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Âl)strflct' A cc¡tain cha¡actelization of convex functiorrs of or.dcr,n on an inter.r,fll I.rvhiohale (l f 1) tirnes clifferent_ial¡le on I, b¡, [hs u
in conncctiol-r s'ith a certain bchalioul of ilre
coll\'cx ïunctions ol orcler r¿ -- 1. lrr contcxt il.
coDcliLioü for alr n tinrcs continuousl¡, dif
ordor n(n)O) on .I is that / be co,ñex
s¡rch that / be concave of orcler n oit I ¡

1. Introtluetion. Âccording to a r,esurt of f:I. T. \r/ang igl if afu.ction /:(0,1)- --+ [p is conveiof t]re tirsi orá." qi.*, *tri"tÇ'ò;";;;)on (0,1) then the Four'icr coefficient

(r.t) a,(f ; s,t) - z(t -- ul-, (.rtyl .ou 2'(v 'l ¿,
I r-s

l:.f:litj"l.lol lly .s, tl, s 1 t, of (0,1). Conversct¡,, if rhcruììcl,ro,n J'ls t\vìce orr (0,1) and ur(!; s, ú) ) 0 for"all s, lee (0,1), s < l, l,hen t,hc'fírit o",tn"'ò'o fö,í1.
In.the },LpgT iz] r1c lruve obsclyetl l:h..rü tllis chalactcrization of ilLefrvrce clltïererrtiablc,strici,ly conr¡ox functions rnay bc clon.e i¡.r tcrms of aP,-sirnple functional Z, nimel,v L :Cl0,2nf -, [R,

(i.2) L(fl : f(n) cos ndø, f e ()l},Znl

Incleed, for this functirrnal one has

(1.3) L(D,,,ff)) - n a,(J; s,t)

Îor rny ls_,_ll c ((),1 ), n'here D,,t stancls for.the opelator flom t[s, l]inio C[ø, år],

(1"4) Ð,.,$)(r):f(c:(t - s)lØ - a) _l (tts __ at)l(b _ Ø)),

n e: lu, bJ, î e Cfs, ll"
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Thus, thc positivity of the Fourier coefficient (1'1) rnea'ns

(1"5) ¿(D",,(,/',)) > o'

ì!ore goncra,Ily, rvc have proved in [7] t]re llollowing theoren'

bl -o R be u Pt-si'nt'ple functional'
t:
corad'iüion' tlt'ct't n' ttoitte iliJf et'en'tí'u'blc'[ 

be conuau oJ t,lre .fit'sL Ltttler on' L

,i,o!ri, 
t 

oÍ rlri i c e tt'if f e r e nt i att L e, s Ir'í' ctt v-

,tt,a1í,cottt;ee; cr,tt,d, nontttott,otot'¿,0 olL Son1e itt'teraul tS, ¿], tlt'ere er'í'st s' a'nd'

l, t ( s' 4 t'' i í, stt'cl¡ that

(1.6) I'(D",{$)) > 0'

Àsanapplication,-ot'lret:than't,healrovcl,csrrltoll{.1'.Wang'.lve
have tnenl,ionecl thc follolvrng col'olral'y'

CoRor,l¡Ry ri (|î]). In, ol,de,r tllul rt,lzuicc ttif[eruúirl,lll"c t.'cnl futt'ct,'í,on' J

tlefit¡etl ott ,it i.ntaìt:'u:'' I [)e cotu't'e't' o! ttte lirst' 
"òrtltt" ,n' I il ís ttccessu't'y

añtt sntfffuictti thnÌ,

¡(1.?) \zu(er)P!.'er1a)lUQ * n)12 -l- s(1 - r)12)d't )' 0'
'ì

-1

l'' ú|,/o[;r!î,{'råã'ä"oo,tr,ri rry zu(u) urc frrrelirn (r - r)" f L * ,)e:

,r.e (-_[,t), *,ht,it, . j : r, pt- 
^1 

*,ìú"1,,' Þç''' rn"'Jar'obi iroi)'n9tl-]?]
c,l,s.r,ourl llc.grt:c. Lä úris.,iri ,iUt,,, pr.sìrri¡rlr''i'.ni,tiolrnl ri'lticlr irrlc'r'c*es rs

(1.8) r,(l):jæt"¡r!''o) (r)J(t) c)n, / c O[- 1'1']'

