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Al¡stract' '\rr cstittlatc ill thc l[arrsclor'fl rnctric Iol'thc.uppr.o-rinratiolr'l ot ilrc 
'o'-.cgati'cbourtdccì frtttctiorrs ìly pol¡'rrornials tviLlL positiYc cocilicicntì ìs obtaiilð11 rYith ¡ralticipalionoI tìrc nlorluh¡s ot contiuuitl...

l. ruh'oduetio'. \r''c' sh¿r,lr use flre foilorving .otzrtion:
r¿^í - thc scrt of arl real Tu.ctirns defr'ned ån trìi,'lntc,r,\.ar a,

rrra,x Iilþ,)|, øe A] < II, M ] 0; o(/; à) : sup {l|e,,) _J,(e,,,)l ,

In:' - 3" i ( ò, r^', l,'.i,€ AÌ - the moclulus of continuit¡- of I e RK. tr'or, c\.er,J' f e Il,!, à ; 0 rve defincr

r(l ; u) : lïl I (ò, ./; n) ;

^S(,1'; 
e) : lirn ñ (à,./; ;r),

ò_0
rr'11eltr

r(8,fi ¿-) : inf {27 :y ef(t), f e ia, - ò, r,-r. àl n A};
,S(ò,,/'i,r') : sup {r7 : ry e l'(t),f e ir - à, ø + àl n A},

ilìhc corr.rplctccr g.aprr of l'e r|¡'is tht' st'g,rn'rt function

/(,r) : lI(,T;a), ñ (/; r)1.
\4''o dcrfine trrcr Frauscro.ff tristancc lrtrtrveclr r, ! €,Ii,( acco.cri'g. to([7]:pp.íla)

tt'ltcrtcr

'(L;.[, Ut rrr¿s [.srr¡r ;:'j o(r, /r),;*l,o| 
,l:,rt o,r, ß)],

p('L(r, y), Í](1, -r,)): rìrâx {l a, - E l, ly - îf }.
\'\¡o tlenoi,e tht¡ rrausdor'If clista'co l.¡s¡..-..,tr 1(à,.1') ancl B(à,./) asfr¡lloti,s

.(L, .f ; 2Ò*) : r(A; /(à,./), 
^Y(à, /))

¿rrrcl call it a rnodrilus of l1-coui,irLuit¡- of tìre function f e h[.



APPROXIMA'I'ION OF BOUND NON-NEGATIVD T¡(]NCT IONS 69

Wc clcl'inc a continuous f uncl,ion ¡7 snch that :

[tttnl',21 a: e In1u., tlr¡+r I,
g(,t:) - lntor., r, n, e f .r,1r,.+2, ;r.¿¡,_¡¡ lr

llincal tot, .¡ e lc'or*r, fl¡t,+z1t r,€ lt,q¡,,¡¡, ír!¿.r,.r],

tthctc l; : ¡,1, ..., 2lu - 1.
C)bviousl¡' q'e haye

max {ø(,u); re f0,1ll - rìrâx [./(r): a,e [0,] l].
fn vjc'l'of the clcfjnition o[ IJau,sclorff ilista.ncr(,arì(i 1ìrr.rnodnius'of .1l-continuii¡', fur-rction ø has the lrropertic,s :

(1) c(fo, r l; ,[, tì ( 1/210;
(2) t(|0, 1], ø;à) g 8, if à ç 1/tì/0.

flhc folloryirrg inccluzr,litr. is also r,¿rlirl

(3) c¿(g;à) ç BIìco ff;à), it jl|Zto ç 3 ç1/410.
ftrdeccl, lct us

d:¡¡¿a¡ttttlxflì,f',,*, - t)t4t;*2) l[.r^*,-lro¡.101 :/,.:0r]., ...,Zto_:Ll.
lly tl'Le cleTilritiorr .f thc 

'rocluìus of rronl,inui1r, thtr,t, follo$.,s

<,:(J': Ilt) > tt
On thc obìrt'r hanrl rluc to tlic tlefir.Litìon o[ g

c,r(¡7; ù) ç r/, 0 < I ç 1/4/o
js trutr. Ilcrrcr_r, if ll}2to < à < Ji.Uo t,hcir

co(.q;à) < cù(,/;lilr) < (1 l_ 1/àt0) o (.1; Ð)

s iì3 or (,/'; à).

