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ON AN INTEGRAL INEQUATITY

HORST ALZE'P.
(\\¡aldbröI)

rn 1975 K.B. stolarshy l5l intro4uced for positive leal number.s øand b and for real paramct'ei r 1,he follo.wing mea-n value famit"f--*--"' '"

L'(ü, - f 0'' -- l¡r l1/('-1)o): 
l'ç' -- ttlj 'a' #btr+ o)r'

Using limits Lr(a, b) c^n also be defined for r 0, 1 and q, _ b.'\\re obtain

Lo@, b)-lim L,(a, b) : - 
b - a

r-o ' log (¡,) -rogþ, 
ø *b,

Lr(&, ):iip L,(ø,b):!çbu¡o"¡LtÞ-øt, ø *b,f+Le

and for all re¿¿l r

L,.(ø, ø,) :1T L,(a, b) : a.

^_A collection of remarkable properties of Lr(a, b) were given in
[1, Chapter YI].

fn the last, yea,ts, the identric mean

1

I(u, tt) : 2 
16ø ¡oa¡rto-a

e

a,s well as the logarithmic mean

ED lTlJIlÂ Ä C.¡\ll El\t IE I Iì Ol\l^NE
(lnlcn \¡iclo¡'ici Nr.. 125, lcl. l-r076S0

79717 Brrcru.c;ti, lìontârrir

r'(a' b): 
ros. çJ¡ -T"r 1.¡

h¿ve been.invesl,igatcd intcnsivcly bl'_diffcrent authols [1, chaptcr vl].
'J'he logarithmic mean has notew rlthy a-pfilications in'ìomc þtrysicai,chemical ancl economical ploblcms- l3l. rËii is certainiy one reason for
ûhc gleat illterest iu this mean valuì.'
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, Let b > a ) 0. fn a recentl¡r publishecl note l4l a,proof for the
Iollou'ing ploposibiorr rvas gi vcn :

I1 i,hc funr,tion f e û la, ¿)l is Étrictl¡' ircrcasing'arrcl if J has a loga-
ril,hinioally cont:ex invorscr function, then

b

(1) 'l- \¡1*¡ ao < !(r(a, b)).u-(r)

RemarA:,. llhe 'Iheorem is-in p r,rticular, valict if rr¿e i<plrrca ,,IlÍ-ti,
t,¡¡tì1'ex" by ttl-t is logarithmicalìy concâ\'c,',.
1h¡.: follos'ing lt-sult rl'as proved in f4] :

If 0 < p <Iancl 0 < /¿ < (1 - tt)mi;r (a, b), thtn

0ñ A¡T ÍñfEëtrAi, rñÈduer,ÍTi

(3) Lr(q -)- lr, lt ¡ l¡\ { I(a¡ l)) 1- h.

,4.n applicatiorr of the theorem lcacls to a counl¡:lpir,tt cf (B)

Conor,r,¿ny. Il tt Þ 0 nnd lL. 2 0, thr:'t't,

(4i L(ct,, b) + ¿ < Lo(t -- h, b -l- ft':.

, Praof . The function

Î@) : rlþ i- /r,), o -- cr, { n { b,

is stlictly d-ecrensing. !'ur'l,hcr' x.,-' h:rl'c

'Ë-1,,,,".- +. t rly
and

Ã2

i-: slI-,@) :2tt. l!¡J-L(!)l-' > o.
d:q'

F oin the l'heorem r\re obtain ine
'p'-+ Lr,(a .l h, b * h) is increasing on
v¿rlid for all p ¿ 0.

3 loj

&

If / is sl,rictly rlccreasin.q, then the leversccl ine quality holcìs.
Tlic' airn c,f lhis papel is to plcserrt ¿ì lo'wrcl bouncl Íor thrr intcglal

tr
rlr(ì¿r,rr, --\ Ítrl dø unrler 1,hc conclil,ions t,hrrl ./ e {,11u, bI is sfliotl_v

it-.a)
incrcaSirrg'auä t,hat 1//-t;s convcx. (/-1 denolcs lhe inverse Iunction of /.)
\l¡e rvill fintl àn integlal inequality in volving tþe logarithmic mean. of a
anrl b. Full,hermore, r'e ptoviclc a ner^r proof for (1).
\\je ¡¡p¡1 the follou'ing

lrlnrlr¡\. Let ,f e Clu, bl tuttl !.et l' be cor¿[i,t¡1¡01;.¡¡ ¿¡1t(l r:on';eil strch
ihul X1 . j: is cieJinecl,. '))::hr:n 

u b

(2) n'(-\ -[ r,,'¡ n'l * i- lrr1@D ,r*.
\i - o)l\û1 

vù)= 
r-*J

:\ proof lor this propositi,ln can be found in !2,'Ihoorem 2061.
,\ simple c¿1r,rJ.¿,LiolLi'(ìa,¡{l¿rls: If 11'¡,1 st't /tI(r) .= it-r¡l' i t @) in (2), lhen
\Ye get

,^(*þ'', o',) 4r(u,tt)

which leacls immediatcly to the l,heolem rnentiorred a,bove. l{on' we prove
zl counl,clpart of (1).

'llunoRniw, Lct I e'Cla, bl lte a, striallq inrreasin,g j'u.,ntcl,iott," IJ 7l!-1 ís
coltre,n, t'lt,en

l@(u,¿)) <*

qrrnlity (4) r'i1h 1t - 0. llince
R l_¡], r.¡: cc¡uclnd¿, th¡rt (4) is

f

\/t,t a,.
uo
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I! J' is strictlrl dea'eu,sitzg, the¡t, the reuersed, itr,equ,uLiltl lrclcls
Prool. Sctting

F(n) :- 7 '-L (n)
in (2) v'e obl,ain

L(u, b) { !-L

rvliich plor¡es thel Thcolem,

d.c)

b

!rr'rb-a{
\
I