,Jrhis papcr ,* lror_r""rrr.d _rvith thc extcnsion of rheolcm 1 1;o the

case of convex tror.ãtiur-1* of orcle,'' 1, lintl -Pr-sinrplc function¿l'ls (ra ] 1)'

2.Prcliminaries.iVefilsl,lcca]lt]r¿1,a¡'ca]1]uncticlnttlt'{inctlinr
is said io br coi¿,¿r rî,"'rrin'íirr;:;'r;,"i;d!;,,rt:Liti,, 1úat,co'¡'1)en1 ,i,,rror,t oJ' ortler

r¿ on I if l,hc i.iiec¡u-tlit'¡-

(2,1) lt:;t,ær,"'¡Ntttz;l)>'t Þ¡:t <t <Û

, ;,,Ï:t;1lt:ll:roints 
t:1)n21" ' 7n¡7'¡2e .r'

that' the lloints Nt¡x;z¡' ' ' 'nt¡' 
i"tt 2t

ir'l'e disi'inct ãrx) ';t1{t', < ' ' '

rlc functions : ivrclt'asing, nondecleas-
r ersittg, t es¡rt:cl ivt'lY
.noll('ùn('rÌ\/t:, !itteiìt', lIollcolìYox ânft
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trve renrar.k that inequality (2.5) is ccluiYalent rviLh i,he ineErality

0 < max (- lfrtrn¿r, . 'tfrn+z; if l, lnz, ts¡'-' '¡nr+ei f1)' :

íø5

accolcling to the rocurtence f orynr¿la

lh,nl,. . ,,fr!,nr; ll : e,p,*, _ ;rr)[t:!,. . .,c.!,*ri.fl __ lr,, r8,. . .,r!,; Jl)
a,ncl since

LnE,. . .,cr!,+ti fl -, ¡r"-uçc)l@ -_ 1) ! : 0 as /c __, co,

sion is also tmc tot, n,.

a-t'e of orc].cl r¿ a,rrtl

; lìïi1*#ïü,'l ,i*l
(.1! 1t,)t'ù(r') .:0, (Í-1,¡to)t,,-t\(¿¡:0 a,,rri[ ffTp,¡r,,-u @)+0, for evcly r # ç.
Th's/ -f p,, s^tisfies the.assulnptio'of rt¡.rrra 2 a'rl rìerna,rlrr 1. fflrei,cfor,c

ili iìîr;tll)?ore 
tìrat7" is so llrnû Í,'r(t):0, ,/.'rz-rr1rl == o *,iJ fi,,:f'ì;i';'0

'r\,*' $rrr)rloso tìr:rt ,/ is lroL st'it:t,ry qaa,ii(,o^\-cr of rr'tlcr, +t, ott r.Then lllcr,rr arie'LIrt, pointË
(3.1) ftr<q,z,.-... <(ûr.i_p {c!n.,,
Ín 1, such l,h¿t

(3.2) fa,r, eq,,..¡ftn*z;Íl > 0 :Lncl L(tz, es,...¡er*B; /] < 0"
Since./ is concirve oltrrrler n an I 0 (_-_ oo, oJl otrit_i li onr ñ lc,l- oo)' by (3.2), \\¡e sco ilr"i r), < " (rt, {t) ( 1¡..r-¿(2 < h ( ø * t), tr¡ (1.2) aircl fry ili"'i,non 2.2) ol,rJjr.ittcdrliffcrtr:rccs, rvc nirrsi hav,,
(a) Lurr. . ,tftttt ct e,t;+tt" . .tu,¡r¡z; Í) > 0 a,ntl

l.Arr, , ,¡Cl¡. ()1 [L*+u, , .¡en+s; -/] < 0,
OT

(b) Iq,zr..,g,¡1 c1 o,¡¡¡1r, , ,¡ø*+s; ./_l < 0 ancl

lctrr. . . t&t;t Ç7 u,l.+i.r. . .tantt; ll > 0.

