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IJIFURCATION MZ\NIF'OI-DS IN A 1\'IULTIPARAT{Tìf.RTC
EIGENVALUE PROBI,EM F'OR I-INE,AR HYDROMAGNETIC

STABII,ITY THEORY *

AD]ILINA GEORGESCU, IULIAN'É\ OPREÄ anrl CONSTANTIN OPIìEA

(Ilucuraltì)

\fiil, Biluttcltion paranttric cigettualuc pt'o.blettt

stcïlrilug' Llrcorg. 'f scpalntíng domaitrs of liuenl
â Couette flotv uù iclleld is invesl'igated anal)'-

spcciaì attention ved bi{urcal-iou'

Yerzutei¡.¡tutgsoberfldctt ttuf clie Tltcoric des

ì,ia,i^ìis,:í1¡,cttc sktbi .'li"Tf,:.î,iå1¡ll,t l$l
und InstabilLät eines
tisch uttcl uunle¡isch. rveigrurgsl'rage'

1. Tire rnetlmd" '\[osrt 0I l.ho

liirr:a l staJ,'iJ ii'¡ o'[ rÌ roj. iû tl of
Itvclt ottralln<'tir's, clatlt;jtril,t', acl
liirear ot'(liltlìl'\' tlifl'r'l'etrliitl t'r¡t
st,iinl, colfficients clepltLding olL rlc\-rl

(

I

e{-l üai.ion, is ol¡1,aincil in thc f ot'

"ät 
ìt iuj,'sin'lt' i',1): 0r tt'hclc I is a' ch¿racteristic length'

\lril ir¡s slctiorri'ol i¡c rlcult al h¡'pct'sttt'face. correspor.rding, 1,<-r lixetl
ì,itltr(,s of ,tL ¡âr.arnct(,I's llu1, olrt,. llìî.y b(' dctermined. þy simuttaneousry

sslving l,¡u ort*.aåiìtì-ii. à-q*triá" if i, a', Q, ?) : 0 and t'hc nentral
equâtiãn 1vlitten as 9(Àd(ú/,' Q, T)) :0'

+ parts oI ilris Þapel n'cre accepterl for prcsentation at the 1st Confelence on Mechanics,

Plaha, 1987
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Albhough,
'ànd I are lLot
characberisbic e
as 1,1ìe irnplicit
lJre space (Rc À, f¡rr À, t, A, I....\
sirtrltLe À¿ sululions of ihó cli,,u'íct,,rt
in l3l) 1,his hypcrsuÌfaoe has r¿ clistiirany palameters far.ouL ilre exist
@, Q2....) in fho spacc olÌ pala,rne
ple. ltr bhis casc solrlr slLccl,s of thc
8, T,..')
points of 1,

lactelistic
?:'2*¡a

tl'he pl'est'ltLctl ltrcLhocl assulì-r(rs trço irrlr';lrLt rgos : (l) it invol yr,s ti¡omost reclucetl numeric¿ll calculations ii Láic.i.j.i-i,, ,ìti o1,her rneth, cl .l.equation is exact, il, has a lirrii,o numl¡cr. of tc,i,rlr,
a"ll ¿¡¡1 tho telms^arc expi,csscr.l ns pilãã"cts ;ì^;l;f
c sine ancl cosi.e) funclioris ; (2) i1, priis into uoi¿"rr,,.

vpersurfact:s, shonrn fol ilre first time in

plopelties lelatecl to the neul,ral
l:ìrenomcna are clue to the occurr
ltifulcation sulfa,ccs c¿ln l¡e obta

.? reir associ¿rúetl hifurcation

Ëüä: 3îË:,x1:""'liu"',..ä"î'.:,Iääby tJre

(2.7) {(D, - o,r), + Qar}, ø : - Ta,z(D, - ar),t), n e(_ 0.5, 0.5),
-Du : (D' - a2) o : {(I)' - (r,r), + ga"I r: : D{(Dz _(2.2) 

_ ar), * gurlo : 0 
^L 

n:=¡ 0,5.

where ?>0i ticficld strcngth,,u_:[-.0.s,î.rj 'iJ.
clomain of stab
of the rr.r,i"ãt iì

3 T-INEAE ITYDROMAGNEî1C STAEILITY THEOIIY T2b

(2.L) Lo satisf.l' Q.2). The genelal solrition of (2.I) is c_xplcss, tl by usirrgt'Jrc sol.ljous r,(*, Q, 't') ot'bhc corrcspontrirrg ci,,,,ã"i.rirìic cclrraiiori
(2.3) (À, -- ür)1 + 2ea, (t,z - ct2)2 * Io,r(^2 _, (12) _l ezcf :0,
çþich¡ ietting F : À2 - ctz, c¡tt be Witten a,s

(?.3)' '!"4 + 2 OcÊ$, -l- Tarv -l Q2tf :0.
Tìre equabion (2'3)' r'eplesetrt;s a hypersnlf¿l,cc in gre ¡j-hh dirire'siona,l
ùpace (lì'c._tr,-lnr¡_i, u, Q,.,1,) rvhich îot, T.* !'*=lA nQVQ ßllS , tr",.' iou,sheets rvhilc for, t, : ,Il, u^Í 0, g + 0 jú has ttu,ce í1i,,öti. .¡n ilre ilrrec_rlirnensional spacc (a, e', ?') of'Lirc I
n,hos(' poinis trvo shôcis of tJle cha
rc plcstnl;s l;llc hil'ul.ca l jon (clr Lash,
solntion ol'tllc cc¡uation F(p,'u, Q1 T)A clualii,ative illustration' óf i'^á
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726 A. GEORGESCII, l. OPREA aild c. OPRIIA

tJrlough Ç þy planes Q : c,onst,, zrr.c straiilìrl,line's pLri'i:iirrgl thlrrttgh (0'0);
i,hc¡' [¡1¡¿ tdrv¿ìrcts 1,hõ ø-axis as Q -+ 0 ancl tow¿¿r cls ?-axis as Q -' co

(|ìi,q.2). The i¡tr:rsectiolr c ¡t {a, == r:o¡st.} is a cnsp rvhich, fol: r¿ :0, <lcgtr-

lLo ,rs liultþci' ¿t'ncl frtli;hcl' il\viì'\r ft'om thr¡

A- s of C bY Planes^ 7 :
: io 1,he axis ¿¿ : 0 ancl

A av floir these axis as

T 'f' )' 0, hcuc''e ii' inclu-
clcs thtl ø ancl Q axes.

