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Tiet I be, an arbitrary interval of the real axis, J = I be a subinter-
val and & (I) respectively & (J) the spaces of the real-valued functions
defined on I and respectively on J. We denote by &,(I) the subspace
of #(I) of those functions that are bounded on each compact (subinterval
of I. Let U < Z,(I) be a subspace and L:U — Z(J) be a linear posi-
tive operator that preserves linear functions. In the present paper we
give a new method to obtain estimates involving the second order modu-
lus of continuity for the difference L(f, #) — f(«) when fe U and x € J.
These estimates are in some instances better and more general than the
estimates that we have obtained otherwise in [4]. By combining these two
methods there results an estimate that improves the earlier ones (see [3]).

Since for a fixed point @ € I, I(f, x) is a linear positive functional, in
the first section we shall express the estimates in  terms of functionals,
and in the second we shall apply these results to the operators of S. N.
Bernstein.

1. Estimates for linear positive funetionals. In this section w, will
be a fixed point of the arbitrary interval I. For any f € #(I) we denote
by 8+f and 8~f the functions of #(I) that are defined in the following
mode :

i . J@) — flwy) , tel, 1> T
(1) (3 f)(t)—{ Rt T Gt
- 1 J@) —flag) , tel, 1 <uy
wf)(t)"{ 0 et = e

From (1) there results the following representation :

(2) F(&) = (3%) (@) + (87)) () + J(zp), for t e I, f & F(I).

We denote by ee F(I) the functions defined by e(t) = t“ for
t e 1. Also, for any real number « € [R we denote by Ja| the greatest inte-
ger that is less than @, and by [a] the greatest integer that is less than
a or equal to a. . _

We give in the following definition the general environment in which
we shall work.
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DrrINITION 1. Let V' be a linear subspace of F(I) such that

(a) e;€V,4=0,1,2
(b) If feV then [fieV.
(c) If feV and ge #Fy(I) are such that |g| < |f] then ge V.

Let I7:V — [R be a linear positive functional with the property: F(e,) =
= 24, 1 = 0,1.

A particular but sufficiently general for application, case of Defi-
nition 1, is contained in the definition from below.

DEFINITION 2. T:et p be a positive Borel measure on I with the

property : S e; dy = wg for 7 = 0,1 and S e, dp. << 00. Wedenote by V =

I 1
= uZ(I) the space of real-valued functions defined on I that are p-inte-
grable. TLet the linear posltive functional Z': V — R be defined by:

Pf)y = Sf dy, fe V.
i
We shall give some lemmas,
Lemyma 1. For o functional B as ¢n Definition 1 we have:

(3) F([8% ¢y |) = F(]87 ).

Proof. From (2) there follows ¢, -— xpe, = 3* ¢, |- 3~ ¢, and by the
definition of # there follows 0 = F(e; — xy6,) = F(3%¢;) + F(37 ¢),
Then F([3*¢;]) = P(3* ) = — F(3™ ¢;) = F(— 3~¢;) = I(]37¢,])

Remark 1. For a functional as in Definition 2, Lemma 1 can be
expressed by the following cquality :

(3" S ler — @eep | dp :S ley — myeel dp,
Vs I+
where 17 =1 n (— o0, @) and I* =1 n (@, oo).

We shall write Mp = I'(|3*te|). Also if ¢(t,...,t,) is a function of
several variables we shall denote by I (g(fy,...,ta)) the value of the
functional I applied to the partial function ¢, — gty - . ., t,) with ¢;=const.
(T 5 j).

LevMa 2. Lfor a functional I as in Definition 1, if Mp # 0 then
(4) F(f) — f(wo) =Ty (T (@5 (ty L)) for any feV,
where ¢z : 1 x I - [R s defined by :

Osltyy ty) = (Mp)™H([3% e |(2)) ((37f) (1)) +(]87 &
for (4, t,) e I2.

