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9. In tZl rilg haVe presented a rnethod for approximating thc solu-
tion of the equation

(0.1) P(ø):0

rlhei'e P ::Y -Y, X is a Ranaclì sptuce, Y is a lincar normecl spaco ancl 0
the. zelo of T. ilhis rnethod is an itnpr ovenrent in a ccltain spniìe of 1,he
generalizel mc'thor'L cf chords arrrl of the gene'ralizc d Stcffcnscn-type
methocl. \\¡c assrrme tha,t thc opelator P has t,ht_. fr¡lLowiLrg ploperiy :
thcre exists a, rr:al nu-urbcr' ø n'ith 0 ( a { 1. such t,h¿t Tor, õr.ôlr. r in a
neighboulhoo.cl of a, point aoe X we havc.'1he follou,ing iucqualil,¡':
ll P.(an) lì < ., ll I'(n) ll. In 1,hc same papcr rvc have give n ixarlpl-es l,ittr
this propelty.

. Th_e present palter gi'res anothcr r.a.riant of 1,he rnel,hr-'cl plesentecl
i" l-zl. we qhgrv that equation (0.1) ha,s a unique solttion in a nt:ig'trbour'-
hood of the initial appro-rimant æo ancl that the olcler of r:onvelgclice is 2.

fn the first part of thc present pa,per we a$sune ilrat p is a con-
tinuous operator ancl fø, D| Pl, tc * u [1] is a sytnrnetyicctt clit:ícrerl, ttifJ'e-
rence ol the operator P clefined by lu,, a; Pl: Xz --+ g(X, y¡, l.tt, Q); I?l - '

(u - a) - P(u) - P(u). Thc symmetlical divicled clifference of seconcl
ord'er of the optìrator P : lu, ,u, w; Pl clefinr:cl sqccessively hzls ilrc follo'w-
ing property;

ltt, a, w; Pl þL *. r.¡) : lu,, w; Pl .- la, m; pl

rr'ur'the approximate-solr.ing of equation (0,1) rve definc by reccu-
rence the sequence (nr), where

(0,2) iln+t: frn - lant ano; Pf-! P(uo) : ûn * l, P(øn)

n -OtLr2r,,,t ûoe Xis the initial approximant â,nd p(u) t' 0,
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1. 'lluuonnlrl,i.we su,ppose thctt tltere e,æisís ø 1]oi,nt noe x, c+ r,eci!,

ryu.ybe-r u, witlr, 0 { ¿¿ < r luttt' the constctnts B, .4s7 oln¿ lt tuah ilrc¿t t'l:a
follcttaíng oon.clitions :Jtold,: 

'

- 1" ,þ_r .cuert¡...ø e r.Sfro, _rl : {g e ,l: ll n -- noll < r} there enists
ft.t, ctu; Pl-t ancllll.u,, cttt,; Pl-lll < B, wltere

t, .!- tt¿,aü I , r, i, lt"'-t, (l - tr) ll¿o ll -t oo ro .Ë^rr^--rlr;I t,:o 1r:e

tt" ll P(nò) ll < ln øtr,tt ll P(4,n)ll < .r¡¡ p(o) ll lor aøery ø e i.9 iro, rl I

3" liIu,,u,,tu1 P-l ll ç ìlI,for eø(:rtt u,,,t)1w e Slno,rl;
rL" lt, .: ct, B ! l:["qo <: .l .

- 'lltut: o) th,c at1,ta,lion, (0,1 1h,a,,s q,t [,enst, on,e solwtion rfi ,ín, the þail
r,9l ru, rf ;

,b) tlr,e !'!unt,'t- (0,2) cl,,iittcs ltu rectrl.t,etr,ca th,e sequ,ènce (ar) utii'Ìt,
s;ne B lro, t'l ¿uttl lim an : û*;

'l 
+@

c) lor tlte enor esl,itnu,te we lt,u,tse theJot,!,oruing ineqtlnlí:tg :

ll øo - ir,,ll < Bqo l¡:t*-t ! ¿r"t,o-t-,t
À:0

, ProoJ. tr'1orn formula, (0.2) ancl the contlitions 1. and 2o of th,r
l"hcolerr iü r'csLrlls

(r.1)
ll n,n, - ,Ø,,11 < B ll P(n")ll,

llu,*, -- nn,ll 4 B'ull P(n")ll.

