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rvheri.ce it l'csuits thal,

lllu(u"*r)ll 4 aB' n\P@,)ll,

or llP(c,ar)ll < p l)P(n")1fz, i,hLrs conrlition (1.6) is verified.
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Absi'¡ae1' some theorenls of clecomposition ior a cl¿rss of snrool-ìr uo¡rlcrl )inear space: ellclcnecluith a det'ivalrJe scnri-irner procluct are giver.- 
---

0. Introrluction. rret (,r, il.ll) be a .eal rr'1,'rccr ri'e¡r, sp..,e a,nd
f : X -n Il, t}rt^ function given b-y "f(æ): : I lZ ll,nll, for. tr e X. \\-r ¡ec:rlthe notion of semi-inner. pt'ocluct in tho sc.nse of Tapia (stre U ] pp.
389*390 or [7.]) :

0.1. DDFTNT'r,ro1\. 'Jìhe rnappitrg (,), : X X,ll + R, givel by

{0.1) (r, !J),, - ltT LTØ + tn) -- Í(u'lllt, c,u €. x;

is callcd serni-inner procirrct in ilro sr.rri¡jt of Trrpiir cr ?-srrl-ni-:n,..r l, IJro-du-et, for.sholt.

(i)

(ii )

(iii )

(ir')

ir')

(vi)

(r,ii;

\\re iisl; sorue ustral plop.,r,tir,s oll ?-semi_inner. prcrìucts.
0.2. PnoposrrloN. f,T (Å,ll .ll) is o, reaL nnrnteil, lùrcct epa,ce, tltcrt

(:r, r)r, : llulll for r e ,y;
(o:.æ, .?,9), : a\(r¿, y), tor c¿rll e [R, u_1, Þ 0 ctnd n, ï e X; -

(nn * ltt n)n - "llnll']_ Ql,, t¡), .l'or a.elp concl, n,y e- X;
(.-- o,!/)r : (r, --!1,\, if n,q e X;

(:o -r !¡"¡ ¿.'r, < li r:ll llr ii i (!., zr", ,l'rtr r¡i(, r, ,.,, :i e .tJ:

l(u, u)r, i < ll¿ull llt ll ¿Í r, y e X;
(r )r is sir baclclil ilo lr ¡rcl colrtìnur¡us in ilic fir.st ar.Err-rrcirt.

For the pÌoof of tlrc pìrir.ious propclties of ?Lst nri-iuur.r, prutlncts
ì'e sentl tu ff;l ¡p. :ìS- ,jÍi i.rd f tl l. Jfiil,

terms of ?'-semi-inrrer. proclucts holrls.
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0.3. PnoposrrroN. (11-l p, 3$2) Let (X, ll 'll) be cr' real '¡¡ortt¡e'il ['itt,er,n"

sp(rce. Tl¿en, th,c Jolloui'rt,g seu'tences are ec¡ui'utLletú :

(1) The r¿ot"r¡t, is G(ttecnt,æ clifferetr,tiøblø oø -f,\{01, i,.e., (ll,ll 'li) is a' sn¿ooth,

norhxed linear spe,ce ;

(ii) (,)r 'ís hnmoganeout 'ín, t'lte sccottd. cu'gttntent;
(iii) (,)r is ltontogeneou,s itt, tlte first ctrgu"nt,en[ 

1

(iv) (,)r í,s Lin,eq,r i'n th,e first ucn'ia,lsle;

If (X, II.ll is a s¡nootl¿ +tot'tnetl [,itt,eu¡" sp(rcej il'tcn tihe ,followittg id,en-
ti,ty hold,s :

(0.2) (y, n), : lim L@, n I ty')r, - llnll'1lt lor al| a,7¡ e X.

llor tire proof of bhis Îact see I¡eìnrna 1.2 of i3l.
0.4. Dp¡'rNrrroN (tf l p. 386, lõl) Lct .Il be a real linear''space. *A .

mapping (,)z: X X -X --+ lp is callecl semi-inner' þr'oduct in the sensc of
Lummer (-t-serni-irrner product) if tJre follorving corrclitions ale s¿r,l,isfied ;

(i) (n .1- y,z)" : (n,ø)" i (9, a\¿ lor rc, y, z e X;

(ii) (},n,g)¿: ),(c;t!J\r, fot À e, [R :ì,nc1 n¡ll c X;
(iii) (a, r)" > 0 it n * 0; :

(iv) lþ,y)"I' ( (,r, r)t (l/t jJi¡. 1c¡'' a, ¡¡ e,{.;

(v) (tct ),y)1 : \(n,!J)¡, fot' À e [p and cc,y e X.