2) Lct' 8,,(q) 1¡c 1,rrc -r3crnstein polynomi¿Lls of fnlrrti._rr r7 :

? o,r(n'),It,(s; e.):år(rî

,ttu,,(t): (i )a,,(1 ,,),-,.

ll is lo1, clifficuit 1o ¡orr iltat ß,,(ç¡) e I?!,.
No\' \r'(r srrzrlr,r''r'o ilrat fo' s,fficicnti¡. ra'gc .r¿ thr.rc horcìs

(4) r([0, I ]; ß,(g), il { coet-rl¡ ^,,¡,/,,
u..ltct e

T : ¿: t trrl, <,:(J; n-rtz¡.
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P be of all algeìrra,ic pol¡-lomials of a tìcglee at nrr¡st
1)r, e P,, such that
:'r,

¡t,(r).= ul"fy,fl'lt - n)1, c¡¡¡ 2 (),

The follorving estirnates a,r'e establishecl
In ([8]; [7], pli.134) jt is prored th¿rt lhele alc altsolute constanls

C! antl C! such that for e\-er'\¡ .f e ILl',,,

Let Ìù the
n

js vaUcl. )ìurther' ìn (

const,a,uts C$ antl C! s

*
1!P

'¡r, 1'1 l*,,bl; Í, t,), p,,,is' l,,l * 
.(, - rrl 

lci-lttf + rrfr:l

[e];
uch

l?1, ptt. 148) ìs shos'n that thelc alc absoLute
tlra1, fol er¡er)¡ ¡ e ll,!!,,u the itreclualilr-

ln(e l- riar(f r r-1)) +cÎ 1linf {t(1u,, bli .Í, ?,), p,,e Pn) < (à - a) o3

holds.
For t'he approximation of thc futLctions l'ith ltol¡'nornia)s 7t,, e P'f it

is knorvrr that fol' c\'(rì')- nou-rrcs^ativc /'e /l;rj,,, tlrclc lrolrfs

jnf {'(10, r); l, t,), It, e Pi)} : 0((r¿ -tlt'tn¡'t'¡,

u'ltete the constant 0(1) rlepcntls onl¡' on ì{ f3l. It Js plor.etl also that for'

inf {; (i0;11 ) l, ?,), 1tu e P';*,} - O(n,-trz¡

gets, rvhere 0(1) depencls onl¡' on Ml4).

2. Main result

Tnponnìr. Let us /e Ïf6lr¡, .f > 0 fol rp e 10,1). 'l'hett lû' sufficient'ly
large n

inf {t(10, 1l; l, ?ò, p,e P!,\: t ((
112

h,olds, wh,cre.Pl is the set of atl ytolt¡nortia,l,s with ytositíre coeJficients o.f
d,egree u,t tn,ost tt,.

Proof .lhis proposjtion shall be provcd in tu'o steps.
(1) Let Zo be an arbitraly natulal numl¡er ) æt,: k:l8lo, (k: 0,1,. ..

. . ., 8Zo) arc points on f0,11;

?n,¡ : 1¡i¡'{l @) : lnr - rl ç 1/a lo};

Mt.: max {/(ø) :lrr- øl çl/alo}.
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n'hele -lù is the ratlius of an arl¡itlaly circlc snch thzr,t, thc funcl-iou.9,,(z;
ø) is anal"1'tic jn ii;, rìf(À) : nã\ í|q,,(a; o)l; lzl : Il,0 < er < 1].