îhe tir sb inequaiil,y is evirlent, x'hils thc second is obtained from tl:tr
foliùH¡ing equ:r!it¡' ¡

¡7.n.rt'. Q,fr, : frn -- (|,fitu - lfn, o,nr; Pl-l P(ær) :

: Utu, ct,n,r; -Pf-L lfrn, conr) Pl (rcr.- ctm,r) - lnn, aun; Pl-t P(nr)-

o 1.n,,, e,n,,; Pl-l lP(n,) - P(an) - P(r")l : - lfr*t au,; Pf-r P(a,nn:

l¡eca,use ci1ù, o,frne 9l_t:u, r'] for e\¡ery 1x e N1 as we shall shorv.
Frorn 1,he clclinition of thc ilividecl clifferences, using eqrr,lity (0.2ì

rvo g;er;

lfrn, a{rr,, nn*ri .Pl (no.rt - ar*) (nr*, - frr) : Lü,r, frn+ti Pl 'frn+t --

-- {r;,.\ - Luu, ctt:,, 1 Pl (nn*t - 0)n) : P(nnot) -- P(u*) * P(n") ,: F(nnut,

n'henetr rrsilrg incquriliiy (l.J ¡ rn'e obl,ain

(1.2) ll l'@n*r) Il < // ll uo*, - en"ll'll nnrr - aoll4 aBz M ll P(u,)llr.

ON THE APPËOXIMATE SOLUTION

tr'rom inequality (1.1), using (1.2) rvc havc

Il nr+t - **ll 4 Br,ol¿2"-r
.whence it results

(1.3)
lln**n t u*ll ( Bno Trzn-t lI I lrr" + ... I hztttzø^tt1 I

707

æ
( llrio lrr"-t 

,*\o7rz" 
()x - L) 

,

Bec¿r'use lhe slrace ã. is a Bln¿i,ch sllace, thcr,e r.esults ilre existelcg cf ¡relimil of tht' sdqnr,nce (r,,). Ia,t, ü,r -: lim a;n.

_, ., In.}9,." inertFralit¡, (1.1ì) for p -, äiu" obi;ain flrc crror e¡i1.irn¡rbcr J,i.ri._tïtulù ()1 lrhe thcot'etn.
Using inequality (l.B) in flre case m : 0 and 7t : n?,, we h^ye

llno- ø,,11 ( B'qo L1.+h + hs +-... +lxz"'-l, *...1:
-: .B'40 i hr'"-r. jåfl-

, ,Eo aÍ*h,?)

lh:t_t}.r,,e.,Sfro, rl for every meN. Analogonsly there resuits that
&frn,e òi_ø¡, r.]. fndccd, we have

lløo - ø.ll ( llro -- a,aoil i- lløno * *n^ll 
,4 

(r _,a)llnoli¡a\ .no fi tú*-t

lìlotn the lelaLio o n! : frr''., == frn, cr,no; pl-\p(n,,), usitLg tH" 
"oj,tj-rityoI P nncl the bounrrerrn,.,si òt u"'icqrLi,nc.'¡11.n,,"'ir,n,,; pJ-i'll ,,,:';rr;;;itltat. n* :,]i,j ø,, is ill' uoluf ion e¡ r.qüaiion tO.f i.

1'2. We ð.,ltppos,e iltat thcre enists ct, poirtl a'e X, a rectl
0 < rÍ_< \, ct,,d, ilte cottstcr,,u,ls B, 1o àttcl M'su,ult'iltat tha

otts ltold, i '" : '

,,r\i) j",;e:ent u,n e Blø0, rlth,ere eni,s-t,s lu, a ; pl-r anr.I ll þr,,o ; FJ-r ll :
-- llr lj \ ¿,

(ii) llP(ru)ll < lo and llp(tt,n)ll < ø llp(r) lor et)ct,U ü{_,,!i;;r, ?.1:(iii) llfø, a, u; Pf li < M.for euel..tl u),t),,t0 eñ[øu, r,J;
qlv) ¿. -: r¿ßzl[.40 ( ]
T',/t'en equr,r'tion (0.7).rrcts ct,^u"niqu,e-soLutiou, n in, ilte buLt glno, rl.