'Vlre nctc that thc mapping ,Y > u tB 
1rr, fr)!' e JB.* is a norm ôn X'

ancl the functional givcn by X = n tJ, (n,1¡¡,.e p js a continuo'.ls
linear.funcl,ional on bhe nornctl lincar sp¿ìce (,Y, ll .ll).

0.5. Pnoposrl'roN (itl p. 387). Let (X, ll 
.ll) Ite u norntecllineur sp&ce,

Then, (X, ll 'll) is ct, stnooth, normetl linccn spuce iff there ert;isl,s a u,nique
L-semi-itttter prorluct ruh,icJt, general,es the nornt ll'll.

By the use of thc notion of continuous 1,-semi-innel product, i.c.
a f,-semi-inner producl, rvhich generatcs the norm ancl ancl satisfies the
assunpl,ion :

(0.3) iinr (y, n l-ttt)r:,kJ, r)" for a,ll a,y e X
l+0

'we have thc following chat'ac[crization of smoot]r normed linear spaces.
0.6. I'noposmroN, ([1] p. 387). Let (X, ll 'll) be rt rea,l norn'¿erl lùteat

sgtace and,leü (,)¡ be a L-semi-ittner pradu,ct ulticl¿ generutes the norm ll.ll.
Tlr,ett, (r)¡ is continu,ous i.ff (X, ll .ll) ¿:s a, sn¿or¡llt nortrLedlinem'space.

ft is known that the semi-inner procluct in the 'l'apia sense is a
Z-semi-inner proclucl, iff thc normed lineal space is smooth (see t1:lp. 3e2).

- . Norv, we recall thc rvell-known concept of orthogonality in the sense
of Birhhoff.

.{ CLASS OF SEMI-INNE.E, PRODUCTS -n13

0.7. DEFrNrrroN. L'et (Xrll .ll) be a normecl linear space and æ, E e X.
Ihe element ¿u is saicl to bcr o1'1¡o*onal over y if

(0.4) llu -I- ty ll > lløll for all f e [R.

lYe denote this by s L nU.
Bythe theorem of R. C. James (seefor example [8] p. 85) :

0.8. T'EEoR,nw. Let (X, ll.l| be u rea,l nornt.ed, linear spuce and, ø a
giuon rea,l nlûntber. Ilten tlte fol,louirtg sentences ctre eqruiaalen:t

(i) r L sar -l E;

(ii) - r(ü¡ --y) < -- ellnll 4 '(æ,y)
uh,et'e .c(q U), : ll'r" 

(lln t tyll * llul)lt :1,lllnll!, ø)" lor n, ry e X
anil n * O;
,ue conclu,d,e th,at 'í,n snzootlt, ttormed' lin'ear sptLces Biúthof!'s orthogonality
is equäsu,len;t witlt Tu;yti,u's ot'tltogotr,ctlily ct,ncl with, Lumer's ot'tltogan,ali'ty

,'t e;sp er: lit ely, í. e.,

(0.5.) s ! aU iÍÍ (a, n)t, : o ill @, n)z - o.

I¡inallyr n'e recall ,Tapia's thcorem of representation (see for exam-
ple [1] p, 400) :

0,9. Tsnonntr. Let (X, Il 'lD be a reul Ba¡uq,cftspl,ce. Then'th,e fallow^
inE senl'ences rre equ,iucùen't :

(i) (,Y, ll ' ll) 'ls ø s'ntoc¡tlt reflerit;c Bc¡,r¡ac'ìt, s!{tca i

(ii) For any "f 
q N"' tlt'ere enösts nn, e,,le¡nent xL¡ e X sr,clt ihs,t

(0.6) l@) : {r,w¡)t for all' n e -X

an.l,ll/ll : lþrrll.