Let, us ltow sct l¿ : (/r,hr^¡¡1l2. \,\¡c¡ l'r'jtc ,g,,(2 1:':.) as follon's

t
I

æ
1 -l-- ø(1 - lir) X

h:2
I
I ll,

k

¡j,-',,. - n:)/'l-r - (-r)n ',|"q,@; r):

and af t,cl sonto tla¡rsforrnai,ion rve get

(s) 11(1¿)< {' * '/+ Ë l. ,,,-' lrr ^,.¡r'r:}"
[ ¿-Ä'! I

-[=1 l + /'l ì'- s 
-1-' +n Ê"l¡!

l"
I

-. lt -r 
lrr- i |" ( .,.r/s.- t r¡n I \ ¡

.!l¡- (7) zr,nrt (8) l'o obt¿¡irt

ål?), llft"',"('r') I < nt'! ^¡1t5(n 11'¡ v)-tttz

:r,nrl taliing into aecourrt the itrcqua,litr. of Stìrling

lr, I ç l/lilrr, r /)J'¿ln tt-,t'
tt,c lt¿ìr'C

(e) !.1: 
- --

'il
Ò'tìlil,.\ E

;l
?r,, (ï)

o<r<1
)t\

< fl?r¿ ' (#)'-rls('rr ln ^,)-u'lt2.

.l(orv l'o shaìl supposc that lr¿ is sufficierrtl.r- latgc and set :

tD : lltn 18c21/ro (ln y)'t');
,¡L:2[ln ^¡12);

à : ,/r¿ e24l1o (rt l,rr .¡¡-tl2.

([¿¿] - thc most intcgel number' ç ø).
\\rc replacc l¿ ancl o'in (9) ¿r,nd aft,cr sourc c¿llculation l'c ha't'o (ä)

llut it is casy to r.crìf.l' th¿r1,
ll32 Io < I < 1/810. Then (5) itt viorv of (2), (3), (6) ¡'ioitl:

t(f0,1rl ; ll,(tD, f) < 2à | Crt: (.f ;à)i-t(i-1iìr v)1/2

< 2à -l- crco(J; 3)i-1

:1i ; i,ii i ::;l;,,;1{,;;: ,,,,,_|"
< Ú'o (lr -1 h"r v¡t/2.
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Wc sh¿rll usc tÌre fotiorving st¿tement ([7], pp. 63).'
)'ct L(J) llc lint'ar', positir-c operator, clelinccl on /l'[, il]hen llor ovely

à> 0

r (L,; r'(f),./) < "(À, /; zò) *
f snp f'(t: (:r:, à,./) ; ø) *

.t,gÀ

f ,rl1 sup i\ - f' (l ; r)1,
:v€A

ìrolcls, t\'hcLt)

cr(rr', 3, .l; t) -
I
I

() , tefn-à,Ø*àlnÀ;
o(.f ; ln-tl- à), úe À\[ø-8, e;+3].

(5)

C)onscqucntl¡' for tlrt¡ Jlcrnstcin poi¡rnomial rve have

t([0,1 | ; ]],(!), y) < "(i0,11, a; 2à)

; ô- rro(ø; 3) sut) I | ,, - llp,,, 1r¡.o<i<r 
l'--l,l'u, tt'l

Iìil'sl, wt' shall ptovc

(6)
ò-1 sup

04r41
II

.r- ''- -¡ i

r-*-
1ù

1t,,, (:r) ( Cr.r-t(y-1 ln 7¡t/2.

Iìol this pulJlosc \\¡o usc the ineqla,lit¡'

$--
',1,

It,,,,(r) ( à-" 
"_ä,rr(ttl

ü --
1L

1n

?u,, (c¡),

whele a¿ is an (ì\'en nurltbet, nt >- 2.
It is n'ell hnotr,n that the fturction

9,þ; :t:): ¿-"r(l - r | æe'1")

oan bc prcsentecl as follou's ('see [1])

g*(z; r:): 
,,å 

\Y,,,,,,(u) z"'lrn!,

t¡'hcle
1t

ìír,,,,(r) : f,
v.:0 IT

nl

1t,,u(,u)

(7)

But in accoltlancc rvitÌt the iricqualit-v of Cauchy

, ,v(n)
lV,,,,,,(r) < ttt!-fii ,
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NonlE oN llrlD cur vErì1'rcDS rN' ;\ IìEGUI¡¡\Iì GRaprl
D-\NUT ì,rÀRCU