T

2.tÆ

4

Ð LINEAR I{YD ]ìOi\4A GN]ITIC 5 TAR ILIIT'I' TIII' O RY 72,7

"r
û.

l¿s : V.s(u,¡ Q, 1') a:rd ¡ra : VBkc, Q, tL').'Ilho Tollol'ins'liLritir¡¿' :;ituiitirttL.s
SptCia,l iUal¡t5i5 clesctyg : [t:0, 0.= 0) 'f'- 0, coltclrrpgnclitrs: t'o points
(u, Q, ?) si1'ua1,ecÌ on plllncs QCl', nO?'¿tlcl riOQ rctll,cirlivtlr- aiicl ilc;,i-
criLling the rnr:a,rLing-ìess physicaì sitrLat"ion oT vanishinpl r,'àr'entturbet,
lhe clcgencrzrterrl casc of bhc al¡sencc of 1,be elcctlic¿l cTlocis zrnci tho cicge-
l(.I'ttetl crasc of thc al:scncc of thclrnLl 'ffcct icspccbii'clv. [f r¿ :0 and
8,1-' ) 0 then ). :0 is the uniqr.e sclution of eqrtt{ìott (2.3\ and ì1, hlts
tlre multipliciL-v E. I.Icnct-r all shrctii À¡(ø, Ç, l') titril V¿kt , Q, ?) coinc'itlc
rvith thc hvpetplanc R,e).:0, Irn i -- 0r à.trcl, cous;cclucrii-l.t', i,hc points
(O, 8, 7) cli thc plitnr: n == 0 rvltil'e (ì,'1.' > 0 (i-,rcluding tho orii¡in).a,r'e
bitulcation points for tht-' char actel:istic h¡'pcr surface (2,3), (2.:J)'. If
T:0¡tL,Q )> 0thetr 9,r:þrz --ir[8: ,iL¡:l.t- -ict'VQ, 1,, -- lz :

I

2o

l0

lt_-..-]:-
- Àr: ìc : [,,,'fQ4 ).3: ),11 : Àz: Às

\yc havc ilr ==0r $z r 4 
-: 

-'l'ú2'er,r,n tvilcte ei]

¿r ) o it iólloríi i','l o, r,, : rf '- i., , =

: Ào : C[1 ]g: Àa: lz -Às:-ø.;\nA-
Iogorrs gcorntrt-t'icir,l intclpt'e1,a1,ioii lol thc
shct'{,s },¡(u, Q, ?) anr-l ili\ü,, 8) l'¡ ruu¡-
be donc. lìcrnalk also lhu,t the 1;lirncs
(, : 0 (1',Q >- o) ancl T : o (u, Q> o)
and 1,lre axis 'I : 0, I : 0 corsiñts of
bifulcation points fol the set of solu-
tions of (2.3)anrl (2.3)'.Insicle 1,he filsil,
octant, in addition to the mull,iplicitir's
of À, (inrpliccl by l;hosc of ¡.r.i) i¡ ]na¡r i;r'
also umltipìe if one cf ¡,i¿ is ,-ø:ì alrl,
couscqttr,-ntlv À,. : 7.¡+¿ : 0 ; 1.þis bai;r r
place fol \u, Q, 1') br lorsiug 1o thc su; -

fac:e C,clcfiucd ìt¡, f : (8 i,,t"';", ct,,Q >0.
llhe points of Q ure bif ulc¿ttion ¡oiuti;
for thc sheets oi (2.1ì) brLû no1, o1' (2.3)'.
In tlris discul;sion thc for rìt ),s -- 4ct"),6 1-

1- $cf ¡28ar)),4 + ('Irr.2 -- 4Qrê

- 4ao)'),2- (!,4 l I' - (8'4-2a,'8 | øa)1 ::.0 of ecluntiç¡ (2.3) t.es rrscl'ui. ,.,
c¡ralil,al,it't' graph of llil'rrr r.irtjon cont's-
ponding to C is given irr Fi¡1. 5 rvhilq,
the nabule of solutions of (2.3)' is ¿i,ir¿l-
lyscd iu r\ppcnclix 1.

r/--- -
- -V r Jf q i. l¡'or' 0 -0,¡ tt', !l' >o

,s,¿:1. Finally lot Q:Ð; lL:(t,

Tbis c:ornrrieitt crrrpÌrr.si;;cs rì.lr:o trig.5
the change of llzll,hi,-n¿rl,ical plollci-
ties of the solutiorrs of 1,hr:, ohal'¡ictcrisiic cclir,zr,i'ion (2.3)' as a l;ifurc:1.
tion m¿r,nifolrt ilr tht' (cr,, Q, '1') 1-'12-.ne is cr.'osst,tl. In fac,t, th.r'cha,racbcristic
equation is (2.3) l¡rit tht a,bovc chscussion nrâ¡r þo anarlogousl)'calriccl ortb

for l,his ecluntion to lvhich a 8-sheetc'd char'¿lctcristic irypersulfacr: in i,hc
(Re À, Im À, n,, Ç, ?)-spl,re cclrl'esll()ircls; for points of C\Q, (rvith ø, Ç,
Í'> 0) foul ol'trvo of l,hcse shect,s coak'scc riccorrlittg to thc c¿ì,so t¿'F -
:l[8W oï û,+ #VA-./f. 'Ihc char'¿rctelisl,ic hypclsurfacefor'(2.3) has also