' 1. Derivable semi'inner products. Let' (X, ll 'll) be a normed lirlear
spaoe over the rcal number fiéI¿. \{re give l,he following clcfinit'ion.

1.1, D¡:r¡rrqrrroÀr. 'Ihe ?-semi-inner plocìrrcb is saicl to bc continuous
rsn X ili the fello'¡'ing' eonditions holds

lirn (ør n i ty)o,: (!/, r)r fol all n,g e X
f+0

Now, we can give the following charc{,etization of smooth normecl
linear spaces in lerms of continuou.s ?-semi-inner products.

1.2. PnorosrrroN. Let (X, ll'll) ¿¿ a real norn'¿edlittcat'sltace. Ilt'en
the folloruing setr'tences are equiøu,lent:

(i) Oo is conti'nwous on, X;
(ii) (X, '1.lJ) is rr, s'ntootlt normecl líttear spüce.

3
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h¿rvc
ProoJ. t'(i) * (ii¡'r. nt ihe properties of ?-semi-inner ljroclrr_ct we

(v) l,he Gâ,i,eaux rìiffcrc,ntial (VA) (n).?t : :lim lz1(r I ty) _ Arllt,
c-rists f c¡' ¿rll n, u e .X ; '-'o

l, : =.= (ri;, tIr;ltz for' :r; e ,\ is ¿r slrioot.h ¡ioilnccl

: X x.T - [R, (.n,U)n:: (u, ^t!q), tìri,u (,)¿ isl plorluct ancl since
(r .6) (U, u),n : (y,'(I/A) (u) . y) f or ail r, ,¡¡ e X,
then (X,ll .llr) is a srnooth normecl lincal slaco of (D)_t¡,1ie.

No\r/r \¡r' shrrll girre sornc_.rlsuaì propcilit.s of r",,liiirncr. p.otru<lt
rlelir.etir.e in a sr-nooilì nol,rnr:r.l lilrcar spacc. of (Ð)_l¡,1rt,-

1.6. IJnoposrlrroN. II (X, ll 
.ll) ¿:s rts ubouc, ilten, t

(i) (!,y)' : llyll, J'or att tl e )(;
(ii) (U, 0)' : ll.¿lll, for att ?J e X;
(iii) (ut1 , t:)' ,: at(.!/ ¡ t:), .for d"e R ctu,d, n, ! e X;
(ir,,¡ (,i1, tt"1' * Qt,,r)' .frtr uLl c¿ É R\{0} u+tfl, ,t:,,u itt. X;
(Y) ll*ll'@, a)' Þ Qt, r)'J'or uLl. n,y e x.

. .Proot. 'r'he senrenccs (i) ancr (ii) are obviolrs by the clefinir,ir:n of thesemi-innel product clerivatìr,e.
(iii)' rf a 0 flre icrentit¡' is varid. N'.w, rt¡t trs srppose q" * o.Tllt'n

(.a't¡,,r;)' := hnr l(o!, t, I ut,t¡ - (o!1,,t:)llt ._-- z.li¡tL(!i¡ e; j_ aty) _
* @,n)llt -- o'l,-r,l Lkt,,t t- o.ry) -- (y, n)llr.t : az lirn f(y, a _r sy) "_

- (y, n)lls -- (!t, n)' for all n, t1 e X.
(iv). If a * 0, then rvc. hâr'c :

(!t, o,,,¡' ..= 
1g l(!/, o"t, -l ty) - (rt, au:)lli: rll]J, lk/, r., I tlo"y) ._

- (y, t,)llt .lirrr L(y, :L: -! tf a1¡) -- Ql, *,)ll(tlo) --liur L(./, 1¡t r¡ slJ) *I 'O s-,0

- (y, u)lls - (U, ¡a)'for aii m,u e X.
(v). tr'rorn rel¿r,tion (1.2) we have

(y,r1-t'y)-*(y,t,) Þ@,r) (lþl tyll - llrll)illc:ll, r,,!Jex, æ#0
from whlre thelc¡ results