Thelefole, replacing. if nccossary poinl,s (8.1) rvith
Øzr. , ' ílb ct an+u, , .¡&,¡*s in case (a)

or n'ith

cht',.¡ûb c¡ ür+tt,,,¡û¡+z in case (b)r
s-a, lôll

tr'or ø : 0 we shall use the terms : quasicon'vex ancl st'rictly quaSi-

conyex r,vithout rnentioning tbcr older 0'

3. Chnracterisation'oI srnooth quasiconvex lunetions o1 order rt'

l,EililtÄ 1-. Lct t e C'(I) be (striat
llte it¡tet'util l. Ttteñ ,l' is rf ordcr n
ot' Lltrre c,üsls c e I suclt' lhu't f bc tt'o

co, c] nntl ncn n [9t
irnmc'cli:r,tcl Y. a'r'10t

1"ï.;'l :::,,Ii,r; .l[if

lointä

ü, 1... <

21 /-22 1,,'1.?tt

rvheÌe lt>tt, -l 3¡ 3¿: uu ùnd' ¿r-n

lzt,3y,. . .¡2n+2; Íl > 0 ancl l-zr-!,-r,
póí"íú "t,, 

,n,,' . ., zt,,+s) 1 ( i1 {

rictl¡' quasiconvex of ordel n on- I'

tttal,hernltical intlucf ion aftel: n' Ï'or
1ve a¡isulrle ii' true fa't m * 1, then
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\ye lray rLssume tÌu1- in (B.j), (8.?) rvc h¡,.r.c {t:. : c for à ccrtz,in i,3(Þ(r¿f1,
rn l'hi¡,t follon's \ye sho\ì¡ th¿rt all poirts in (iì"1), exc(:.Jlt c, can be

Ieplacecl b¡. ¡1rÌrit"*.'y ltoints of the in1.cì,r.al çrrr_.r, ,,,,,,'o'r¡ nìi"i; o pr:eclicte,1
numbel o1i str,1.rs.

r, in IÍ;;t, \iltti,Ît'il1:(9.1I (:J.2). re l-ñy ìryt'hztl, ¿ul hc' c,n ol iS,:i.
Becrut.cl step : Inclrrcle in (lì.1 ) a poin1. 1¡, e i.tt, rt,¡,¡r) iristc¿rrl <tf ut

ot t-n¡r, as al, I'irst stcp.
'lht'rr incl¿lcle in í3.1) r,e (r, c 1 .V2t (c, Er) a_ncl sc¡ cn (stich ilrrt

corrdition (3.2) be fulfillccl i flc,r, r ai h srcp).
11, is ilot clifficult, 1,o scc 1hat. ¿r,ftc'r' a1, flìcsi 2,\r ¡;ir, l;s (-,1 dt,p, ririiri,3

s¡l-y orì tø) florri the iniLial pcints ø, .l,hc.rc wili lerl¡iu- in (.3,1i only .
a,rld ø¡,*1 or c iùl1l nrar.

N.Ou. le! usc-,otrsidertìl¡'scrìucrice(u,! p2r Lirril i.itfl,p2r, i ... Lr 2,...,i\7
such l;ht1

(3.3) ax-t { ø? -- r'l < . . ,

for a,ll F : I¡ 2r. . ., and

(3.4) 0?. -, c, 3l? -, c as l'r ..) oo.

Ilol ea,cìr p appl¡r i,o points (3,1) the al:or¡er aigorithr¡¡'il,h ør : ni.frz: î)1 t... i llt: ltlt 7la: it/Pz¡.. .. tr\¡e obt¿rin ihc poiuts

(3.,i) al < ol. <- . . . ¿= crfl*, 1 rtfl*"

saiisÍyin,g (,3.2), such LhaL u,! : 6*-t (ot ttfl1.r: û,r+r) ancl

ul e{øf :i :7¡. 2;..., lflu{gi :i :I, 2,...,¡r} for any j :2, B¡.. j
t¡ * 3 (r'cspectir.el¡z j : I,2,.,,rn, l2). l'assi¡g if necessn,r'y 1o a sul l
scqìtonce 1\(ì n:ty ¿ìssume tha,L a? : û,h-r fol'a,ll p ot LhaL af;,-r" :. ((¡¡1 1('
all p.

In l,hc filsb case : a! : u,r-r lot: all p, tbe fir'sb inequality in (8.!i
yiel¡ls

(3.6) l_o,¡,,r, ctpr,. . ,¡ ü1.+t;/] < lu!, a.!,. . .{ûi.rzi ll, ? :1-r2j. . .