Proof. Since [3% e | (¢,) = (8T ¢;) (4) and [87 ¢ | (&) = — (87 &) (1),
it follows that the function ?, - o, (4;, t,) belongs to V forany ¢, €

F () ((3*f) (2))}
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Next, the function b =By (o (i . . IS _

HE i sl L = KDy (tyy 15)) belongs to V since P, ot ) e

5 %9 Sj_lt_m —F‘(J{p) PR3 ) (187 e (). Finally : B, (7, ’g(;iiintzj)))) &

e (RJ) T RUB N ST i Ve )L I i e fel) S
emark 2. If ¥ is a functional as iy Définition 2 g

- v ) ) S EELS N e a N \ i t > assert o

Lemma 2 can be expressed by the following <»:(1,uality:h{ k_,guuqn of

(4) B(f) —flw) = \ or 0y 13) ay (1) X u(t,),

I= I+

since ti'm funetions , 3t el a Nt ; ;
: 0NN i and 0 are u-measurable it resultc o
o X u-nreasurable. Then we have - ‘ able 16 results that 9718

where u Xy is the product neasure of w with itself on 7= x + Indeed
g I¥o 22y

(M) S { S (18*% e (8) (1577 | (&) du (tg)} L (3,)

I- I+

i (J[F) 9 g { S (;IS_()] l Ul))( i8+‘f[ “2)) d.U' (.ZJI) } (]5“:'52) <

) SN

A K 10+ | flzg)| < oo.

1

Hence o, is ite )
SOLCE 9r IS o X p-lntegrable and agserti g .
1 : ot Gaks 2 E R on (4') ea ha iy
applying Fubini's theorem, (') ean be obtained by

LinMurA or ¢ o 2 ; i
JEMMA 3, o @ fié-?ﬁcti()ﬂ((l b «“s 11 D(f]'mz,q_[u)@ 2 the following

L assertions are equivalent :

((5‘) J[F — ()
() B(f) = f(ay) for any | e V.

Proof. One can infer b) — &) by choosi T defi
ik 9 e e i a) by choosing g eV defined by : ¢(1) —
=1{lel )and ¢gt)=0 (Ce{ay} UTH ). Phen wW{I7) =0.The i]lf(‘l"b(‘]lcg(a,))'ﬁ
—= b)) follows ﬁ'om the: fact that for any n>1, 0= M, = S e

. . m 3 = ==

iy ey . ™+
1 a,oi',oj (tl]¢ =(1/n) .u](I N (#,+-(1/n),00)), and consequently p(1+) =0. Analo-
ously there results o(F-) = ‘ ’ ther hang 18
Lb‘hen s 1.5 5, 2(L7) =0 and on the other hand u(I) =1 and

Remark 3. One cannot obtain an analogous le a f
R o (L IR v nan analogous lenuma for the general

DEFINITION 3. (a) For every .f e F(]) as
] 3.(a) . every f e ¢ Bl ever fa = ,
we write : - ; Y () a {‘1 every pointsof I : ¢, < o <t,

4 —c 1577
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(hb) Fov every fe Z (1) and every real numbier ¢ > 0 we write:

ol f, p) = sup {'j(: g h.) .—f(.');} [y oyw - e, O: < h < p)

(6; ol fy o) : sup {if(e + &) — ﬁf(rv:?') S S A hel,
0 <h < pl.

6y -

N

o5(f, p) = sup COAM, 1y, Gy @)y Gy Bty — 1y
Remark 4. We admit the possibility that e fy @) offy ¢)and
o}(f, o) ave infinite.