-, _ Proof. we observe that if the solutions ¿rì, ancl ,r*i 
^,-ã 

ií ilre ballS...fro., r'l,.the¡ nl : nr*-u,zo* - Q.I1çteecl, *u hro" llnl --cÀ;¡: IlLn*, (r,ç*; fil-t ln*, a.r+; Pl (r4, - uæa,)ll < lltll .'llptn-+¡ " pQr,n*¡¡-
-0,
r: ¡oint are in thc ball Sl{0, ?'1, 1,her corrcfi-trons 1.1 ai c equation 1o.i¡ tras-ât le¿.,si onosoluti , r'l rv ot fhe_seqùulée-(n.) aefinea Èyetlnat Lnrre yneN.
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L_9i ñ e Blø¡, rl be an arbibrary solu,tion of equaúion (0,f ) anrlfr * nnx.
Iet rrs clefine the auxiliar.y operator Fn: X _+y using the opera_

bor P by

tr',(ø) : n -- lfrn, u,nnl Pl-7 P(n¡ : rc ,- .t', p(rj
wherrr.-ø, is the general term of the secluence (r,,).

Th.. operator _ãr, ha,s ob.viously thõ follouìirig. piopcltics :

Fn(ñ) : ñ, E,o(ar):nn+t) l:t,,ra,frni nuf:I -,Lnn, ar^; Pl-l.inn, tt,ani p):
(L.4)

: 0 ancl ffrr, {t.fr,r, ñ ; .F*) : -_ I.,1,¡.o; tilritl ñ ; pl
for er.ery y¡ e N.

- Using the definition anri the prcpei'ties cí tlic ili¡¡i¿eil, clifferencesand rcial,ions (1.4) we have

ffrn,únn,u;X*l@ - aar)(ñ.-.n,): ffr*¡ û;I*l @ _ nn) *

- ln*, u,nn; F*l (ñ - n,) :.F*(fi) -- E*(r*) -
- in*, aan; Fnl (ñ * n*) : ñ - frn+t- 0 - "fi - Nn+t

'wh.ence it results

(1.5) llñ - u,*til < If Iã - ütnll.llû ._ n,ll
X'r'orrr the evident equality

ü - an*: Lfit øun; pl-L ifr, ann; pl Lù _ ann):
: lñ, ctun; Pl-l lP(ñl -- P(an,,)l - - Lfrt ann; pl-t p(ar,)

using the condition (ii) of Theorem L2 we obtain

llû - annil < .Bll p(øu,,)ll < øBllp(u")ll

Analogously it results that

llû-n"ll <BIIP(n")ll

îherefore the inequality becomes

(1.6) llñ * nn*rll < ø8, lLllp(n*)ll,

TTsing i'rrequality (1Z).it results that

ll P(n"*r) ll ( 7¿t'-t ?o

5 oN THE AppaoxIMATE SOLUTTOì.¡ 10g

a,nc] thus inc.quality (1.6) becorncs

llñ*nn*tll </l'
Froill i,he above inr,,c¡r:rhit¡. it results thaL ñ : lini ø*. Frorrl the rrniq.ue_

noss of the limii in l,hc sp¿Ìce ,T s,e obtairL o'l!-'T a. T,hclefore Tìreoleirr
1.2 'lv¿ls plovcd.

Trn¡onnu 1
tioe process (0,2)

Proof. Aac
[3, pp. 175] rve
exists a consl,¿nt

(1.7) p ll P(øo) ll < 1

anti the seqìience (øn) verifies t}re follorving inequalitv ;

ll P(a"rr) ll < p ll P(n")ll,

tr'rcm conclition (iv) of Throlcrn-1..2 it rcsults that c,t]zllÍ llp(øo) ll<1.Using.the notal;ion p - aBzM, -¡.c: ol:t¿¡in pllp(øo)ll <i, 
",irl.frjii'o.ì*condition (1.7).