$ince øf + ú ¿rS pt -> æ, j :2, 3r,. . rtt -l 2, in (3.6)
tends to foù(c)ln ! : 0. Thcn lty l-,etnrna 2 c:h lirnil,
point of Lhclcf b-lianrl side is < 0. But this is ,)(ff)> 0
for evely fi + c. This contlacliction sho\\'s thaf J nrust be stliiriiy clurr-si-
conYex of orclel n on L

If /is assttmcdnonconvex (nonconcave) of oldcr n on I fì (._ a>,cl
(I "Q-lc, -i- co)) then, by a somc:l\'hat similal leasoning lve c ùn Ìlr,ovr,
L}rnt f is quasiconvcx oT order' ?? on 1. We omit thc cletails.

Renlurh; 2. 'I}re conclusion of Lcmma 3 is valid Íor n, :0 incl ,r¿:J.

n'ithoul; ânlr assLuìrptiorr on the srnoothrrcss of /.
This ¿l,sseltiorr is tlivial it n, :0. Let n : I antl t be rronconvlx

(concavc) olr -I 0 (- co, c]zr,nc1 nonconcavc (con-vex) on -f fl Lc, t æ),

supos;clhat./ is nril (strictly; cinasicr,ilr,ex of fjrst oÌ.det,or1 f . ll.hcn thcl,crtrre points c(.1 < u,z { n¿ { '*u ,n t suc.h l,hat
(3.7 ) lct, rt.r, tL.¿ i ll >(;> )0 ;tnr.l fct* ct,r, nq i fl { ( < )0.
\Aiht'ricct rlre seo ilrab a,, < ú < rir. ,lg,ain by (B.Z) rrsinE ineqri¿ilities

. lrtt., ctz,e j,f ] < (<) 0 a,lrcl l_c,tt,r,e,t;,1,1 > (>) 0
arLr-l 1'hr-r Dlo¿l'll i'¿ilrte 

,l 
ltr'rrlcrLr (2.1) uÍ riiviclcd tlifl¡,lerrccg, *.c. cìcr,ir.c,Llot,j.r

Ler'r, c, (,";.f I ), 0 ;ìrrrr rt,!2,2.t,, ,,;; fí -', 0, ,-, contr¿rrticiicri. Thus / rn's1, bc(strict.l¡.,¡ c¡rasiconr-c_, òL llirÁi i,",ti.rj ,r,r ¿.

¿ncl Ììcmark 2.: fO,l l,f , I -' tR, ,/(0) :7,i@)-t; "

on f but thele is nol, c c= I
casing on [c, 1]. this sh,.rl.s
1. ls t,ssclllir,l.

irhis fri'c 
.'-- 

[R' '/: [R -* IR' 'f(''t) - - i¡r('û-.z)z

r)J.{l(rl,:Otr 10. r 2, rtt't (-- oo, ol :'r'¡ì lc':vq'1' ,'¡
ì,*;;Ñ"'l' i;' r oi r¡rrttsicotr\r'r r;f 

'rrl"t..j r,r'I [l{
tlr¿t ,,nlrl ,,,iiíij ,,1'0, .1,:;'/.J -- 0' 'l'iri' i;ir,rrvi.- 

; ;r* *,,,,, 
î._1*r: ,,, L'l i;l irc,.;i ,,.]ï'i,,liïì^..:.1::';,: , ,,,,,.,,s*ìrs1,¡¡.1'¡r ()f (![(i, å] rr,.hir.tr ,,i,,iL,ii,,r,,ri'r,,ì"ij'ìii,ì;ï,,iiio,,,,,,ii 

r,Ir, 1,rrrrr,_trorm dt'firrc:r_l or.r [ìt., ltl.
Tunonn,ir 3. Let 1,:B + [p ür: ø p,^sint,7t[rc 

funclion,ctl (u, 7 l), ,Ilte
.foll'on,¡ r, t, slttl e ¡tu:tt ls,r,,r rq,, ir,r, liiit' r'

