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sequentlJ,, u* x 6¡ we have @ -{zr)sin o : (2 --l/5)¿¿ sin r > 0 r¡il
(A3.2) hts no solution becuse 1,he left-hancl side (-h(u)) is nega,tive 'uilìile
the t'ight-h¿nc1 side is positive" On the other hand fot'w:. 2the func'

¡)
tion g(tt) : tt, sinh,u -- l/ã costrrt, - lfl - Q1[3 - 3)ø is strict]¡z
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DISCRETE PIECtrWISE LINEAR ¿1 APPROXIMATION

tt¡AN lrBSxo
(Maribor)

Abstract. In tlris paper thc piecerrisc linear TuncLion in many var.ialtles is oblainccT by the
rìiscrete I, approximation usiug tho Ìinear or the, lineat mixed intcger proglanrming. The cen-
sored cliscrete linear' I, apploximation can be exLenrlecl using given results.

1, Introduetion. Consicler a saurple oI stal,istical c1al"a for' .l¿ ranrlorn
r'a,r'ia'bles rvhich must not' ì.le indepenclerrt, antl one dependent lanr.lcm
valiablc. Our ailn is to olit¿l,in a piecervise line¿u' function f or rvhicll thc
surn of absolute dcviations is minimal. Thc piecewise lineal function is
impoltant in the optimization of thr bu¡rincss 1Il'ocìess 12.1. Fol i-th r¡le-
nlerrt of bhc s.lurpler thc cleviation i¡l clefinccl ¿r,s tho cliflcit,ncc ltetll'r,r:n
the obselvcd va,lur: oll t.ho depenclclt, 'r,¿rrirlltle t¡, antl the f urrctìon va.lue
./(r¿). ,ËIerc c)re R, is ¿r, r.cctor tvhosr¡ comltonenl,s are obsclvcd va,Iues of
rr, r¿ìntlonr val'i¿r,bles in the i-tJr eìctreiri, of thc sarnple :r,ncì f : Zl" * J3 irr
a, pieceu,is.r linrlal func,ticln. îhis plolllorn c,i.Ln be explessocl in th r forûì

(1.I) rrir,inrize X lr,, - .f \nu)l
i '=1

1l'he lunction./ contails unlrnol'n palirlncters rvhich muslj be c¡;tinrtl,cd.
îhc nntnber of observatior,.s ?r? tìtust be gleater than the num'bei of
tlnkuclrvn pa,ramcters.

î'he absolute valttc+ function cân be cxplessed using zero-o1le variâ-
bles snbjc.ct to a,clclitionaI constlaiLrts l2l. llhe function

g('r) - tY '- l@) |

úan ìlo leplaced in the proglarnming problern by

g(r) : r -l- s

subject to nonnegative valiables r anrl s, suitablo constant o and,

(7.2) a-.f(c):/-f
(1,3) r < ctL

(1.4) s(c(1 -ø)
(1.5) ø:0or1.

f6

') -r
:

I
L. positivc l;ccarrse y --'=L+!.!sinht-l- t j-I7r, ecs¡ø + jì - z{s>rttlu Vz V2 -

and g(2) Þ 0. Since (43.2) exprcsses, equivalently, in thc forrn

ø sirrL u -- V'2 
[.o.r' 

¿¿ -. cc]¡ì lßTUt")] u
3+/5

l@) = 2

-,-ll*tz -- J/5;u, sin ì/er
1l o

1t --0\

and, f(u) > g(u) > 0 if follon's 1:h:lt (-43.2) has no sollrtin for u > '|)

Consequcntly (:\3.1) has no solutioir for ¿¿ > 0.
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Proof. If
(2'5) 9,.(r,:) - gr(n) ) o

thc'n frorn (2.2) il follows 4 ) 0, since p is nonnegative. Thelefol'e frorn
(2.4) anrl (1.¡j) it folloçs 1r :0. tr'r'orir (2.8) flreiefor,e ib forlou-s p :0.
s]-n^c.e .rr ^à1.1 

gz Ð"L'c bounclecl functions ancr ã is a chosen corrstzr,nt', fr,orn
(2,2) it follorys

!t(e¡)-gz@):Q.
Tlren from (2.7) it follog's

f(n) : gr(.t)

and the tireorern is pr.vecl subject Lo (2.ö\. Similaliy in ca,¡c

Tt(n) - Tz(n) 10
ib follcrr¡'s tL :7r (l : D anrl

,f(n) : g,(rc)

and the theolerrn is proved al.so in this ca,se. if
gt@) : gz(u),

lrom (2.2.) -_(2.4) -arid (1.5) it follows ?,: Ç.: 0, since.¡r and q are
nonnegativc. therefore 1,he theorern holcìs ãtso in iliis oasc. So the fhlo-
rem is prorrcr¡1.