LA 4. If we consider « fired function [ € V(1) we have:

(a) The function o — Wil o) is noundecreasing on (0,09).
{b) For any real wumber g > 0 we have : -

~oef(f, o) < wi(fy p) end
(") |
(1/2) ‘ﬂz(f, P/2> < (Og(fvpj L (.[7 F’/23

ey If f is uniformly continuous function then oi(f, p) -0 (p =4 -} and

conversely, if this limit exists thew the function f 18 conlinuois.
(& Ift, @i, belong to I and t; < 53 <1y then for any p > 0.:
[A(f; Ly Los )| < (ty — )7 {(t — @) A +Ta — 1)/ el*

(8) ; R NE G
y 4+ (= 1) (L 41t — W) e[Yios (f:2p)

Proof. (a) It is obvious from Definition 3.

(hyLet i <@ <y by, L E 1 pe such that ¢, — 1, < p- The incqua-
liby oX(f, ¢) < oulf, ¢) Tollows from the inequadiby:
: o5 By A x — 1 1 ”
| ALf, ty5lg @) <’;4"* L) — (@) L f(tey ()|

'y —1 ty — 1

U z-—h x+hel are such that 0 < < pf2 then  we
have: f(a -+ h) — 2f(®) + fle — b) = 2Alf, # — h, @ +- h, «). Therefore
(1/2) ﬁ’z(fa e[2) < o]y )

Now, let ¢, < 1y, t;, 1€ I be such thai ty —1; < p ahd let @ € (ty, &)
be a variable point. Let us consider the polynomial pi(e) = — f(4) +
- M (t; — @), and we pul gy = fla) + p(2). We hn_ve_g(tl) =

' By —'t
== ;}{ﬂgj lajnd since p iy a polynomial of degree one there follows:
Alfy by tay @) = Algy &y by &) = — gla) and os(f, p/2) = o4, 0/2). Since
1 is bounded on [, 4], let M = sup {|g(t)l, 1 € [h, [}, We have only to
consider the case where 3 = 0.

Tror 0 < e < B/2 arbitrarily chosen there is v €
[ga)| > B —e. We shall consider only the cise where gw)

{¢;, {5} such that
>0 and

ov
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> (t ine
”f__ 2‘;((21 J‘Z_@J{E& Sm?:ﬁ the others are reductible to this. We have a(1
! g_i (—q-:) .Iz} €2~— g(u) + <. Consequently wy(g,o/2) > g(u)g(_f)s N
Therefore (:(f g "2 5t i = |A(g, by 1,, @) ['== 2€ == |YAWfst,,i8 ) 30
] o ofy p/2) > w¥(f, p) — 2¢ for an Mo~ ) 11y by ]mz's.
completely proved. y M|2>e > 0. Thus (b) is
() If f is uniformly conti g

then from the inequa ;) CONUIUOUS, we have a(f
o o -ﬁe).ln quality proved at point b) P)

Conversely, let us su "
b T ! 3080 B bpose that f is not continuous at t i
rio'htIa,t]ﬁg 11[.{1‘I (,onslde‘l for mstance that f is not cogt?ilrlju?lfs i;l e e
u'; and )'-+ 1e1m them IS & noninereasing sequence '(u ) wit'h ﬂion} th_e
b e e o g 5y ek 0 T, W o (e e
1-_ A i 2 1 = .I! W "ﬂﬂ ’Hnu f A rn = -
(AT, %, s )] = (%] g . Erenes b & b < o
2 J(u*) — lor

P

any p > 0. We have obtained a contradiction

! =0 (p— 0 o) and
it follows that o3 f, )p) s

(d) In order to simplify the notation we put :
(9) Bly, bhw) = Alfy y =ty + uyy) = —2 1y — 4
¢4 =

+ L - ) -
o Ty +«) = fly)
for y —t, y - uel, tyw > 0.

For 0 < h < the following identity .

(12
S =) = fly ) — fy) =

T+ Y
= Mt h) [ w h
h(t -+ u) {u, + h Ty —8) + g I fly + w) ~f(z/)} o

. /u;t____,_ __}E_ i — h
e, { S = )+ )~ fiy — W) }
proves the equality :

(10) B(y,t, w) :ML) ; ut
ERg/ 1 + ) (."/7 by u)‘!’"mB(y"-h,t_h,,h)

i

for 0 < b < 1.