L(v, r I tv) - ('¡¡, r)llt Þ (v, n) illø -l- tv| - iltcll)l(,llnll) ror n,y e x,
Ø f 0 and I > 0. îhen rvc ol¡tain

(:¿/' r)' Þ (y, a)'lllø-ll'¿for nt.! € X nnù n # a

and'l,he ploposition is proven"

(1.j1) \'ijt ¡a riilr,il s (llø ¡ tyll - ll$ljl¿ < (y, o -i- tttirillu ¡ t,!il
atrr I

(1.3) (tJ, n 1- sy)z,llln -l- syll < (llø * sEll - llrll)/s < (y, n),lll',ll
folalì n,11 eXrn*0 anclf )0,s<0.

Tllcn ive tlhtailr ;

lirl(lle .l tull - llrll¡lt : (t¡, c)rlllrll antl
t lo

linr (llr * stll -- lløll)i,s : (n, y),lllnll' sTo '

forall ury e X, rla, i.e., tho nolm is Gâte¿r,rix diifererrtiable on X\{0}.
"(id) + (i)". If (.[, fl .ll) is a s.mooth nolnrecl linea,r space, then (,)2

is thc uniqrrc /,-srnri-irrnrr, plncluct u,hir_,h gcneratr,s thc rrorm ll .ll (see
[1] p. 392) arrcl by Plopositicrn 0.,i. we declucc that (,)¡ is oontinuous
On rI

l.he ploposition is pLo\¡cn.
L3. Dn¡'rNrrroN. Itet (X, ll 'll) br: a smooth linear spa,ce and (,) the

senri-irrner plocìuct in 1;he serÌse of Tapia or Lumer which gener,ates the
rorrn jl .ll. ilhen (,) is callccl ¿"ti1'¿þlc on X if thc {ollowing limit:
(1.4) (!t,,t;)' ' 

:= lli l(y, n l- ty) -. (E, n)llt

exists for ¿r,11 nr'y in X.
.Norv, rve intloclucr¡ the foilorving class of smooth normcd linear

spaces.
1.4. IhnrrcrrroN. ;l srnooth normc'd linear space is callerl of (-D)-type

il'11re serni-inrrcr'prr.rr'[ur,t; in thc scnsc of .Iapirr, or Lunrcl is clerivatlle.
1.5 lìx¡ln'Llìs. -1. fìr'erv i¡11'¡r,r'plotluc.t space (J:;(,)) is a smooth

riolmt-tl liur"lil s;pa.cc ol' (I))-type.
ltrrlc'ecl, sirrcc fclr nrny il, y e X \.e lttr've :

(r,õ) (y, r,:)' : 1li l(y, n l ty) -- (y, n)llt : fly ll'.

2. I¡:l (X; (,)) t;.' ii pl'(ìrilbcrtian spacc over thc leal number
ficld alrd A tX -, -l be a rLo::ìirLt'aL cpet'atol s'ith the prope;iies:

(n) A(an) : aAn for ø e lft ancl n e 'Y\
(an) (n, An) > 0 for n e X and (n, An) :0 implies n : 0 ;

(aaa) l(n, Ay)l' 4 (,n, An) (y, Ay) Tor alI n,y e X;

(av) iim A(n * tA) : Ar in (X' ll 'll) for all n, E e X ¡
l-Q
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Ânother result is embodicd in ttrc next ploposition.
1.7' ProlosrrroN. .r,et (x, ll'll).be a. smootlt notnteil lineay sTtace rtf(D)-íy,pe tmtl r,y (,u.o git,ett, elentiitti"in X. ,l,l¿en, the mafping r-'-- -r

(7.7) 9,;r: IR - IR.r, g,,u(t), : ll, l- tyllr,l e Rr
ôs deritsable _of. tuo ot'd,ers on, p anrr the second, cl,eriaatí,ae is nonnegøtiae
ott, R.. In u,rhclition,,

(i)

and

(ii) 'p'i,r\) :2(U, n i'ty)'for all f e [R"

ProoJ. Let fo e [p. Then we have

Ijm lç",r(t) - ,p*,0(to)ll(t * t) : lin-r ( llø * toU -l h,gl, * lln -f to1ll\lht+Io "' h-O

:2('!/t n 'l- toU) fol all nry e X.
The proof of rel¿rl-ion (ii) is similar a'cl we omit ilre cletails.
lhe second derivati'i'e of g^,u is no'negati'e from the property (Ð

of Proposition 1.6.