ds at23

Fig. il Fig. 4
Èpr¡'ig. 2

Tire bifrucill,ion ¡;urÍacc t licg-inr,l at Lirc ¡¿- a.,ncl Q-l1-rcs ¿i¡rcl covels
the crrtilc c¡ratþ'tlnt, 'I' -:\tcl >' 0,8 > A' Tlþr: pr.rirrt,s (a, 8, T) \r4t11

lI > I¿')t,Q, T; 0 licloirg to thc' drttnaiu û'0 botirrcledbl' ff n,1cl t.lry

lrlanos Q :-ó,ct,!1.';' 0_anil t+ -.0,I:t Q ,;- í). 'fhc. pttitrts. Qi,(¡,!I') ^xijh'r1t 
- Ttzi¡r,lon.qto O.rvþilcthg¡icri,i'iþ rlt .--.'Lrtt, rit'e i1i'rtitr,1 ot1 ill tllc l'ell¿rin-

t[t,t'0rC 9f the()cl,rìtìt ct,,Q,'I' >0. Folpoirlts olOrC [,hc ohal¿rctcris_1;io.ìrypcr-
sulfaöe (2.3)' has jioril' disl'iuct stri'r't¡ forrlì'(r(l b¡' ctnlplex solutions ot
(2.3)'nilt-nc,'Iy Vt@,Q,1'), 1t2 (rt,Q,'l') (: i,r),.'{z,k;, Q,I') antl p'aQt, Q,'I')
i: trr), *,itti ttô (irr) < 0 ìr,ht.rc thc'l al sl,¿,nciii lor ihc cortplc-r conjuga-
Èion."ilrc iilraginriry palt of ¡.r,. ziltcl ,r-, 1,cnrls to zelo -tts (a, Q, T) -' C.

l{enrtr, as (u,, Q, I,j - C bn'o of thc ¿r,l¡1¡116r shr¡ets colllcscc ancl [hoy àl(]
folrrreil norv b¡iihc le¡1l ¡olutit-rns of (2.3)' rvllir-r]r a,;'<' ¿tlso t:qt.tirl !\ - ir.z:
: - qJ Il A/b. In l,his ¡,i¡¡,, fol kr, 8,'f)=: (u*, q'*, r71'à') e Ûr tht: ltypel-

surface (2.3)' ltes tirlee shcr:.ts : ¡r, -'= -'- (rl¿'V i tt.. .- rtr(6¡'i',1¡r, Q+)'-

: -- s,*yq+-[zçt -2iV 4; *n : ¡-Lr(rr,'t,1¡'i', lf\').
T-'he shgerbs nrhost¡ equations lyol'e {r.1 : ¡11(rr, 8, -f) lncl ¡r, -: ¡J'r(a,, Qr

?) are continuccl insiclc-Or0 by tn'o shccls of lcal solutio-ns oI (2.3)'.
lIônce insi¿e OrC tTtt charactelistic hypersulface cortsists of trvo sheets

of real solutions oI (2.3)', emelgecl rLprval'cls florn ¡.r., 2 - ¡tr*l/0{'/3- (im-
nlvina thr bifr¡l'cal,ion oI the tlotrblc soltLtiotr ¡rr(: t¡.2) int'o trvo disLincl,
i.ät íotoi,iorÌs ¡r1 &Dcl ¡.Lr), ancl trvo shccts of courplcx conjugtrtc solubiols

1l

'(c, a , r)
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:,7

o consist of rnany curì¡es)
.2) or', equivalc.ntlv, (2.3)'
is noL ucccssaly to hlrorv

(fn thc c:lsc of pr,obk.ur (Z.I), (2.2)
dix 2).
eilut'c t,o cletermine the scculal sur-
sc points (ct,, Q, ,I) fol which ),u are
cluation (3.2) is fLmtlamental. Ali
lcgiotrs of bhc fir,sl, ocbant, rvill lto

pria,tc liinits of (8.2). ;\l1;hough l,hc
sil.u:;l,c11 in l,Ìio ttooldinatc pl:lnes,
tion lcasclns, implit'd by thcse li-
of a, set, r'lo not necess¿ìt,y bclong to

s of tha,1. set,.

As*j¡rue norv [,hai, some of pi ar(ì uot sim¡tlc; this is possiì:le [3_]

orilril, (rt,er 1') e C tvllci't' Cis lhc billulcalion slll I'ircc cotrii-1ìng of lroilùs
¡,,ri,çr), f',r1'rvith T* - ' l6 tt'r8't'V ç.ts]/s t.

frLtlris casa,f ot'a*0 Q+ 84' 3(1

+ zi vÐ, \-= 8* f 3,),2 À11 ).3,4 : (# V Q"" lB (t+zi\r),
),,r+¡ -. - Ì,¡1 í: I) 2, 3,4,. llhcse cx¡rrcssions shorv thzli, the cqut-r,lity

þt: p,z cloes notì iùl¡'¿tg irnply )r1 : ),r, Indeecl, cven if trr( : pz) is lea,l,
),1 tn?ìy be lca,l zr,trcl positive (ancl equa,l to Àr), ot' À1 = )r2 : Q, or', finally,
À, is inlagirraly (nnd disbinct flotn À, - - Àr), Ilo\ycvel', iT ¡t, : p., iL
follol,s tJral, thr,. a,pproptiat,cly cxl,cncLecl scculal cquation (8.2)r.anishes
bccausc cit,hel Àt: Àz # 0r ot'),1 - À2 :0r or ),1 : - À, ancl þence the
first tn'o cohLmns itt (3.2) alc iclentioal. Àssume first that cquation (3.2)
rv¿-¡s exl,cndc'cl by suppl¡-in¡', thc¡ cÌornr¡in of cicÍinition of (3.2) u'ith points
of C\Q (anrl for ct.) 0) rvhich eliminatr:s thr: possiltiìity of va,nishing À¿.