Iu. 'l'lt( necßsq,t,t¡ titt.tl.,stt.f.filiet¿1, t,ot¡tli.líril ilt,ttt a (tr, l.I) ttt;tes d,ifft- -
ii,,r),t'iÍ, ,l,,i,,tt 

ltt,t¿etio¡i J ttei;í,1't oii"rà,,,, irtcrutctit I'"bì,,"o¡,acr of orrter tt,

(4.1) L(Ð,,¿(f)) > 0,

Jor all, s,t e [, ,y < l.
2' For t¿.tt'tl (tt'f -l) t'i.nte:t tlif:l'ertttiittltic t,eril futrcliott f il,e,fitrct ottst¡nte inlerüul ls, t'1, srriutti¡ qunri"oiìri'r* o! ortlcy¡ -ru, *î¿in is ,,ot o! ordcrtt -- L rnt Ls¡tf¡ iltere eaist s, arrt| t,, I io;'¿i,'"a-irrioiír'"tnnt

(4.2) Le),,,r(,D > 0,

I?roo.f ' .1." + 2o. :rss.rne that 2' rs .i;t t_r,uc, that is, tJrt ,tl r¡xis[saa (n -J- 1) tirncs crittc'r'crüiabrc 
'r,allun.r,iä"r',i"ii,;ä;" somc iirte'vitrls, tl, stricl,ly quasiconve" of otl¿ä" 

-* 
-r, #.nicn ii-ioi-ot order ø _ 1

6
,1
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on [s, ú], srrch thrrt

(4.3) L(D,,,t,(,fl) < A for ail s', t' e [s, f], s' < ú'.

Then, by Thcor:em 2, there exists-
olcler i¿ - I olt f,s, c] ilntl eonvex of
ear'h rlir-idctl clif lelcncc on ?r, -i- 1 rlts
is smaller than any cliviclecl ctiffcren
(the last one being posil,ivc). On th
must be cotlr¡ex of olclel ra on fls, l]. ÏIence

lfit.rfrar, . "¡ün*L; ll > lûz¡ ffiar' . .tfrn+zi Íf'
l¡rhelr.evet s ( ,tr /- üz 1. . . <
clir.iclecl differcnà on ø f 1 clisl,irrcl, points of [s, c] is greatel t]ra'Lr an;
clir.iclecl cliffc'rcnce of the same hind ón points 01 lc, t)) a conl,racliction"
Thus' r" + 2"' 

har.t, 2". .tt ,f:-I -, fR l¡r, .,

that contlitiln (4.1) is satisfir,ri

:'äoäiå'J,': il lÎ;')'l' iJll#:
o1, the casc. thcn 1'here exists

rseouentlv, thcre is a nurnber r > 0

such tha,l, J(.'(*) >Í"'(r\ fol all re¡å - rr""i¡ -.1 antl /(")('1),<-/(')k)
for, all r e"(c,'c'* ri ='Í. tt follows that there is a polynsmial h'e Pn

sucrhthal,tùefunctiolg:l - tùbe convex of orclcr n -I on lc --r,c]
ancl concar.e of i,he same oldcr on [c
(-g) is strictly quzrsiconvex of or
of older n - L on this intelval.
c-r <s'<t'<c f lsuchthattr(
which contradicts (4.1). IJence,/ is nonconc
ancl so 2o + I". Thc proof is now cornplcle.

Il,ematlc B. In drder that an (n -¡ t¡ tirncs cotttittuousZ3T ¡liffcrc'n-
tiable lcal function f tlefinecl on an intclval I be couvex of orcler r¿ ctrl

Z, it is oã""**r"y anä sufticienl, tha1, inequalit¡' (4.1) holclslol all srt e I,
s{1.

Inileed, suppose that (4.1) hr lds fol all- s, .t e I, s { ú' Itor ci:'ch

fs, tl therc is c e^lã, ól such that, by (2.1ì) a,ncl (2'4), x'c ha'vc

L(D,,,(Í)) : (Kl(n + 1)!)'',,(/¡12+r)(c) :

: (r(l(n j- 1)!) f 1 - 
t 

ì"*'7<r 
rD(o),

\b - ul
rvhcre 8: c(t - s)/(b - ¿¿) + (qs - :r't')-lþ ^--rú)..efq (0) ì 0'

This ,n"^r-,s Lhab'îìr oacú strÙintcr¿ai of f , iø*t valucs'

öå^.q*"if r-,-¡ir'+rt(n) ) 0 for aLI n e-I, -t'nat, 
is / of orrle'