In sirnila,r, rva)' thl f Llncl.ion

l@) : u:jn (9,(n), gr(n),\

can be replaced. If
gr(r) : rnax (g¡r(ar) , !oz@))

or

g¿(a) : min (g,r(r), 0or@))

f or 'í, : r¡2, 1,hen first gr(ø) mù g¡r(r) lnust bo tlansfolrnecr. using l,tris
result the tirrncl,ion (1.s)-sub,iect tï'(r.u) can be tr.ansfolrnccl.

C onsiclel the tunction
(
' 2.6) Í(u) : max (max (gr(u),gr(r)), max (gr(u), ga(n))).

Using (2.1) * (2.4) rve obtairr

(2.7) max (gr(ø), Çz@D: gz(n) J- et

(2.8) 9t@) - 9z(r) : ç -- ?t
(2.9) ?t t cu

-tf the absolute yaltte funcfion arises in the objeciive funci,ion orLly p.11.1

l,lris lunction is minimizecl, (7.3) - (1.5) cart be oinitl,ecl. Thclefore iisteacl
of (1.1) 'we obtain

(1.6) rnininrize 5 {r, j- ,o)
:1

subjeci to nonrre.gative yariables l"o an,cl s, and

(7.7) Eo -- Iþ:,) :'t'¿ - s¿ i : Lt. . ,,,t71

The- piecewise linear function of ferv vai'iabìcs can be exprcssed in
difterenl, forrrs. \trrs yill take the form fll
(1.8) l@) : max(gr( a), gr(t;),, . .t gn(t;¡'¡

n'hich can be used also in caser \l¡tere rnany var,iables arise. ff gí.¿:te
lineal functions, /(ø) is a con\¡ex pieccrvisc linear f'.rnctior,. similariy the
function.

l(n) : min (gr(n), gr@),. . , , a¡, (c:'¡)

Ís a concave piecen'ise linear function if grare linear Tunctions. The ger:e*
r:a1 piecewise linear function can bc exþressecl in the for.rn (1.8), -tTh",'"

(1.9) g¿(n) : rcin(g,y(n), g¿z@),. " . ,g*¿(r)) i, : I¡, . . ¡tt,

and, g¿¡: Il," * A are linear functions.

2. Ilsfimation oI Pararneters by ttre Mixetl Integer t{odel. Tseon¡il¿.If g, ølr,d, gz Øre bou,ncl,ecl functiotr,s, tlter¡ tlt,e !u,u,ctiott,"

Í(n) : max (gr(r), gr(r))

cun be re,placed, by

'2.1) f(t:) : gr@) I rL

subject åo (7.5), ttonnegøtiae n:ariables p ctnd, q u,n,d, ød.d,itiottu,l r:ottstrnit¿ls

(2.2) hØ)-12(n):q*p
(2.3) ? 4 cu

(2.4) q 4 c(I -- u)

to lt, were c is ct, suituble ltositiøe consür.ntt,
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Q.Lo) q' ( c(1 - u)

(2.LI) max (gr(e;), 9+@)) : gE@) 4- Q,

(2.L2) gr(c;) - gE@) : Qz - Pz

(2.73) Iz 4 ca

(2.r4) Ç2 t c(L *- r)

whele p, anil Q¿ 2,tê norrnegal,ive, ø antl Ð 
^re 

'tcto-one valia'bles ancl c

i,-'^ä"-iitã¡Ìl'bor.trtrnt. C"onsiclcí'ing (2.7), (2.LI)) (2.6) ancl the given

theorem rvc obl,ain

(2.:5) .f(a) -- ril.n) -l Qz I Ql

SUltjcol, bo lonnegalrive r.ari¿lblcS /¿ -¿lntl- 
q¡r zero-oltc yal'ii¡"]¡les tt', u antr)

u, (z.a¡ -- (2.t0),-(1.L2) - (2.14) ancl

(2.16) 9r@) -r h - ftq@) - llz:(l'¿ - l)¿

(2.L7) li'¿ < c1't)

(2.1.8) (¡ ( c(l -'¿t;)

co¡sirlel r,hc pr.oblem (J,J ) sUì.)jcct 1,o (2.ti). lising. (J 'ti)' (1.7) ancl

this lesult in can be ra'ittcn in Lhc lol'nl

(2.1e) lìllnllnrze
ItL

[ (t, i- s;)
i':'l

Sirbiect, to trO11negit bivc rr¿liabIeS 2¿, r7i, T¿ â,ntI ,!'¡7 7'01't)-i)otl r"¿ritll-rles t¿¿r

,uo, änd. zo,, sttitaltltr t't¡Ilsl'ant ir âlttl

(z.ztl1 g+(n,) * (!nz -i'- !l¿'t i- ¡'' -' u¡ : !/¡

(2.27) tJlnò -- llzkr'¡) -'ll¿t -" ?t
(2.22) lit < clt'i

(2.23) qi, 5 c(l --'t'l,o)