-I-q !4" lpcluelr we oof for the equivalence bet-
wcerr tsirkhoff's ortllog onality in the-sense of semi-inner procluct for thõ spac.Ë of (b)-typc. 

-

1..8. Pno'osrrroN. Let (X,.ll.lD Ue a stnr¡oth space of (Ð)-Iype. then
[þ.e íollowitzg c:ts.s ertiolrs ãre equö,aai' enl :

(i,) n L ru)
(ii) nLyi.e.(y,n):0.

ProoJ. By Taylsr's theorem, we have :

llr l.tu ll, : liøllz * 2(U, n)t + (y, a I Ey),t,
ryhcre (, is betrvccn 0 and ú.

. If n' J_ ry t,hen lln 1-tAll, > llnll, for alt ú e [ft frorn where there
rcsl rIl,s

tr(y, n -F E,A)' * Z(ll, n)t > 0 for, ¿ll d e [ft
which implies (y, ø¡ == 0, i.e,, r) L g.

11 n Lq,then

lln-ltUll'-- ll"-ll':(rl,n* Et:y)'tI ÞO for all te!p,
i,e., n L n1t z\,nd the proposition is proyen.

rlnlther'_orì, _\\¡c shall give a char'acterization l,heorem of prehilberti_
an spzìces in thc clar¡s of smooth no'med linear spaccs oi 1l;-tjrpé

2 A ëLASS OF SËMr_TNNER pnOnUcrS 
717

b.è ct, sntoc¡ilr, sltace of (D)_/,y1te. Ilrctt,

CLCC ;

, þ",r(t) : (y, tr:)' is continuotts in 0

ts o, sequence d.n e IR\{0r1, ctn -+ e sQ¡6Jt

:;:,,y, [Ì,,"ì.,llJ',rn", (!r, a), _ try]r,.

;#,)jrt ¡virh rhe above properry.

(!J, r)' :"tii (y, ,.nn), : (U, o), : Ily llr.r'(iv) 
=+ (i)tt. B¡. Taylo¡'g ilreolcm, rvc have :

II* i tyll' :!tn!!' i z(y, eÐt j- llyllrtz for all I e IR,ii'.hicb. implies

lln -f all, f ll, -_ yll, : zQlnll, # lla ff,) for ail at u e Xanrt Till,(X, ll.ll).is r,¡ictrjtt.¡errirn.rrre LIloot,ern Ìs prot,o:t.

d derivarive. Let. (X, ll .ll) be(,) the senri-inni,í Ë,,i'átlã;

¡rt'oducü has a boundecl deriv¿tivoclrthat h>Ianù
or all s, t/ e N.

rocluct space (_T; (,)) is a snrooth

1'?IrlTiLi:ï,ååli
,lu, !l-t,A) (e:) , tt II < rÌll3t

lr]:ll f,-l; ll./1.,) lirc,.c ll,ll, , - (r, Arc'trrttl litrr'Ð.r,sliacc ol (tbi):1'y;r,.r", on s a smooûh nor-
2-c. l'?j

6

l

pl,u$) - 2(y,n -l ty) J'nr att t e ffi;
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The follo'rving lesult gives_ a chalactcrization of inner.product spaceSin ilre class of snrõuth rror,mecl linear *1lr"u ni (Brj-t).pe-
2.4. Tnnonov. Let (x, il .il) be ct st¡tooilr. space øs aboae. Titen. tlw

Jollou;irt.g srni,ences ure equ,iau,len'i :

(i) (-f , ll ll) is an ,ittner prott,u,ct sptcr,ces;

ili) The bo,u,u,d,edt?,ess ntoclt¿le o.f (r)' is I.
Pt'ooJ:. t'(i) = (ii)". It is obviously since (r, ?/), : ll,rll2 for ¿rll r,y e X.(ú(ii) > (i)". ÌJy Ta¡'lor's formtrla rye obtain

llr I ,s ll, < ll"ll, l2(y, n) | Ilø jl2 for alr r,, u y
vhich itnplicrs,

|,r -l y li, < ll nltz -l 2(c,u)].llyll, for: atl r, ?J e X.