So, I'ol cvcly point' (a*, 1"r, 0*) rvith r¿'t ) 0 of the sru.f¿r,ce C\Cl (S.2)
vanishes; but tlris does not rncans that all points of c\úL bclong to the
ncu1,t'al sr.rr'l'acc. 'Ihe leason is that fot. thcse poirrts of C\C1 fol rvhich
),r : À¿ (zrrrtl hi'ncc' ),s : Àu) lht,cxpn,ssiorr of tlLc general solution of 1f.f¡
(,u,hich is ¡o lo_ngcr, (3.1)) r'e:rcls as

'u(a,.) -- (At 1-;lrø) cosh i,a: f- (h i Rzn) s;inh ?,rr -l-
(.3,3 )

+ E (-4¿ cos h 7,ur 1- -Bu sin h À¡ri;)
i,:3,1

, cxllle-sscs as r"(u) : .AreoshÀrø -F
osh?ron;. Then a le:¡sonitrg, similar
us to explcìss tbe secula,t' erquation
) 0, Ç > 0) of l,he parameter space,

0r l¿r: lrz : - ct, l¿¡,¿ .: ril,"

128

ùrvo coinciclcn.t sirects f or
sheets foL c¿ : 0.

A. GEORGllSCtr, I. OptìEA and C, OPAEA

f : @ i- ctt)t, Q * Bct,z ancl .S coirlcirlent,

:.0¡o,¡8, TÞ0
(ct,Q,'J')ÉCuCt.

euables the sclection of thc secular.
also that ftrrrong 1hc sc¡cula,l' pc_riuts
collesponcl tc¡ the minimurn ph¡'sis¿l parz1rrrctcrs e anrl ? a,trcl ilrr:rcfore
a,re situated on thc cur'cf ri'hrch ärc clcse tó tne ç-at,a i,-;;i;The sclection of the neril,lal culrves, anrl, g'c,'nerall¡-, 1hi ne,ritral t"u"itå'r**
proceccls, .on the l¡asis of thc graphicirl- r'rpxscirilat.ion isritse,rl,rcnt" i,.,computatiorrs).

¡lssunlc first lhat.)., atc rmrltially c'listinct. Thc.n thc gcneral solu-tjot of (2.1) is {,xl}l'cH¡(,(l ¿ì¡i

(3.1 )

4

a(r) -- X (/, cosh t, t: !. B¡ sirr ìr ),,r)
;_1

suclr th¿i a(r\ -:a"(a) -lt;o(ri:) l,hclt: a"(n): ¡l l,cosh À,øistheeycn
it

palt of o(ø) ancl ao@) - f ,, rtr-, h Àrc: rcplcsents ilrc odrl pzÌt, of. the

nolvns. .Ihe conclition i,o havc non-
g seculrr ccluation [2].

(3.2)

À, sin h( x, l2). . . Àn sin h e,,,12)

p.r cos h(\2) . . . It+ cosh (t ol2)

Q? + QeÊ) cash()\|z) . . . e.3 + ga}) costr (Ànl2)

^rQJ,? 
-l]ar) sinh(Àr/2) . . . 

^qfurieø2) 
sin h(^412)

6

., TLi*, equation is .ot bhe_fonrr g(],ía, Q,T),. . .,],aQt, Q, ?)) and des-
crroe, rn ühc r.cgion IØ,Q, T)e C U Øle,e, I, >-OÌ'oî ilnc (u, g, I)
pararnel,cl space, a pu,r|" Er. of the comp-lcte' seculai sruface s. tnisr'tle



Í30

in the fornt

t, sin h( ),l/2)

i-i1 r:os lì (lr/2)

fu? + Çn,2) cos h()\12)
lt(rri -l- () t2\ sil-i;t(t tlT)

(3.:L)

Àrsinh(7,r/2)

¡r, cosh( tr/2)

Qr|+ Qur)cosh(lrl2)

A. GEoRGEScu, T, oPREA and c, oPREA

2i., cosh(Àr l2i .l- Qrrl2) sin¡().,¡2;
4 )r1¡r'¡ coi; h( À1i2)l- Lfui1- Oø\ l2l sinh (),r12)
(I).ls j- rr? + Çørl,:irrh( 

^rl2) 
_:r (it(,|-,? *

*Qttr)12) cosh (t1/2)

ì, sinh(to/2)

,un cosh(Àa/2)

Qtol- Qat) costr( Ào/Z)

I
LINEAR IIYDROMAGNETTC S'IABILITV TÌIEORV

for ? > ?'¡ this is ¿¡,rr itlzlginar'¡r {¡11 ctiolr r¡'liile for ? : !1,,r. the men-l ionlri liuirctiolr is lcirl

137

ii [àgrnat.'\' 0],

-l 1,hir ct

01' ììluìg|t2ùtt.
bei'.

:lccolr1ing to l.hethct, À, is zr pnlely
l)'r

r't'al num
rrcthccl to clcrive (3.4) fronr (í1.2) is b rsccl olr thc âsy¡¡t-1,otic eXp?ìlrSrOilS of irr,g a"ucl 7,r,, rvith tr:s1ttr-lb Lo thc asvlÌtpt01ic isccLu.encä

{1 , ", o ¡ .l f
Ihc

ot' e +0. IIit r o is lL smrll 1i.e
l,ttclti of tÌre À, --

I is small) rrr-'mplcx
lrhr it' + inclicates

lLunrbel of oidel of 1n¿rl:ì'1ìt )'i'ri,irc valucs olL the sru,T:¡ce ljr : Ii:t<. tlhtLs 
T 0r Fr : ,t¡" -l 2e),f ,
Oì' e -)

-t
I

:= lij' j-c -l- ,

"F

À, - l/ri i- 2.t;o TY, : $t-- (t"'
a),

i-¿1* '+ qr

Tollnlllr'.
diffc'l,cnl,iatiori ' cquatìon mav

scconcl colurnlr
be obtairrecl fronr

this
of the and71r; 1;his

Express
is natural srnce (;1.3) is obt¿rincdion (,3.1ì) may bcr tlcclnce'cl alñ6 þ¡'

a(n)

(3.2) by simpte
lo,pr¿ì,ctng À, by
flle satìte way.