If we take in (10) ¢ ==
e (10) ¢ = mh and w = h, where b> 0 and m e N

11) By, il = i / v
(11) By, mh, b) = 2 By, by h) +—""— B(y — b, (m —1)h, h).

=l
’)ﬂll Qn__l[_l
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The following equality :

2 12 . : ,
(12) \ L’(y, mhy, h) = = 4—1,—,% {m —3) Bly — $hy b, ) +
g B e Ut )y = o 1)k, ),
m - 1

for0 €k <m—2,h>0,m > 2 . .
can be proved by induction over k. Indeed, for k = 0 the equahty_ in
(12) is equivalent to (11). Afterwards if 0 < k<m — 2 the induction
step & — k& - 1 results from the following equality :

m — k

——— By — (k 4+, (m — &k —1) by k) =
in -1
m—k —1 )
=2 ——— By —(k+ 1)k, by b) +
m 4 1

4 L by 1 Bly — (k+2)h, (m — &k — 2)h, h),
m -+ L
that is a consequence of (10). _ .
From assertion (12) for k¥ = m — 2 we obtain :

7 2 W2 . 2 ) ‘NP LAY i
: ] ool (= — A+ ==Y of (f,2h) =mal(f,2h).
IB(y, m hyh) | < (m 1j§=;0 (m —j) ) 5y 2 (f

Consequently the following inequality is true :
(13) | B(y, mhyh)| < mof (f,20),if0<h< pandm > 1.

Now, let t >0 and 0 <u < p be such thaty —¢, y - wel. If
t < p then [Bly, t, w)] < of(f, 2p). If T > o let us write m = Jt/o[ and

h = . Henee m > 1 and b < p. By applying (10) and (13) we
m -1
have :
(D i) CLANIR Y ey i gy fe AL
¢ < ———— | Bly, b, w)| + —————|B(y — &, h) | <
| B(y, t, u) | Bt + ) | By, hy W ) |
B 2 utm 1 1 4 m)?
g t(u - h) - wim oIS, 20) = 4 ( ) ok (], 20)-
Mt 4 u) t 4w

Therefore in both the cases ¢ < p and ¢ > p we have:

w

(14) IB(y,t,u)ls{l.—}——t« 6(2]t/p[+(]t/p[)2} W (f, 20),

if0<tand 0 <w < pwithy —%,y —uel
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The symmetry of (14) proves the following inequality :

e {7 t "\ 2

(18) 1By, 1, )| < {1 T (21ufp [ -+ (]u/PL)“)} wf(fy 2p),
P+ u

o<t <pand0 <wwithy —¢, y +uel.

Finally let us consider the case where ¢ > p and uw > p. Let
m = Jt[p[ and h = t/(m - 1). By using (10), (13) and (13) there follows

, . t(w -~ h) ul )
By, t, w)| € ————~| B(y, h, u)| 4- ———0— y—lyt-—h,hy| <
| Blys b Wi < o= Bl By )] | Bkt <
t(w - &) h .
e LY | T L N L wk(f, 20) -
< YRR { quh( ]u/p[+(]u/p[))}mz(f e) -+

wim wre A t - u(l - m)
L Sl (il RS CYOES o A Sl LI (0
Wy E2e) { W g

t i ;
o (20w o[+ (T e D)D)} oF (fy 20).
t+ u
From the last inequality, by taking into account (14) and (15)
we infer that the following inequality

(16)  [Bly, t,w) | < (0 4+ )™ fu(l 4+ W/p[) + UL L Jufo[)? of (f, 20

holds in the general case where ¥y —t y 4 wel, ul >0, p > 0. Then
(8) follows from (16) by taking y = a,¢ = 2 — ¢, and w = t, — .

Our main result is the following theorem.