'l'hcn n'e tibt,ain

llCIityll, < llæll, t2(n,,!)t-lllyll',t, for, all t,ye,y ancl te IR.

Lei; I e [p, I )' 0. Thcrr :

illæ t- tall, -- llnll,)lt 4 (.n, fi I rll.ryll'

which gives for , -+ 0t t > 0 :

(y, r) 4 (n,y) lor alI n,!t e X,

ancl then by symmetry: (n,y) : kl, æ) ancl (X, ll .ll) is an inner prr_riluct
space.

Thc theolem is proven.

2.5. Dn¡'nvrTroN. _Let _(x,ll 'll) be a srnooth norrnecl linear space of
(BD)-type and. ko: : ltçt, the boundedness mocl-nle of semi-inner p'roduct
clerivativr¡. ff e e 10.,1), then the element n e X is saicl to be . 

t- 
/ro _

ortb.ogona,l over y if
(2.2) IU, r) I ( /i,oe llc-ii liy ll,

arr¡l 1ys rlcnote this fact lry * \ y.
s

2.6. IìEMÄRr. ff_ (X; O) is an inner procluct slracrì, ttten in (2.2)
\y(ì cÍìn fincl ko : I . Theln 'we have

(2.3) I(y,1,:) i < allrlj llyll

rvlrioh ri'ill lte denotecl by n L 3¡.

_ If inthe_ previous definitions .lvr crilrsiclcl. u : 0, then rve lecaptule
the- usrtal .orthogonrllil,¡' ilt 1,hcr sense t;f semi-inrxl, pi.oc11cl, o1 the usual
or'1hogonality in plehilbertiân sp¿ces, r'espcctivcly. -

Furt,hcr on, we shall give the follos'irrg generalizatj.on of Birlihoff's
orthogonnlity.

2.6. DurnurroN. Let (Xr*ll: ll) be a normed linear sp¿ùee, e e fO,I)ztnd r,r¡ e -1. Ttrc etement ,'. î'i*'1rrIà to-¡" ;_Bì"kilä åri.hogonat overthe element, ,¡7 and.we vr,itå tn"i-i-î''"y ¡t
E

(2,4) l!:r j_ tyll > (r .- u) lla;ll for all I e lR.

i,¡lirLs. a conntcúion Lietrveeo 
" 

_ ho_onality.

''Å"!;:::fä,äf:f,;!.
aetlid, :

(i) *!oy impties n!_yuith 8(e);: l"e_u)lr/r;

(ä) *,,t,o, irnltties .!, uith .4þS: :1 __ (I _ ¿z)trz.

Proof . !\re shall start, to Til,ylçr¡'s expansion :

lln ¡ ty¡¡z : lfe;lJ? I Z(,y, n)t i (lt, ø Í Eclì,tzfor r e [p.
rvhele €¡ is betrveen 0 and l.

(i). If æ L W¡ tlnen

(1 ** ez¡ lløf¡r u IIr # tyffz for alt ú e lp,
rchich implies

(e2 -- 2e) ll,rll, < IIn ltyll, - llrll' < z(E, r)t * (y, p * ,cü),t, 
$

4 2(U, n)t .1- kóll y llz fi far ail I e [p,
i.o.,

It\llyll't, t- 2(ll, n)t { e(2 -- e) ¡rll, > 0 for a¡ I e [B
which implies

Lltt\ - (t/, a), - kf;e(2 * ") llnllr llyll, < o
frorn ryhere flrere results , *o!a rvith ð(e); : [e(2 __ e)fitz

rv" 
"fr1îtîï:i:åîfJ]'"ur:iur,'fflo,rs 

rry (i) surrsrirurins e by .q(e) e [0,[,
tr'ur
2.g. the prehilbertian case.

rnenltie' \Jl!; ," 
reat prehitbertiøn, svtaoe øndê c10,1).