as (,3.1)'

rf r- sinrr j: -r . (-t"n # + li ."*r,

,,,, c,,slli t ulzi.;".o*n li ,

2\2

:0rr, )0i
Q)0, (a, Q,I)eÀr(p.3 -1-Qctz¡sinh(tr/2) t,oe"ll ecr2)sinh(ÀnlZ) 0\c,

,rt. ti-l-2ãtri'',)rr==¡f J-s-l-... il Àf,is lcalâncl Àr-__.).Inãif
À;* is inragintr,r,y. 'Ihern, fo' ),i e tp (i.e. for poi:rts (a, Q) with ;'r 1lN)titlcine' into acr(1ount 1,hat sinh (ø _l_ 

"12) - sinh a; ._l 
- 

e cosfrø _t_ ç,1¡Z l¡sinhr -l- . . . ., 1,lLe filst coluurn in (S,2) is t:xplessccl iLs

dri,rl,
,1

(s.i*'* Qaa) costr -f O " (a,rl r.i' cosl f: * )

e

h l,rn -l
)r2n I

Ëì 
,2)

#).-(3.1)', +
: -zl1 (cos h Àrr _ cos hÀrø) * (Az | _41) cos
3r (siu .lt )nn - sinh ),rø) 1_ (ßz* Br)sinh

+ 5^ (;1, cos h À¿ø _.f_ B, sin h ).¿n)¿:3,4

v-r:_LQy:
2

SITìJl _-:

or, equir.a,lently, ¿g

'u(a) : fi'"s cos Àrn;- cos

i,î(y-î' 1 Ça2) sinJr 
f; -, 

. 
ftri'+r)o, * aÀi,i,.i)si^ rrf +

2

*( Fi'+
\2fr

(s.L)"
I A',n E"]t 4l'

J- ;1í cos h),rn f
\2fr -f /3{ sin h },rø 1_

and shou, ilr¿li, f.ot, I < ?+
.2) is clefiricci by a leal function,

+ å , 
(,4, cosìr ),,n -l ß¡sin h t,a:)i:3,4

* Q,È)"o*r,¡i) F .. .

'lvhile the seco.ncl column_ is oltl,¿rinec],
ll'hesc erxplessions shorv thai, the lera

(\*xr)n
-- sin h

(\ -- )'z) u

- -q-!!! ),rr'.1

(i *prcx) Íät,,,,Jî:¿l
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c\Øu{ 0]. fncleed, as is il, shown by comprrtatiorrs, it is a timitpoint fol
0,
all thc solution cur-\rcs of (3.a) ancl , at thc sarne time, it belongs

1,o the curve a: lfffi (defined lor a,Q ; 0) (fig. 6)
l-ret rls see not ryhich among poirrts (ÙrQ, 1'), Q, I 2 0 arc secula,rln this case À¿ :0r i 1'8 r F,: : 0) i :1,4 such that the generalsolttion of (2,7) ntay be ry¡i¡

feD as
/:t

ts2 A. GEORGIISCU, L OPREA and C. OPREA

u : At'1 -l- Br' n j- Az. n2 ¡ Br. nz 1_

+ B¿sinlÌ À¿Ø)

10

:1'T,1'J;,åï
a bifulcatio
-Ð is clefin

rf rhe rro,nain of irst octant 
îjl'ii"fr:-J,1"t':.ä,li?;

C on the (ø, Ç) plane for
onlv to a part of 1,he u tttlve Ez ¡'ill correspond

poinr (a, ç; "ro*s". 
r,tre,c'r.ve *_:llw,.r"or,, i,rl[]illl.i';lilliirlJJåî

suclr t'lraü,/)'t chir.gcs |r'orn r,r,nr t,o iiíaþinary u"Jiã.r'ilrålds rrrd conse_quenlfv the c'r'r'e ø:[q¡s is a.lso a sorrtio^ 
".,rrrn 

nî 1s.+;. rfo'eve.,
not all point,s of ilr1.9ur1r",r!:.rtt,eß ti.". C î Cì rvith ø, 0> 0 alesecu-lar. To scpar'al,c ilrcrn we tarre iÅtó'acààunt thatiin t,tús"'"asu, Fr : ¡r, :

--- ccz¡ Àr : Àz : 
1u 

: Ào : 0r Q : Bu,z, I :I6aarla,? : +"{l*ffi,),4,s: +û V2:21Íz such that the corlesponcling genc,ral solution of
(2.7), (2.2) is

t 2t ? 6g lo

(B.s) ,:I Ain¿-r ;
ó:1 g

trrhose errcn parl, is 4

(3.9) De:AtlArr2+Anra+aurc6, J

rvhicb lcar-[s to tlLc sccula,r' ocrììa-
l ion whosc f irsb coj nrnn iras
only vanishing entuies ancl con-
sc.clue-^ntly' all points (0, q, I')
n'ith Q, T > 0 alc seculilr'. 

'

q= Ve/s

Ir

Fig. 6

4

Tlresc poirrrs sa1ìsfy ilrc. up'r'opriatcìy_ extendccr cquation (8.2) and,consequerrbly, arc bif urcation þoints for," D. 
.-'1*"

o

1'>0 T+
Iaz

(3.ö)

(3.7)

f, (zlrcosir \¿x: f

i,nsinh ( Lol2)

y.ncosh (ì,012)

(vl -l- Qa2cosh(tnl})

^nQ.| 
I Qcr,z) sinh ('t ol2)

Ilor points (u,, 0, I), e,
lravc lr,, :t ar),r,. ..rs : ¡|

aa in tine plane 0 : 0 we
e where e3:1 ancl the neu-û--

ancl has el¡cn p:ìrb

(3.6) ,t),:At-l- Azn2 -f zl ,cosh ),sn!Ancosltüar
suclr []nl, tlcrrotirro rry p(c n-c,) ilrcplojc.crion of (on cr) on t]tc a,eplanc' 1 lrrl cc*'cspñn,ting''ù"irro"r""i,ììrlon rs e-r'ressed as

Consider. nou, the p.oints (y, e, I) e C, a > o " + ltQl,; in thiscase i,lre generzll sol.tìo' of 
' (i,tl', 1z'.21 

-is 
;' _ .+i +,nrr-i

tral eqrration (3,2) must be considel.ecl.

