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0.-In [2] we have presented a method for approximating the solu-
tion of the equation

(0.1) - P(z) =0

where P: X - ¥, X is a Banach space, ¥ is a linear normed spacc and 0
the zero of ¥. This method is an improvement in a certain sense of the
generalized mcthod of chords and of the generalized Steffensen-type
method. We assume that the operator P has the following property :
there exists a real numher ¢ with 0 < o < 1, such that for every @ in a
neighbourhood of a point m,e X we have the following incquality :
| Plaz)|] <« [l P(z)|. In the same paper we have given examples with
this property.
 The present paper gives another variant of the method presented
in [2]. We show that equation (0.1) has a unique solution in a neighbour-
hood of the initial approximant «, and that the order of convergence is 2.
In the first part of the present paper we assume that P is a con-
tinuous operator and [u, v; Pl, w # v [1] is a symmetrical divided diffe-
rence of the operator P defined by [u, v; P]: X2 - £(X, Y), [u, v; P]
(# — v) = P(u) — P(v). The symmetrical divided difference of second
order of the operator P :[u, v, w; P] defined successively has the follow-
ing property :

[y v, w; Pl (u — ») = [u, w; P] — (v, w; P]

TFor the approximate solving of equation (0,1) we define by reccu-
rence the sequence (z,), where

(0.2) Tnry = Ty — [y G@p; PI7L P(xy) = @y — Ty P(,)

n=0,1,2..., b:[, € X is the initial approximant and P(xy) # 0.
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1. TurorREM 1.1. We suppose that there exisis o point x, € X, a real

nuwmber @, with 0 <« <1 and the constants B, N0y and M such that the
SJollowing conditions hold : :

1% Jor every weS[my, r] = {weX: | — x, | < r} there ewxists
[uy, au; PT and || [u, auw; P Y| < B, where

r o= maw {Br,u Y R (4 — a) @) + aBq Y, lﬁ”‘l};
i n=0 1 n=A0

22N P(wy)|] < no'and || Plag)|| <'a) P(@)] for overy we S [w, r];

3% M1 {wy 0,5 PTIL < M for every w, v,w € S[wg, 7]

4° h =aB* M, < 1. g

Then : ) the equation (0,11 has at teast one solution x* in the bui’
Slwy, r1;

b) the equalily (0,2) d+fines by vecurrence the sequemce (x,) with
&, €S [y, 7] and lim'z, = &*;

H—->00

c) for the error estimate we have the following inequality
i #ok—1
“ m* = awn“ \i BY}O 7?/24'_1 Z h_Z (2 -1
k=0

Proof. From formula (0.2) and the conditions 1° and 2° of th»
theorem it results i

l mn+1 — z,|| < B “ P(ac,,) ”’
(1.1)
| Zas1 — azall < B-al] Pla,)|)-

The first inequality is evident, while the second is obtained from tke
following equality :

Tnr1 7 Glp == Tp — Op — [Lny 0@, ; P]7T Plz,) =
= [y, Gy} —P]—l [#n, 643 F] (wn — WEy) — [Bay Ay ; P]_l P(mn)z

= @y am,; P71 [Plxy,) = Plaz,) — P(x,)] = — (% @0 P]—l Plaz,)

because a,, ¢z, € 8[z,, +] {ov every # € N, as we shall show.

From the definition of the divided differences, using equality (0.2:

we geb

[y @y Bniys L] (@ury — @20) (Bnry — Ta) = [@ny Cpsrs Pl Pasy —

—~ Bp) — [Bay %05 P] (Tpay — @n) = P@ayy) = Plwy) + P(ap) = P(@ns;)

whenee, using inequality (i.1) we obtain

(12) L@} | € MM 0nsy = aall I @nsy — @ull < B> M || P(ay) |
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From inequality (1.1), using (1.2) we ha¥e

” Dp+y — wu” < B"]o hz”NI

whenece it results

[l Tptp = ¥yl] € By Rl [1 + r%* SR hzn(zzh.l)] <
(1.3)

s oo
< By b1 W B2 (2% 1)
k=0

Because the space X is a Banach space, there results the existence of the
limit of the sequence ( Zy). Lot g% = lim g,.
-0
. From inequality (1.3) for p — oo we obtain the crror estimate for
mula of the theorem. !
Using inequality (1.3) in the case # = 0 and P = my we have

l o — @]l < By [1 4k + b3 4 ... 4 BELL ) =

; - 5B m,
= B hz -1 <l ———
"X, U1 —17)

that is @, e S[x,, ] for every m € N. Analogously there results that
a%m € Sz, r]. Indeed, we have

lwy — @all < @y — awyl] - | aty — anll S (1 —a)llwll+aB 4 ¥ A"
: ' =0

From the relation , — @y, = [, az,; P]1E( @,), using the continuity
of P and the boundedness of the sequence |[[@,, awx,; P]7'| we obtain
that #* = lim «, is the solution of equation (0.1). :
7500 '
THROREM 1.2. We suppose that there ewisls a point x, e X, o real
nwmber a, with 0 < a <1, and the constaits By g and I such that the

Sfollowing conditions hold : -

(1) for everyu,w & S[xy, 7] there exists [uy0; P17V and || [u,v; P]7Y =
= I < Bj

(i) 1P(2y)]| < 9y and 1 P(az)l| < a [|[P(@) for every z'c Sin, r]:

(iti) ||[u, v, w; P] || < M for every u, v, w e S[w,, r];

(iv) b = aB?M 4, < 1. U |

Then equation (0.1) has a unique solution © in the ball STz, r].