(i) * ! oO tlÍ * ,[t 1¡ r.ottere à(e) ; : Lu(2 _ 
")lr/, i

(iii ø¡ru tÍr * *g eoh,ere 1(e) ; :1 - (1 - e2)L/2,



',1'?o
STVEN Str)IZESrRU DRAGOMTR IO

ProoJ. (i). \Ye must only pror,:e the implication.(e): ft is clear,

llr # tlt¡¡z : fløll, -i 2(y, n)t * llyliztz for all ¿ e [R.

l l] ,¿' I 17, bl'rc,rr
ò(e) 

-

A cLASs or s¡:¡¿t-¡^*Ñnn pndntlcrs I27

Proof. Supposc II + XantlueX.
' 

11' :c e -Ð, then !: == ít: -¡ 0 r,r-itìr ar e -Ð aud 0 e E+'". '

Il rf .8, t,hon tht.l'ê exisl,s yue i such ilrat 0 { d,: tt(,rX)) < il"- __

- li"ltt < d/(1 - er.

.l.a' since re : âr .- !J"e Eê (sec the proof of the abor-e ÌcnLnra) l,ê
cbtain fi : !/" -.1- n," rr,nd lelation (8.2) is valicl.' tr'ulther on, \tr'e shall apply ilrese results in thc pÍì,r_rl_iclr_,ar case o.[
sinoot,h rrÒr'nÌß(l lineal space of (RÐ)-typtr. .

. Le1, (r' ll 'll)be a smooth no'mccr space as ¿rbove arrd -4 a ,nonei'pl,y

subset in -T. Then l:¡,;11' -,u,, shall clenote the sct:

(3.3) ,: {:! e Xi y L ø to, all n eá.,ì, e e [0,1),

vlrele/ioisthc'bouncleclltessinoclule of (,),,rvhicJrwilll¡e callccl the e */r;,,_
orthogonal cornplen'rcnl, of :l in -Y.

3.3, trn¡nl* I'd' (x, ll'il) be , stt¿.ootrt norntccr rinetr¡, spo.,e o.f (RDF
tylte anrr D be its closeil lùrcct, sttbsltctce, e e (0,1) nrxl tr) { .\r, tlren, r,lte
ø-14-orLclt,¡¡ortul contltletnent of E ,ís nott,scro.

Proqf. Let e e (0,1) a,nd -rt(a):lI - (1 - ¿z¡r¡2, ilhcn z;(e) e (0,1).

r{pplying L€r,rrì]â, il.1 fol l(e)r i,her,t, t,risl,s a,n llorrcnl; ,r,"10 arrl r.epnt"lB
ln ui

sÍuce /?n(") c È1 " (see Proposibiorr z.g), 1;he rc','a is pro'cu.
Finally, wc h¡r,l'e tìre follor¿ing e-llo-olilrogona,l clecorn1rositi¡¡¡ of ,p
3'4' 'l'rrnonnlvtrtcr (x, rt.ll) be u,cntc.totrt, n,ot,nted, Lin,eat, sqtctcc of (Dn),

ty'pe, E bc its closed, linea,r urbspaao ir, x q,t¿tr e e (0,r). Trien, r,rt,c foilow.ing rlec<tnt,yt ositiott, ltol,cls :

(3.4)
þo
l.X:1)-lE'.

Prc¡of. I-/et ee (0,.t) a.d. I(e):l --(1 __ez)tlze(0,1). It ne X,
JÞ

tlren tlrele exists n"e E atxr.y".Ú¡nle)" srrch l,hat n ---= fr"*-!/.(see Theorem
La1

3'2). sinco -Dr(") s 1.4" (see proposition 2.g) rve obtain o: fr"f E" wiilr
,r0

Ianelì a,u'd. g¿eÛu and the theorem is proven.

that

llyll't'-l 2(y, m)t j e(2 - e) ll,rll, > 0 for all ú e [R

sjnco A, ( 0, flou-L l'Jrcle there rcsults :

:r'' r' 
ll" -l-iyll, - llril') (ez.- 2e)llnll, for,allúe [R,

rvhichgivcsøI¡y.

'Ihe seconcl affilrn¿-¡tion is obvious.
The ploposition is plorrcn.