.4,cos¡]¿ -l B,i;inh \-22 ¿¡nd has the even part t, : At _f
4

"r- E

lor (ø, Q) e p(C n C1), ø, e ) 0.

3'4) b¡' the ¿bove rnen-
fronr 18.2) by cliffelcn_
Jclbing T -, 7,a and

41
f åOr"oshl1. 

this ,u" may be obt,ainecl from the even part of
(lÌ'1) ,.letting Ìt . 0 - uld conseq'entry ilre corresponding ne,tralccluatio.n is obtainccl from (B.Zi for Àr : 0. On tirc ba,sïs of .ó"i_-
puta-üioris u'e cc,njectulc bhat no ¡roint (a, e, T)e Cr, ø )0,a+[gß ¡s
scc u lar.

',^^^.-l^1*t:^1:l_ll 
tahe (ø, Q T) e C1, cr,: ttq-ß > 0. rn rhis case (2.8)fJecotìtes eqltalìton

(2.3)" ì,s -. 4u,2 ),6 ! I2ctli,n _ 0,
\'ltose solutiotls [rre À1 : Àr: À5 : Àu : Q,

Às,z : -L nV Z o4, À¿,s: +ollZ ll t - i /ã. ttris case, leading to
3.7), uas examilctl above and lecl to the conclusion that no point

, !)-? C, l'ith ^:VQlgIt follovs 1,hat thc sccrilãl manifold E consists of : p
(o, Q ) 0 is neutral.

ÉCu c1 , cr¡ Q, 1' > 0 satisf¡'i¡g (3.2)ancl situatecl on Er i

oints (a,, Q, I) ë
points (ø, Q, l)ec1 crrQ,'I )0, ?:T* ( * L6aa) rvhere (ø, Q ) satisfy (3.4) (and

o 1 Àrsinh (^rl2)
---e"t 2 -a,14,'l., cosh (),r12)

4aa cta -  ct, (p.? 1- ear) cosh ( Àri2)
0 rLa"a tr(tl.3 _f Qn2) sính e,rlL)

-0,

1-t-i

c ú'\
3-ç. Iõ77



7s4

corl'erlporìtiin¡¡Jy (n, Q, T'F) ru'e liilit points of (3.2) fot' l' ^'?r') a¡da,r'e
sil,.ratôd on E;; planc ø: 0 (inclurling Ç- zrntl ?-axes
ancl t,Irc origiir' ts of the plane Q :0, bttl' T * aa

sâtisfviTìg (11.2) Poirit,s trler

antl sorrtl of th , @) Plane a
(3.4) thc clilect, (3.2) ancl (3.
nuinerical techniqu bifut'oe"tion
tion is obtaincct ìf vccl . Sorne of .o¡r re sults, basecl on
(3.2) ancl (3.4,), are fl1¡ry aglee pelfectly rvith those in
i61.',11,:rtralh th:tt [ * ployidcs ¿-b¡¡ttcl fçr the ]lellùr¿ùl
snìf4,,,. i.+]. Thc lculi'ri,l cu.v{ìs weltr pL;i1't'cì b}r ¡ç¡¡¡lnilous lillus.

1. Properties of the solut
rions v or 1^z.ss; árc n.uarir," 

T%,ål.t- 
tf":t:lt,;lti

lQaz)z 1t-r ,t-i. < 0. rt follon.s have oirl.1, r.cal soluLionst¡,rra.se thei' sunr /i.e. ure coefficicrii .üj;)'rtrt"r"
'or 

? ) ?'¡ bq"urì,,n.iz'.;;;-¡;'* no rear u"i;îí";';."ìnrrc,ecr, i,.ssumethab thc sol¿fj6¡ of ,(2.8), is 11:-llq,r, (r, t^i11,.,r,,¡¡ e [ft (hcncc t:0 cor_rr.slrorrl to r,eirl soluf,i¿¡s,¡ s¡,jh th,¡í rròn'¡z.i'¡, ïii Irn"ì."'

(A.J) r, : -LtlJ-?ï^

ËINEAR HYDTTOMAGNÍI|TC SfABTLIÍY TITEÔRY

APP]]NDIOELCI

ct'lt
nf(uz - r¡2 4u'!r' ll4nrt2

A, GEORGESCü, I. OPREA and C. OPREA

\
\\

t** 
eotç4ê T'Tt

t2 L3
i35

I

T :_&QIg -F 1)' - !a' - q" + 1)+
ff"+y"

7ooÒ

@oo

Sooo

40oo

30oo

ùaoo
tûo

.T

gsþä'

êþoa

40oo

2ooo ,

I
I
I

t
\

+U!."!LØ'::J' Ï t) --'aL(nz - 'ttz 1 t)z . 4rry,lll 
.

sirrce ? is a real nurnbe' ir, ro'oo,r li ,lr'irrrrr, .- yz .+ ,l[- ,l(r, -- y2 + 7)t - 4r2y2l:1'1 rvhicli rrrarliàs eil,her I :0 or(Ã.2) 4n2(nz * yz + I) - l(n, - y2 +l), _ Anzgzl _ g
n'here u :0 0r y * 0. Tarring into acou't (a.z)in (;r.1) we obtain
(4.1)' rr : -- ao7fe r(nz - t/2 + 7).