(Bucharcst)

Int,toduetion. hr this-pàp(ìr.', rve consr'rlor ulrtlirerctccl graplrs rvithout
loops or rnultiple erìgcs. illlrc maxiurunr nrlrnbel of cut veiticès in a con-
nccted gltr'ph on r¿ veltjccs 'uvith riz erlges was tlctelminccL jn [2]. rn [B],the rn.aximttrn numbet,l(n, tI) of crL1, r'ertices is rletcrmineclin a õot,tr*"i"tÍ
gTapþ on r¿ vertjces,.r'hichi,s regulal of degrcc_r cZ, n.Ìren rI < 4. fn l4l, are
obt¿r,inerl rcsults r4ric]r yicltl on upper bouncl Lot f(tL, d).

1;his_'¡ralrcr', r'c obtair¡ ¿r, bettcr bound fol ,/(,ri, rz). IÀre also ¿ettrnri¡e
tho <¡x¿l,ct r-aluc of l'(tt, d), r4rcn d is oclcl a,nd thô ricmaincler. obtairrer1 by
tlivicling' n-2it-4 by d * .l is lc¡ss tlr*r, '7 * 1

2

The lt'lain resulús. 1l] \\/c ?ìss¡methat rTis an oflcl
itrtcger' 2 fì, a,nr[ r¿, is an
Clea,rh-, .f@ i 1, d) : 1¡. > ct -l- B, in .what follorvs.

, J+oTlno. 
-- ll G i.s a cottnected !!rc1lh,on.rt aertices wltich, is regu,lar oJ

tlegraa tl, llrcn, G hu,s o,t nzost b(n, tt,) úlocli:s, rulrcre

tt(tt, d) -l ?!-Lf1
L dt-l

!!oot'. since arr¡' penrllut blocìi of a graph l'hich is leguìar of cle¡-
glec rl has at least ¿l _l- 2 r'orticcs, i1, follorìis tirat if r¿ < 2d, + 2, thcn G
is a l¡loclc. So, let n. 2 2cl l- .1.

f rcL h ltc thc nurnltel of ltlochs in (Í ancl lc,,t rr' n21 . . . 1 )t¡ Ìre thc
size.s trf the liloclis. Sjnec 61 is conncctecl, tr" è 2. sirct¡ ôiis i.'egulár, of clegee
rl, il, follou's that, iL l; >- 2, tlrcrn thc nrinrirel of orìges in th"e i-th bloc} is
a1, rnost y( rrr), n'hcrc

{¡(tt,) : -t,, 
{ 
(,;, ), l4itll

lve plovc the lclnrnil, by rrhorving Lha¡ I¿ )rt(n, d) leacrs to the con-

lr,arlir,[ior¡ !l^". , iì ,(,,,).qL)
¿ i:l

V. /lT. IÌOSîOV-4.

lt'ulthor' \vc uso t,lrc proper'l,ic,s or rJ,ausdorft rlistanco anrl obtain

: ([0,1] ; D"(ft), ,f) <
( r([0, 1];J',tr) *;(10,1| ; ß"kt), rt)

ç t/2ln I Cr(n,-r hì T)t/2 < c. (ru-1In 7¡tlz.

, llin¿rlh'. lct trs uoto thal, floln [6] and l,he clefin'l,ittn of llausrlorff
distrlnrtc folìol's tùr¡l, fol thc fulctio

t(u) -= in - Il2l, l,u e [0,[]
the ine<¡ralilv

inf [t ([0,1i) t, !u)¡ :p,,e P!} 2 Cun,-ttz

is valicl. llut lhc last ltcalls th¿rt

e I nrl2<;(t) n-tlz¡\ rl2

6

irrt{;(10, 1l; t,l)¡ pue J?'i} > C,

IJstcr' (4) canrrol, ì:e iurprovtrd for f e R,l{,,
Jlho proof is cotnpletctl.

lù
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