THROREM 1. Let ¥ be a functional as in Definition 1 such that
My 0. Then :

(17) B(f) =S (@) | < F(8) ofF (fy 2¢),
Jor any f € V. and any real number ¢ > 0, where by 0, we denote the f'unc—"
tton: B, = (14-) | ¢, — e, | [eol)?
Proof. By Definition 1 it results that 6, € V. From Lemina 2 we
bave s |F(f) — f(ao) | = [Fsy (B, (94llsy ) | < Pl B, (19,ty, 1,)1)).
Since :

gl !
_ A, byt ) il < @ < 4
@5 (Byy ty) = My (fy 4y, %) 1< Ty <y
0 if 1, > @y or 4, < ¥

it results from (8) that :
L ostnta) | < {1/ Mp) (] 8%e | (82)) (1 + 1| 87¢; | (8)/pl)? -+
+ (/M) (1876, | () (14 1] 8% | )/ el)? oF (fy 20).
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Consequently :

Loy (B (] o7 (0t D) S (L4 1] 57 ¢))/pD)? -+

H -+ 1184 ] [ol)?) o (f, 2¢)
The theorem ig then proved if we take into account the equality :
(L1187 [ [eD)* 4 (14 1] 8% ¢, | /o) =
=0+ 11e —me | /e

COROLLARY 1. Let F be a functional as in Definition 1 such that
Mp # 0 or as in Definition 2. Then we have :

D IEP — fla) < F(8)oy (o)
i) B~ fla) | <

(1) <L+ 201 & — aoeal [oD) + o= T()} wr(5)
i) ) — flan) | < {1+ 8672 ()} o)

for any f eV and any resl number 5 > 0, where wy(p) 18 anyone of the
modult of continwity w¥(f, 2p), w,(f, 2¢) or oofy o) and Y is the function
b = (o~ ey i

Proof. Corollary  results from the inequality (] | &) —1mpey | [ p[) <
<p7* ¢forj =1,2,from Lemma 4 — (7), Lemma 3 and Theorem 1.

Remark 5. For the modulus of continuity of the second order we
shall combine the estimate in (18) —iii) with an estimate that we have
previously obtained. Let I be a closed interval of the real axis and
let C(I) be the space ol continuous real-valued functions deflnigd on I.
In [4] it is proved that if I is a linear positive operator defined on
O(I) and with values in the same space, when it is finite, and such
that I preserves linear funections then the following inequality :

(19) | L(f, @) — f(2) | < max {7/4, 3/2 +
+ L ((e, “‘meo)z; x)[B?} g (f, b)

holds for any fe G(I), h > 0 and = € I.

However, we mention that the proof of (19) uses neither the
condition that C(I) is included in the domain of I, but only the condi-
tion that the functions ¢;j == 0, 1, 2 belong to this domain, nor the cou-
dition that the values of the operator L are continuous functions. Also
the condition fie O(I) can bereplaced by the: weak condition fef,(I).
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If we fix @ = x, and if we denote by F the functional f — IL(f, %)
from (18)—iii) and (19) we infer :

THEOREM 2. Let B be a functiondl as in Definition 2 and we suppose
that I s a closed interval. Then :

(20)  [F(f) — flao)] <'min {3/2 + ¢=2F(y), 1 - SeTEF(Y)} wyf,p)
Joriany fe OL) n V and any real number p > 0,

2. Applieations to the operators of S. N. Bernstein. The results in
§1 give pointwise estimates for the linear positive operators that pre-
serve linear functions. We illustrate the application of these cstimates to
the classical operators of S. N. Bernstein.

Forany » e [N we denote by B, : #, [0,1] = 2, the operator defined
by Bulfy @) = % Jtk/n) parl)s @ € [0,1] whete pu () — (]‘) (1~

k=0
— z)"*and f e F, [0,1].

If we fix @ = x, the functional f— Bu(f; @) is a particular case of
Definition 2 and then we can apply Corollary 1.

