ([0 1 ' ’ ])n( ) g ) ([0 1]; g5 28)

-+ 87 w(g; 8) sup y et B Pay ().

Ogrsl l PRI UL "
First we. shall prove
37t sup Y &2 — lnlp,,,\, () < Oy Yy 1ln )iz,
(6) Ogrgl |I~ 1| pors n
For this purpose we use the inequality
v m
81 X —— pn ;( 1’) < 31F Z (aj 3 *_ﬁ) pn,v (o;),
r— ’:_[ -8 H v ‘<’>8 I n

where m is an even number, m > 2.
It is well known that the function

Pa(2; 2)' = "L — = + we)"
can be presented as follows (see [1])

P25 2) 2 W) 2" fm !,

m—=
where

2 \

y] n
Woa(@) = 3 (m o ~) Purdd).
v--0 n
But in accordance with the inequality of (Cauchy
M(R)
Iﬂ’ﬂb

E]

(7) Wan(z) < m!

IS
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where R'ig the radius of an arbitrary' civéle such that, the function ¢,(z;
@) is analytie in it, M(R) = max {|e.(z; @)|; 2] = B, 0 < o < 1}.
Let us now set B = (nlnvy)2. We write o,(2; @) as tollows

253 @) -~{ alt - o) § (5 ) Lo —apr - (—m)“:l}"

0

and after some transformation we get

(8) M(R)< { 144 L ..... _(n~tIn V),,/ojl"

o] 1 2w
L A
{ ~ln LZQ ! }

By (7) and (8) we obtain
max W, ()] < m!vV3(nln v)—m2
Ogagl X |
and taking into account the inequality of Stirling

m< V[ Bmim ™ e
we have

H
(9) 31 max
Ogagl [,\'-— X_l =8
\ "

q____<
H

Pauy ()

sl m \"
< VS M T (-*-4) «{1/5(.)) In ‘\(/)*JH/Z-

Now we shall suppose that'm is sutficiently large and set :
" asbouis I BetS T R )
m = 2[In v/2];
8= m M0 (n 1n v)~-U2.
([} — the most integer number < «). \
We replace m and 3 in (9) and after some caleulation we have (6).
But it is easy to verify that
1/32 1, <3 < 1/8l,. Then (5) in view of (2), (3), (6) yield :
H([0,115 Bulg)y 9) < 28 + Cyo (f38) vy In v)¥2
< 28 + ¢y of; 3yt
<28+ Oy (1 - 3022y w(fy n—l2) v
28 + C4[1 4 210 (In y)V2] - n—12
< Cy(n~tin y)V2

N
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Further we use the propertics of Hausdorff distance and obtain
=([0,L]5  Bug), f) <
< U015 L 9 + (0,115 Bug), 9)
< 1/2l, + Cy(n 1 In )2 < ey (n™' In )12,

Finally, let us note that from [6] and the defin‘tion of Hausdorff

distanee follows that for the function

W) = o —1/2], ve [0,1]

the inequalily

is

M. L2

% | o= n

=]

inf {+ ([0,1]5 & pu)y PuePE} = Cen=12

valid. But the last means that

l.n_(e —}-_’H,I/z(o(t ; /n,—1/2)) )1/2-

0,115 6y pue Pi) > 0 “

Hence (4) cannot be improved for JeRY,.
The proof is completed.
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