,, on Ï, whöáöe, *g'áí,i by (4.1), it foilorvs l,hat f olrler'
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Examples.a) Let a:ctJr<az< '.. <
P,-siìnplc fturctiottal (tt' 2 L)

L:Cla, bl -' R, L(l) : la* ctr,' ' '¡a*+z) lf"

CONVEX FUNCTIONS 16Ð

r4¡e rvill sìrow bhal, for this funclional pr.opositicn 2o i¡ llrheorem Bis true, To this encl, lel_ us consider an''þr:¡ r¡ 1i,tr.* differential¡le
real flnction/ definecl on the interval ¡s, 21, rì'hich iÁ stricily qrlr.irli"._ì
of oldeln -Iwithou " fry ifi"oì.._*
2, thelc is a point c e
:r'cr con'cx of o'crer -- 1 on 

-fs' c j

D","*u(I)is co.cave of t -- c)' si'ce

Ittr, a, c[4t, , . ¡ ûn+z] D","*r(,f )] { 0,
Sirnilariy,

Latt ctzt ü4t. . , t øn+2) Ð","+n(,f)f ), 0.

Conieriuentiy, there exist;s s'e (s, c) sucJi flrat

lcty ar, &4¡, ,,¡ 6nt-z"t -Dy,r,( "f)".l 
: 0,

rvhere t'^- t' -¡ h...\Yhencg, lry using the strict clrasiconr.exity of ordcrn - I of /, rve easily sce that

lct,r, tt,r, üs¡,,. ¡ c[n+,.] Ð,,,r (l)l> 0,

Thus incqua,lity (+,2) holcts
Conor,r,¡ny 2. f,_it^-ft -.(!r. < a2. < " . he fired. It¿ ortlerthøt ct (n *.7) ti'ntes rliJfet'cntiubTe red lnnct otí crrt, intert¡cù I

lte conuen of order t¡ ou, L it ,is necessttrù u,¡ttl t

lau au,, ,¡ctrn*zi D",, (.f)]> 0,

foralls,tel,s<ú.
_b) Le.t..ø >'-,1,.-|.J )_-!,. tu(y):(1 -- t:)"(t -l- r)e, ae (_-J,Í)

anrl lcb I,,lT'i) .tlenoto ilrc Jr¡cobil 1r.ìl¡;nor,ìial ol,'dcglce it, _l 1"'þt,2'I).
Consicler bþe functional

(5.2) L :01.- 1;11 -+ tR, L(/) : w(n) Pl?lt(n)f(n) dø,

168

nonI.
5.

sicler thc

(5.1)

I

i
-1

As it has been shon'n b)' A. L,u (5.2) is p,,-sirnlrle.
,l[ext wc u'ill prove that for this ion 21" in T]reorcñ ,4
is tlue' Lct / be an (n, -l- 1) tirnes d function ¿"ti.,.t bn
[s, 1]r !!r19!ly quasiconvex of orcìe' tt, - r n'iihout being of orcrer ,, - t
9n [f, l]. lhere exists c e (s, r) such Lhat, I is concave of olrlcl ,tr, - r on
[s, c] and convex of order n-- I_on [c,l].Denote.by j1, jzr...tju+tU, < jrfol i.<ft) the roots of thc Jacobi pory'orniar 

":n? 
atiä iri' 'rL:

= 
ryin ((c - s)l1"n: * 1), (t -.c)le - J;).For each y e lc - lt (jn+t - jr), cl the-points :

rÁy) : y -l lt(jo * jr), h :1,2,. . .,tt, -l- I
belong fo fs, rl] In aclclition, the clividecl cliffelence

(5.3) Lnr(U), rzþt),. . .trn+l7) | ,fl



is ncgative tor u : llt: c - lt, (iu*t -- jt) nrLil positive lor t¡ :1lz: c,

fTsing;t,he continuity of (5.3) with restrtecl, 1,o't7, rl't' sere that thcle exists
Uo e (:!u yr) such tliul Tor' ll : lo thr:. diviclecl tliffcrence (5.3) be null'
i'et nr, Ë-: l,2r...,tlt, -l I dencte I'ol bl'it'f lLess lhc lroitrl-s r'*(r7o). Rcca,llìrrg^
thrr,t /¿, < (c *- .\)l(j,-rt -l- 1), thc inccluality c * h(ju¡t *- Jr) < ,t' itnplic-s
tlre existor-Lcc of ¿l point s'e (s, nì such th¿rt (rt - s')ljr -l l) : /¿.