'THEOREM 3. For any nelN, n > 1 and any fe F, [0,1] we have
"1
(21) IBAS) —F Il < 1,43 wy(f, n” 2)

where ||+ is the sup-norm.
Proof. From Corollary we obtain :

[ Balfy ) — flw) | <

2

\ 1
< {i + % @1y k/n;H(Jl/nfa:~k/nl[)2>pm<m>}m2 (fyn *)<

<{1 —-f-z' (2 Vn_i x —knl + nle — k[1)2) por (2)} @, (f, n_?l)

k

where 3.’ denotes the swin taken over those indices %k for which |2 —
k

1 -
—kn|>mn % .In [6] and [7] the following inequality is proved ;

(22) Vo X 1o —Fin |- pu(a) <9 — 1, where
k.

_. 4306 + 837V6 1 09 is the Sikkema’s constant.

09832

1
Hence | By (fy @) —f(2) | S{UU+2(n~1)+ o(1 — 2)} wy (f, 1 )<
7

<1,43 wyf, n 2 ) for any x € [0,1].
Remark 6. The constant in Theorem 3 improves the constant

equal to 1 o 1,626. .. given in [57.
115 :
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. ) . FElinear upelThotie’
"THROREM 4. For any e F,[0,1] that is not Unzar we ha ‘

(23) ; lim sup | Balf) —lf” <1,30

41-»00 -y
” fﬁz(f’ n ?)

A . 1 we use the
We shall use the following lemma. In what follows e use

T i
(R f N hat i =0 it n<0
notation( )ln an extended scnse for n, m e ZZ that 1s( )

m
or m << 0 or n < m.

m

— <58 < we have
LEMMA 5. For n > 2,0 <7 <nand 0 <5 < n

k=0

‘ =1 + P ~__1”__ .
(24) Y, (& — &/n)? pax (2) = (n ) st (L — ) (m _ ) =

{25) i (@ — k/n)? par (@) = (

k=g

1
S R L
8§ — 1) n —1

a(l — @) "2

- Pa—zi (2)
nw J=s5—1
where ¢ € [0,1]. x ) - - L o
Proof. Tiet zand n fixed. We write ¢, = (7 — k/n)? pay(2)and d, =
— ('” - 2) st (1 — o)v¥ 2 for 0 < k < n.
k—2

We have :

,—1
0 k42 Y ("/L )

S el (1 - J)‘) b
Ox (k) k-1
2

_L.f“_ (P 1) (1 — )" = (” W ) b+ (1 - m)*7F 4
n \l —1 k
no— 2Y e (1 — 2)*% 4 (W o 2) A O ) L
+ k- B2
. — 2 n—¥%
n—2Y .. o 9 (” “) Cakt (1~ ) .
_2(15-—1)5“(l 3 k— 2

=2y PR "'“2)'&7"’(1 = F)TE =
+(k m..z) 7 (1 — @) S n(k-—l

== dyys — 2 dpeq -+ dy + i(;: 3 i) ‘o (1 — «)"% because dy = 0 =d,.
- a\n
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r 1 1 7. f/n—2 ”
Hence Z Ch =lrpg — dypyy 4 — Y (1 — g)p=k —
k=0 N oa=o\k — 1

e e 2 e
( r )w =2 i n~1)4 Z( &yl

® og=o \k— 1
Therefore (24) is proved. If we take in (24)
k=n-—gp and j =% — 4 — 2 we obtain :

i ) n _ =D i
‘S( -y -+ p/n) (n ~«]7) (1 —y)=?y? =

m-:l~~g/,r:cﬂ~—s,

p=s

wo—| Vo

w1

(L — )y =2 ( 0 - 2 L :
ISR £ 1 — g)»=i=2 48,
#n 3 no— 1 — 2)( y) 4
In the last equality putting y = 4

» P =k and t = 4§ we obtain (25).
Proof of the theorem. From (18)—ii we obtain for ze [0,1] and
3:

f=s—1

n > _
| Ba(fy ) — fla)] <

U+ X2V |2 — bjnjLale — Bny)

where Y’
%

@ —Ek/n|>n 2.