Proof. We observe that if the solutions' #* and aa* are in the hall
S € [@, 7], then o* = ag* =a2g* — ... = 0. Indeed, we have [|a* — qa*||
= &%, az®; PI* [%, ag*; P] (2% — aa*)|| < ||T|| | P(a*) — Plag*)|=
= (.

Because the points @, and aa, are in the ball S[ay; 1], the condi-
tions of Theorem 1.1 are satisfied, hence equation (0.1) has at least one
solution #* € §[x,, r] which is the limit of the sequence (x,) defined by
equation (0.2) and &, € S[ay, ] for every »n € N.
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Let & e Sz, ] be an arbitrary solution of equation (0,1) and
T # ax*.
Let us define the auxiliary operator F,: X -7 using the opera-
tor P by
Fo(#) = @ — [@4, awa; P17 P(a) = & - I', Pla)

where @, is the general term of the sequence (a,).
The operator #, has obviously the following properties :
Fn(éb‘) = ‘;0-7 Fo(@,) =Lty [Ty Oy )= — [Zn, Wiy P71 [@ns ady; Pl=
(1.4)
= 0and [»,, aw,, T; F,] = — U,la,, az,; &: P

3

for every » e N.
Using the definition and the properties of the divided: differences
and relations (1.4) we have

[@ny @y T3 B ] (B — awy) (B — w,) = [@, 5 F,] (B w,) —
— (@ awy; Fp] (8 — @,) = F,(8) — F(w,) —
— (@ awy; ] (T ~ Bp) =& — @y — 0 =& — Zp+1
whence it results

(1.5) 1% — @paall < M|

&

=5 “%”'”5 i mn”

From the evident 'equaylity
& — aw, = [&, aw,; P] (&, aw,; Pl [T — ax,) =

= & awy; P17 [P(F) — Plaw,)] = — [, azy; P]™? Plaz,)

using the condition (ii) of Theorem 1.2 we obtain .
18 — aw,|l < B|| Plas,)|| < aB|P(ay)]
Analogously it results that
18 ~ @al] < B Pla,)|

Therefore the inequality becomes
(1.6) 1% — @pes |l < aB? M| P(s,)|?
Using inequality (1.2), it results that

| B(@nsy) I < Bt g
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and thus inequality (1.6) becomes
1T — @paq |l < B

From the above inequality it results that & = lim #,. From the anigue-
no00 B
ness of the limit in the space X we obtain #* = &. Therefore Theorern
1.2 was proved.
TamoreM 1.3. If the conditions of Theorem 1.2 hold, then the ilera-
tive process (0,2) attached to equation (0.1) has the order of comvergence 2.
Proof. According to the definition of the order of con yergenece
[3, pp. 175] we must prove that the following properties hold : there
exists a censtant p > 0, which is independent of n, such that

(1.7) o ll Pla) |l < 1
and the sequence (#,) verifies the following ineguality :
| P@as) ] < o [l Play) {2

From condition (iv) of Theorem 1.2 it results that .82 3 1P(m,) || <1.
Using the notation p == aB2M, we obtain ell P(w,) |l < 1, which proves
condition (1.7).

Above we proved that the following equality holds :
(19) [CC,” A&ps Lpiq; 13] (xn-rl - i'b'.fb"n) (mn+1 - 50”) s P(ajn-’l)
We prove that a,., = #,,, for every n > 0, where

Lty = @y — [Byy Gwa; P71 Plaw,)
Indced, we have
'/i'niq = Vptq = AT, — mn_Il" ['/l"n y Ay s -P]-l P(a"n)_[mm Gy s P]MI P((m”):::

‘:[07”, Ay 3 P]-l [wm ALy 5 P] (amn = mn) + [wm W&y 5 P]_l [P(xn) 5

. e P(a’xn)] = [mn) ATy 5 -P]hl {[mm Ay 5 P] ((MU,, o xn) -+ P(a7n) -

- P(awn)} = [@y, awy,; P]71 [Plaz,) — ])(mn) -+ P(CC") - ~P(a'w1z)]:0
Therefore we have

Tnty = &y = — ') P(w,) and Buir — gy = I'y Plaw,)

Using the above equalities from relation (1.9) we obtain

P(mn+1) = [@ny G2y, Tty ‘P] Ly P(am,,) r, P(wn)
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whence it results that
| P(zpsr) | < aB? M| P(w,)]?

or || Pz, < pl|P(,)|]? thus condition (1.6) is wverified.
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