:\bove rve pr,oled that the following cqualiby holcls :

(1^9) 1fi,,, ttfrr, frn+t) l)f (rn_rt -- ti,r,,) (nnl, -- nn) : p(r,:,a.1)

We prove LhaT, e;na1: õ:nr., for every n Þ 0, rqhere

frtr+1 - 6frn '- fnr, ctnn; Z:1-t P@nn)

fndced, 'we have

ãn+t - Dntt: ct nil -- rcnj-ln:n t úfrui Pl-r P(a4)- Lnn, ør,,; pl' t p(ann)-,

:lfrrr¡ an,rl Pl-l ffrn, ann; Pl (øn^ -- fir) I1fr,r, a{on; pl-L Lp(u*) __

--. P(un")) : Lfr,t u,no; .Pf-L {Lnn, ctmn; pl @n,, _. r) I p(r*) __

* P(ctø")\ : lnn¡ ann; Pl-L lp(un,) -- I'(nn) ¡ p(s*) _ p(ctt:,,)l:g

Therefole rve have

finlt -.- fr¡ : - l* P(ø) â,rtd cjn¡y __ úfrn : ln p(ccnn)

Using the above equalities fronr rclal,ion (1.g) we obl,ain

P(u"+) : Lrt)nt a,cin¡ :t1¡¡1i Ir] l, p(anr) ln p(ur)

4
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rvheri.ce it l'csuits thal,

lllu(u"*r)ll 4 aB' n\P@,)ll,

or llP(c,ar)ll < p l)P(n")1fz, i,hLrs conrlition (1.6) is verified.
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Absi'¡ae1' some theorenls of clecomposition ior a cl¿rss of snrool-ìr uo¡rlcrl )inear space: ellclcnecluith a det'ivalrJe scnri-irner procluct are giver.- 
---

0. Introrluction. rret (,r, il.ll) be a .eal rr'1,'rccr ri'e¡r, sp..,e a,nd
f : X -n Il, t}rt^ function given b-y "f(æ): : I lZ ll,nll, for. tr e X. \\-r ¡ec:rlthe notion of semi-inner. pt'ocluct in tho sc.nse of Tapia (stre U ] pp.
389*390 or [7.]) :

0.1. DDFTNT'r,ro1\. 'Jìhe rnappitrg (,), : X X,ll + R, givel by

{0.1) (r, !J),, - ltT LTØ + tn) -- Í(u'lllt, c,u €. x;

is callcd serni-inner procirrct in ilro sr.rri¡jt of Trrpiir cr ?-srrl-ni-:n,..r l, IJro-du-et, for.sholt.

(i)

(ii )

(iii )

(ir')

ir')

(vi)

(r,ii;

\\re iisl; sorue ustral plop.,r,tir,s oll ?-semi_inner. prcrìucts.
0.2. PnoposrrloN. f,T (Å,ll .ll) is o, reaL nnrnteil, lùrcct epa,ce, tltcrt

(:r, r)r, : llulll for r e ,y;
(o:.æ, .?,9), : a\(r¿, y), tor c¿rll e [R, u_1, Þ 0 ctnd n, ï e X; -

(nn * ltt n)n - "llnll']_ Ql,, t¡), .l'or a.elp concl, n,y e- X;
(.-- o,!/)r : (r, --!1,\, if n,q e X;

(:o -r !¡"¡ ¿.'r, < li r:ll llr ii i (!., zr", ,l'rtr r¡i(, r, ,.,, :i e .tJ:

l(u, u)r, i < ll¿ull llt ll ¿Í r, y e X;
(r )r is sir baclclil ilo lr ¡rcl colrtìnur¡us in ilic fir.st ar.Err-rrcirt.

For the pÌoof of tlrc pìrir.ious propclties of ?Lst nri-iuur.r, prutlncts
ì'e sentl tu ff;l ¡p. :ìS- ,jÍi i.rd f tl l. Jfiil,

terms of ?'-semi-inrrer. proclucts holrls.