(2.24) gr(n¿) :- g+(n') : Ç,¿z - þ¡z

(2.2ö) pto, 4 cns¿

(2.26) r1,, 4 c(L -- ue)

(2.27) gø(r,) * gn - 9+@¡) -- (liz : q¿e - ?¿a

(2.28) þt¿t 4 cwt

(2.29) (¿e ( c(1 *'îþ¿)

fol i ," t9+ are lineal fun-ctions, then (2'19) - (2'29) is a
i-"; profiamrning plollllm rvith zero-one t'ariables ø¿r

Q)¿ àÍr ïar"iabtes q.ol irt, t.i' à¡¡d. ü¿¡ ancl unbounded. para-

mete ons'
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4. Censoretl linear I, approxirnation; Consirler the problcrn t3]r i5]

(4.7) rninimize itr,- rnax (ø¿, cl m¿)l
4=7

rvhere 7.¿e llt'1,!¡e R,a,:nð..¿i€-Ulàïeobserl'ecl ândr¿eJ?ø prust,beeStimat-
,,¿ ¡r,sing (l.O"ll (l.Z) ancl (2.1) - (2.'L), Lhis problcn càlr be \Yritten in
thc form

minimize 5 {r, -+- ,,)

snbject to nonnegatiye vari¿,,}¡lcs ?'¡, s,, 7t,, antl çIÍrzero. o:ce vâriabl€s uia):nú'

'!¿ -- [o'n¿ - Ç¡ : ?'¿ - st

?i¿ -- Ttfi¿ : Qt -- ?¿

þ'ti < c/Lt,¿

q¿ 5 c(1 -'tt,¿)
lrrl i --- lr..,,ut,l{ov tye htle a rnixccl intcgcl ploglamming problem
n'ith 4.n¿ c,onsir,aints, 4tn, notllegativc valiablcsr ?,1 zel 0-one r.ariables ancl
?r, unbouncl(:cl conìpotlcnLs of the vector a.

This result cãn be uscful althous^h an :ilgorithm fol this problem
exists i5]. Since c.ornputcr proglan1s for the linear mixecl.integer pro-
glarnmrng are avarlalile rve ìrrn use them. lhereforc special computer
llrograms ¿¡rcl noi, needed.

usirig given le sults problern (4.1) can be cxtencLc'd if we take

mininrize E i't,r '- m&x (ø¿, tnin (n' ri,l¡\)i
i:1

lvher,e tue R is observed a,s rvell. This problem can be used in statistics in
a, sirnilar,way as ploblc.m (4.J). Insteacl of the linear function ú'n we
ca.,n t.rlre the piocervise linear funct,ion.
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lf no satisfies (3.1) for /c =: 2, then n'i==7 and ci :1xi:0' In this
càsc we obtain following constraints

g t(,nr) 1- t'r - s i --- ry i

ïL@r) -- 9r(ør) < o

us@')-!E@):rlo'
{z@¿) -- g+(n¿) -- g¡z : Q¡a

lf øu sai,isfies (3.1) for k:3, theu $¡e obtain

gir@r) + r¿ -- 8i : !l'¿

9t@,) -- gr(øu) < o

9r@,)-1E(nù:8,,
9r@,) -- 9ía) -- Çoz ( o

ff æ, satisfies (3.1) for' k : 4, rve o-btain

gín¿)Ir¡"-s¡:ll¿
gt@) - gr(ø,) { o

gr@¿) _ g¿(a,i) ( 0

gz@ù - 9r(¿r¡) { 0

tr'or this probleni a ma-rrix gerierâtor can lle nseÍul'
Thö functiorr (2.6) coír U" extc¡rlr,rrl to ¡rore lirrcar'picccs_ and-,to

concav; piece.r,vise iinóâ.' fuuctions. Sirrce the co.nr.cxìt¡1,1F used fo¡ the
cleterminåtion of zero-on.e y¿1i¿þles¡ thc cxtersion öf 1,his methocl t,o

functionì (lS) su¡jãct to-tf .gl can not ¡e usecl. lSut l.hc tlctclntination
of zero-one 1'¿¡i¿þlês is sirnplc also in this case. If

Í(n) : max (tnin (gr(cù, 9r@)), rnin (gr('r), tJt@))), ,

instead oI (3.1) rvc can tahc
(3.5) h,r(n¡) 4 d,1

(3.6) kr(n¿) 4 d',

where /r,, aud h,r*re cliffelcnt lincar f¡nctions' If øo satisfies the conclition
(3.5), then \\¡e c¿ìn 1lâke

rnin (01(ø¿), gz@¿)) : {t@¿)
and

nrin (9r(r¿), 9a@)) : gB($).

If øo doos nol, satisfy (3.5), then we ta,kc

rmin. (g(n¿), gz@u)) : 7z(n¡)

min (gr(n¿), gq,(n¿)) : g¡@t)

Sirnilarly the condition (3.6) can be usecl for the d'eterrnination of the
maxrmum.