As ? > 0 it follo.s,s -,]nt æ(nz _!Jz _l1) <0 ancl, consequr:nfly, from(4.2) we havc ühe eqnality r

(A.2)' zrfrxzTJ.: -(nz -u, lr),
i#t$i"" a : 0 a,s well as for y f 0. ft @.2)' is accounted for in (A.1)

(4.1)" y : Bae ll| *r [*, + t.
ff, now, we take U : 0 in (.{.1) we obtain
(^.7)"' T:ueIQ@, *Ðrl lnl.
Tlris expression is valid for cver.y real solutioo p : * [Ao, of (2.S),whilethe only real solution of 1z.i¡, involveti in (A.i'¡'^iã,consequen¡y,
in (:|.1)" is p - *llÇo, rvith ø : - .L,

Vs
(z'S)-larr into ilrree câses : (a) t',o sorutio's are:.[W uJt,z 10 ancl t.lvo are complex conjugate
sìn 0). \4:riting ñ : Ør 1- rz, p : ütßz the Viètecl as: S ¡2rcos 0 :0, Þ ¡r- ] B Zrcos0_2 : - T(aQ [Q;-t, pr, : t.The first af these

o 234567Õ

ffæ'6 '

\¿/
\q-¿l

Fig. 7a and b

I

t

Tx +r

!23+56 q
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four. cquations irnplies cos 0 > 0, thc t,hilrl shorvs th¿tt P <r2; solving

the eclrrations ib follorvs 8:(1 -t'')lr, P:t'-| ancl hencc *r*:L#t

+ As rt,, are rcal it, is necessarJ'that r4 - 2t'2 - 3 > 0
2r

t,helefore 12 > 3. But t'2 1"")-gB==ú+ y! rvhere (ør, grr) uncl (ut,

ya) satisfy (t\.2)' .

Thcn taLcing ini,o ¿rccount, (;1.2)' l,he conclition r"2 >3 implics nr>L1[ 3

suclr that (.r\.1)" giyes ? > T'*, si¡rilar reasonings shon that: (b) for
,I < 'I¿, t qlatio¡ (2.3)' has folr' cornplex conjugatc l'hilc for' (c) 'I' : T*
this ecltrat,ion, h.a.s ts.o lcal ancl ccluaì .qolutions, the other trvo solutions

being complcx conjug:r,tc. In the oase (b) nr ancl fl, n'i1l sbarid for the

"on 
pl,," conjugate nu¡lbers ¡r,rllfÇ-r- rvþilc i¡ tl-Le c'.rse (o) they f ill

be eo,urr,l lcal iltrìLbilt's (,,rrl[Qrr" : v.rl[Qa').
The above enzr,lysis cotLlcl be c¿ulied out dir'ectly on tìre cxplicrit

fornr of the solution of (2.3)', obtainecl by reclucing thr: solntion p or

this foulth tlcglet e'quatiol u):0,V V I to the solution of [,rvo second dcgrer:

r:quations

(A.3) w) -l û,"o tLto * p - 16 (3 l[3/)-1ø : 0,

rvlrerg qL -- 11 l'¿t4, A: +|VZVI -Lanr1 y is a,ny lcal solrtl,ion of
thi, thilcl tlcglec ecprirtion

(4.4) 'à?' - "¿2 -- à -l i -- í32 (27)- 1 ¡¿2 : 0.

li'or ?>?* i.c. ø<1 l,hc tlisclituiua-iri of (,'\.4)i- l1lì' a2(a2 - I)1
1,27 J

{ 0 lLcrtce the equzt'tion has thlee leal solr-rtions Zt :

: I -]- eu I e2arø, : + i e'u Ieo.,r,hcre eB :l ¡ Lt : ZtV"'-û.5+
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Cr: {(ct, 8, 1') € IRB i T :. (Q ï ø,),, et,, Q :r 0} intcrsecl-s the rur'f¿rce

T : 1"r ùIo¡g a, culve Ci* rvhose plojectiori on the kt, Q) plane is bhe

parabola o:[8];1, u,Q -- 0. the point;s of Ø\Cï a,ro of bifurcatiorr l]ol
tht solulions o{ (3.13), tu'o suoh sheel,s coincicle ancl ale À1 : Àu : Q.

In fig. ;\2.1 's'r¡ ¡r'prcsentr.d- the intc¡r'scction of ¡fusr plane 0 ': cons1,¿r,nt

rvil,hthe surfa,cc Ø( i.e. the cun.c I' : (8 * ø')') ancl with the sulface
O (i.e. the culvc T -: 7't'¡. illhe lasb tlo cuLves intersect at the point

s:ff[ß, I6Q'zlÐ. Indecd (Qïa'),:+ AVdo irlpiies 1ta1-6ttz-
3r3

I

- 16á-f 9 : 0 nhele l) -cl/l[Til therefole T
(b - 1):'_(b:. + 2l) -l- 9):-0 i.c. bt,z:1, .hcnce
or.r:[Çp. .I.he poinf, I coincities l,ith t]re
interscetion of thc cnr\-o Ci rvith the plarLcs
0 : const,ant. Our nurnolical calculatiotrs ,

ll'ete calried out fol valious fiyrc'rl values of
Q; 1;hab is x'hy 'lve took inbo accounl, i,h¿¡l, t6nz
in plaltcs 0 : collstant 1,he n¿r,ture oI Ào at I *
a point (ct, Q,?) clepends on l,he position of
tlrat poinl rvith lespect to the cur.vcs T:(8 + e2
i- az¡z ancl 7 :'I*". Fol instancebelow thcr
stlaighlliue T : 1¡'t' irll )i, alc complcx l'hile 0

above ll : T* four alnong À¿ arle complex
¿lndfaur' ¡"re cithel lerl ot: tryo of thern r.eat

.Io
Y3

Fig;. .A2.1
ancl j,l,o iiua,gintllv. ,\s thc cnlvc T : (Q I
az)z is crossocl the 1,rvo À¿ rvhich on lhe r-liffeiurt siclcs c;f that
cul'\¡e \\/eÌe real ¿l,ncl lcspectiyel¡r ilraginary r,anigh.

lì. IJr¡ratiol (3.7"). By sinrple ¿lsebr rì equati(ìrì (B.z) be corrcs
(r\3.f ) t3,.+ t3, :3]/2 nr 0l2 tr,,f tr¡), 11,here t,¿: ),,2 Ltr,nh(À,/2) :
:[,3, =- * ilru. \irliting Àa : Ir l iu nhc¡e It): (.(J V V',] +T,, :
: 