Let r = ] po — ]fn‘[and § = [ny 4+ l/; + 1]. Hence |z — kin| >
1
>n ? iy equivalent with % Srork >

1
Par (D)} 0, (f; 07 2).

devotes the sum taken over those indices % for which
1 4 " F

> s. In [6] the tollowing equality
is obtained : > My '
(26) Yo — kBl | pulz) = 4
- 5
::(73’ =1 ) 2+l (Lr== @)n=r 4 (” ™ 1) 7 (1 — Z)PTEHL,
T = s —1) -

From Lemma 5 we obtain : SR R

1N

Y@ — k/n)? po(m) = n (n ;Jj) a1 (1 — gyu-r (w .l )
) 3

n — 1

(@7) taf N L L i o )+
gt .

n—1

r—1 rn—2
ol =0 8 peu)+ F pry @)}
R Pt
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The cquality » =Jnae — [n [means n~ 2 frin<e< n 2 4 (r- 1)/n.
1 s 1 1

We have #/(n — 1) < »/n 4 n 2 and ri(n —1) 4 n 2 4+ lxn 2
+ (r -+ 1)/n Theu the following statement is true :

1
(28) 0 a—=1r/n—1)<n 2 4 al,
In a similar mode the equality s = [na + |/n 4~ 1] means :
Al _A L
=D —n 2 <o <<sn—n 2. Wehave(s —1)/(n—1)2s/n — n ?
1 1

and (s —1)/(n —1) —n 2 —n"! <s —1/n —=n 2. Hence:

1
(29) 0<(s—1)f(n—1)—-s<n 2 +al

From (26), (28), (29) and (22) we obtain :

w—1 ,
n {( ) a1 — zyT (w —gunelem] ) +-
7 n—1

30 _ n—-l)_ s _ oa-serfs =1
(30) 1 (s——l 7w +1(n——1 -—w)},<

SRR
2

< (1 F0 T (g —1) =5 —1 4 0(L)(n - co).

L : =L -x
From the inequality (» — 3)/(n— 2) + (n—2) 2 < r/n + n 2 < zit
; 1
results that for 0 <j <» —38, | o —j/(n — 2)| > (n — 2) %, and from
1 1

the inequality s/(n —2) — (n —2) 2> sfn —n 2 < it vesults | @ ~—
1

Jln—2) >m—2 2)fors <j <n— 2.

r—1 n—2
Then : (1 — x) { Z()p,,_g,(w) 4~ Z ﬁn_z-a(m)} <
J= i

=s—1
< @l — x) {;’, Pa—2iZ) A+ Dazg r~2(®) _l_‘pﬂ"? r-1(2) + 177;—-9,3—1(90)} <
<o —a){lfn —2 Y e~ i = 2)| - pags(®) +

43+ max max _of(@)}
‘x_E[Ov, 1 0<j<‘n—-2 Pn 2’_( )}
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where ¥ means the sum taken over those indices § ' for which
3
=L
[ —jf(n —2)] > (n —2) *. By using Stirling’s formula it can be
proved that :
MAX max  pagix) = 0(1), (# — co).
2el0, 1§ 0gji<si—2

Then by applying (22) for » — 2 instead of # we obtain :

‘ r—1 n—2 j
a(t — -'w{ Y po_ai@) + 3, Pacs m)} < (1= 1) + 0(1) {w = o).

j=0 J=s—1
(31)
From (27), (303, (31) it follows :
™
(32) Y nle — kfn)* pa alie) < % (4 — 1) 4- 0(1), (n — 00},
k : i
Finally, if we take into account (22) we oblain :

1

| B —F 1l < (1 + =D+ om) walfy 77 ), (1 — 0o,

1
but we have 1 f— (qg—1) =1,2928. ...
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