Sinila,r'ly, tbele cxists l'c (n,*r,t) such 1'hat (t' '- ru*r\lÍ - i,r) -- /¿'

Non', since

& l -.=!: lt :,!-v::l-:-rt -tl - rnlr ¡

i, I I i, -- j, i,*, -'jn I ' 'ju*l -- "'
r',¡e imrrc:c-liatel)¡ ¡rtr¡.' fltt"t, .D,',,'(.i - tt) (æ)Pf;?)(n) ¿ 0 for '¿1I :t: c., [ -- 1, ] -lt

rvhrle ,12 e Pu-t unù p(n¡,¡ : f(r¡';1 lt' --= Lt 2,. . ., ru l- 1(rec*ll that ['ii,
fr2r... ¡în+till : 0).
Cõrrseclut';rtIy, L(I),',¿'( J)) > 0 as elair:nei[.

Conolit-r¿v 3. .-tn' ot'rler Ll¿q,t u (n,-; I ¡ titttcs ilíttcrentil!;l¿ raal J'tut'c,tiott,

I de,fined otr ((,tL itt'i,erwt'l I ltc conuct,: o! order n, on, L'ii is ¡Lecessu,r'y cr,nrl

suJfici,ent th,at

'r , r,-- r_ s \ ^, ^,i 2
\,rl ---t- - ! /'t,i:ï, I L-! 

-' )/ir, rl.¿ -> o

J \ t-s / \ d--v I
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ADAPTIVE SPLINE DIFFERE}{CII, SCFITÌMj] IìoR SINGULAR
PER]'URBATION PROBLEM \\¡II'H N,IIXED BOUND¿\RY

CONDITIOÌ.\ÌS

II. S'IOJÀNC\I I(]

(Novi Satl)

Abslract. 1'he splinc tliflc¡ence schcme clclivecì in [3] usiug âcìapiive spli¡e iunctìon
el.turlt¡rlior.r plohlcur rvit.h rni:¡e(l bcund:r:.vr aurl¡-zecl, Il is pr.overl tìrat scherne (4-6)

i l/i)) ovel. tirc nnjfor.m rncsh, r.hcn i3e : 0.i t¡r or.dt¡' nle ¡tr.cserrtccl.

'1. Infrorluction. ln l3l is rl
schernc using atlalltit't, silinc frr
åìn expouential base anrl in a case
i1! ,,tives â good aì)
rlrrived to suit a
va,Irre ploblem. fÌt
c-liffelcnce schetne
snl*ll para,rneter e. In 14] is pr.ovecl
cr)nvergence, in a ca,se of Dirichlel,ts bounclaly conditions er.crn optima,l
convcrgencc fol thab schúrute yhe! ll¿ì1,iì,metr)r: I is la,riablc, arrcl x,henp(a) - corìst a secoltd olilcl, of utifolrn globa,l ôc,nr.ergcncc.

ln this piìp€ìÌ' rve corrsitler alrother î^r" of t.rrrtì¿;i use : ectruatiou

(1) - eu," + p(îr) u =: f@)

alcng rvil,h tho rrixccl Jrouncl¿rv cordiíiolls :

(2) /.1u,(0\ l- p,u,'iO¡ :.t, ø1[Ì1 .{ 0, lorl-¡- litl + 0

(3) aru(L):,- prtt'(l) : ^(¿ az,lz Þ 0, larl + lfjrl * 0

$'hel'e e is 
.a, 

small p¿¡raml,tel in l0r7l, a* ptt q.zt þ2, \t, ^(2, 
^te 

given t_.on-
stânirs, p(n), q.(n) e C2[0,1], ft@) > p > 0.- -

P'ol¡lom rvith mixr.cl bo'lcl¿r rr. conclitio's concernccl wi1.h fiuicl
flou', elctlolyr;ir;, scmicorictuct<u. cfcvicl nroclcling ancl chcniicai lcÁctions.

¡\s usu¿ll tor this k^inrl of_bourdar¡z coriclitions rve.[r¿r,-ve g]tosen a,ppto-
ximatiorrs the oldcr of rn.hich is onc iower, than for. 1,hc inner' 

".1oåt-ion.