"V /B=(48.1) r'earts (l\B.D Q[t costr t¿ - ccs ,i - [¡tt/rru 1- u)

sinlrr¿.= lEqw -za1 sino. Since ,u: (l/t - r) wl[î, h ==]li ltz.u, ¡,
-þ o) sinh, -(V2 ct¡sh¿¿ .-, cos,u) isa,function of r¿ ¿ilone; nc ìlat'e"h(0) :

^ rl/¿ n+[¿'¿¿ 
r,o$lìr/ *']rcr'cr l(rt) :+!i si¡r¡ r¿ - (j,r;; - r¡-o,lr=r(u)f''- V2 Vz

sin'u. ]ìnt #:+#cosh ¿¿-

+ +
-<1. t
.ìl- ,f-,

I
I

(*o
ù

cosø )

I
0= ccrnst

,) (l/s'- r),
llt

Ct

l6

L

r)

tr

lt¡ I-Dt Zz-=

3 .t

1t7-1 attd c: l,tS[/"'-0.5- ø
27

(2.3). In
V'rLr+ ct'zI

a2 -' 
'L' 1 -l-la

.>

2. Properties of solutions of
tions Àr., +

t,hc pirper '',r't¡ ltsccl the fela-
Às,z + 1[y,., ¡ u', xn,, +

: .J- V wt 1, ctz n,ltere Àr ¿ùlre the solutions of the chalacteristic cclua-

t'ion (2.3). AII multiplicities of tr¿ ca,r1y correspondingly ovel the
multiplicity of À¡. Arlclitional m¡ltiplicity of Àn arise at thostl points (øt

Q1 !J) lor which À¿ :0. this 1,akcs place if onLì anong $¿, say lrir is
rcai ancl n4ruely ,¡r.r: '-- (ít2t x'b,iclr implies f =- @ -]- ct')', The sluface

} 0 lrence I incleasesfrorn l(0) - 0 for u Þ 0,thcrefor,e I > 0

fhen { } 0 for any u¡ 0 and, because tt(O) :0, it follows thâ,t h(u) >du

Vt i c;z, Àz,o : È

Þ 0 for u > 0.I'or ø e(Lru*) where *-W:o* :æ (and con-
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sequentlJ,, u* x 6¡ we have @ -{zr)sin o : (2 --l/5)¿¿ sin r > 0 r¡il
(A3.2) hts no solution becuse 1,he left-hancl side (-h(u)) is nega,tive 'uilìile
the t'ight-h¿nc1 side is positive" On the other hand fot'w:. 2the func'

¡)
tion g(tt) : tt, sinh,u -- l/ã costrrt, - lfl - Q1[3 - 3)ø is strict]¡z

2

\TATIIEI{ATrCA - RE1¡uE D,ANrÀLysB Nr_wrÉRIeuB
I'T DE TI-IÉORIE DE L,APPROXIÀ{ATIoN

L',ANALYSE NUIIÉRIQUE ËT Lr\ THIiORIE Dn L'AppROXn{¿\TIOf[
Tome 18, N" 2, 1Ð89, pp. 139-145

DISCRETE PIECtrWISE LINEAR ¿1 APPROXIMATION

tt¡AN lrBSxo
(Maribor)

Abstract. In tlris paper thc piecerrisc linear TuncLion in many var.ialtles is oblainccT by the
rìiscrete I, approximation usiug tho Ìinear or the, lineat mixed intcger proglanrming. The cen-
sored cliscrete linear' I, apploximation can be exLenrlecl using given results.

1, Introduetion. Consicler a saurple oI stal,istical c1al"a for' .l¿ ranrlorn
r'a,r'ia'bles rvhich must not' ì.le indepenclerrt, antl one dependent lanr.lcm
valiablc. Our ailn is to olit¿l,in a piecervise line¿u' function f or rvhicll thc
surn of absolute dcviations is minimal. Thc piecewise lineal function is
impoltant in the optimization of thr bu¡rincss 1Il'ocìess 12.1. Fol i-th r¡le-
nlerrt of bhc s.lurpler thc cleviation i¡l clefinccl ¿r,s tho cliflcit,ncc ltetll'r,r:n
the obselvcd va,lur: oll t.ho depenclclt, 'r,¿rrirlltle t¡, antl the f urrctìon va.lue
./(r¿). ,ËIerc c)re R, is ¿r, r.cctor tvhosr¡ comltonenl,s are obsclvcd va,Iues of
rr, r¿ìntlonr val'i¿r,bles in the i-tJr eìctreiri, of thc sarnple :r,ncì f : Zl" * J3 irr
a, pieceu,is.r linrlal func,ticln. îhis plolllorn c,i.Ln be explessocl in th r forûì

(1.I) rrir,inrize X lr,, - .f \nu)l
i '=1

1l'he lunction./ contails unlrnol'n palirlncters rvhich muslj be c¡;tinrtl,cd.
îhc nntnber of observatior,.s ?r? tìtust be gleater than the num'bei of
tlnkuclrvn pa,ramcters.

î'he absolute valttc+ function cân be cxplessed using zero-o1le variâ-
bles snbjc.ct to a,clclitionaI constlaiLrts l2l. llhe function

g('r) - tY '- l@) |

úan ìlo leplaced in the proglarnming problern by

g(r) : r -l- s

subject to nonnegative valiables r anrl s, suitablo constant o and,

(7.2) a-.f(c):/-f
(1,3) r < ctL

(1.4) s(c(1 -ø)
(1.5) ø:0or1.

f6

') -r
:

I
L. positivc l;ccarrse y --'=L+!.!sinht-l- t j-I7r, ecs¡ø + jì - z{s>rttlu Vz V2 -

and g(2) Þ 0. Since (43.2) exprcsses, equivalently, in thc forrn

ø sirrL u -- V'2 
[.o.r' 

¿¿ -. cc]¡ì lßTUt")] u
3+/5

l@) = 2

-,-ll*tz -- J/5;u, sin ì/er
1l o

1t --0\

and, f(u) > g(u) > 0 if follon's 1:h:lt (-43.2) has no sollrtin for u > '|)

Consequcntly (:\3.1) has no solutioir for ¿¿ > 0.
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