. S. Tl" e-lco-orl,hogonal deeomposition. \{-e shilll bcgin our. consirlt-
lations lvith. somo gcnclzll lesrilts 'rvhich worl( in the nolmecl linear.ipacrs.

I'et (Xr.ll .ll) bg a norrnecl linear space ancl ,4 its ncnlc¡itl subsct,
TB

Ry á' we shall clenote 1,hr: sct givcu b¡' :

tB
(3.1) /L' : {y e X ly Lnnfor, all n e X}, 

:i I

nhcre e is zr, given real numbel in [0,1). This Àct $ill ¡¡¡ callecl the e-Birk-
lrotf orthogonal complcmcnl' o1 A. :

,ft iscrr¡syto,see;that 0 . Ato andA n ¿*" ç [o].for, all e e 10, i).
the follor.i'ing lenuna is valid.
Íì.1. Lnlr-rvra. Let (X, ll.ll) be (L norn¿ed lin,eat' spaae cutd, E be its

closed,lineut'su,l¡spterce. Buppose X) + X. Th,enJor eï)ct'y e e (0,1) the e-ßirh-
ho.fJ' orthoç¡onul. complcme+tt of X) is nonzero.

ProoJ. Let -E e X\-È1. Since -Ð is closed, t\(A,D): ¿ > 0. Th¡s there
exists ú"e X such that d < lly - A"ll < d/(1 - e),

J.'rrltin¡¡ fr¿i - il .-: g", we hal'c e'" * 0t ¿i:rfl lor <!r-cr:y g e 1ì antl
),e,T{:

lla"-l:^all : llt -A".1 ),yl¡:llt -(y" -- ),y)il> d > (1 -e)lJø"li
LB

nh¿¡,t nrciuis thnt fiëÇ D " a,lr(I tlrc lcrnnra is lllovcn. :

The following dcoomposition theoleln in gcneral norrned litrear
slracçs _holcls.

3.2. Tunonulr. L',et (X, ll,lD be er nornted, l,ineur space ønd,.D be its
glo-s9d,lineat sttbspace. Ilrcn, for e,L)erll s e 10,1) the J'olloiui,ttg d,econz,Ttosútion
Itold"s:

\ù'2,) x:n + Ð
l_-

-Ào

I
Ae
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AD]ILINA GEORGESCU, IULIAN'É\ OPREÄ anrl CONSTANTIN OPIìEA

(Ilucuraltì)

\fiil, Biluttcltion paranttric cigettualuc pt'o.blettt

stcïlrilug' Llrcorg. 'f scpalntíng domaitrs of liuenl
â Couette flotv uù iclleld is invesl'igated anal)'-

spcciaì attention ved bi{urcal-iou'

Yerzutei¡.¡tutgsoberfldctt ttuf clie Tltcoric des

ì,ia,i^ìis,:í1¡,cttc sktbi .'li"Tf,:.î,iå1¡ll,t l$l
und InstabilLät eines
tisch uttcl uunle¡isch. rveigrurgsl'rage'

1. Tire rnetlmd" '\[osrt 0I l.ho

liirr:a l staJ,'iJ ii'¡ o'[ rÌ roj. iû tl of
Itvclt ottralln<'tir's, clatlt;jtril,t', acl
liirear ot'(liltlìl'\' tlifl'r'l'etrliitl t'r¡t
st,iinl, colfficients clepltLding olL rlc\-rl

(

I

e{-l üai.ion, is ol¡1,aincil in thc f ot'

"ät 
ìt iuj,'sin'lt' i',1): 0r tt'hclc I is a' ch¿racteristic length'

\lril ir¡s slctiorri'ol i¡c rlcult al h¡'pct'sttt'face. correspor.rding, 1,<-r lixetl
ì,itltr(,s of ,tL ¡âr.arnct(,I's llu1, olrt,. llìî.y b(' dctermined. þy simuttaneousry

sslving l,¡u ort*.aåiìtì-ii. à-q*triá" if i, a', Q, ?) : 0 and t'hc nentral
equâtiãn 1vlitten as 9(Àd(ú/,' Q, T)) :0'

+ parts oI ilris Þapel n'cre accepterl for prcsentation at the 1st Confelence on Mechanics,

Plaha, 1987


