MATHEMATICA — REVUE D’ANALYSE NUMERIQUE
ET DE THEORIE DE L’APPROXNIMATION

L’ANALYSE NUMERIQUE ET LA THEORIE DE L’APPROXTMATION
. - Tome 18, N° 2, 1989, pp. 171—181

ADAPTIVE SPLINE DIFFERENCE SCHEME FOR SINGULAR
PERTURBATION PROBLEM WITH MIXED BOUNDARY
CONDITIONS

AL STOJANOCVIC
(Novi Sad)

Abstract. The spline difference scheme derived in [3] using adaptive spline functien
approximalion is applied to the self-adjoint perlurbalion problem with mixed boundary
conditions. The error estimate uniformly in ¢ is analyzed. Il is proved that scheme (4-—0)

preserves optimal error estimate of O (h min (h, Ve ) over the uniform mesh, when 8, = 0.
Numeyical experiments exhibiling expected uniform order are presented. :

1. Introduction. In [3] is derived an exponential spline difference
scheme using adaptive spline funection approximation. That spline has
an expouential base and in a case of homogeneous boundary condidons
it gives a good approximation for the exact solution. Adaptive gpline is
dciived to suit a self-adjoint singularly perturbed two-point houndary
value problem. In [3] it iy shown experiinentally that adaptive spline
difference scheme achieves a second order of uniform aceuracy in a
small parameter e. In [4] is proved the second order of the wniform
convergence, in a case of Dirichlet’s boundary conditions even optimal
convergence for that scheme when parameter q 1s variable, and when
p{w) = const a second order of uniform global convergence.

In this paper we consider another case of practical use : equation

(1) — e + pla) u = f(x)

along with the mixed boundary conditions :

(2) 2 u(0) + Bu'(0) = v, afy <0, Jog| ++ [Byf # 0

(3) agth(1) + Byu'(1) = v, agdy 2 0, lag| + [By] # 0

where ¢ is a small parameter in [0,17, oy, Py; «g Bar Y1y Y3y aTe given con-

stants, p(x), g(»)e C*[0,1], p(w) > p > 0. . ; .
Problem with mixed Doundary conditions concerned with fluid

flow, eletrolysiy, semiconductor device modeling and chemical 1edctions.

As usual tor this kind of bounda1y conditions we have chosen appro-
ximations the order of which is one lower than for the inner equation.
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In this paper it will be shown that our adaptive spline difference-

scheme (4 — 6) preserves the second order of uniform convergence in a
small parameter € when @, = 0 cven optimal convergence in a sense of
Miller [2]. But in a case of B, # 0 the order drops Lo one.

2. The difference scheme. Define the uniform mesh length » = 1/,
N ig a positive integer. The mesh points are given by »; = ’Lh 1 = 0(L)n.
Denote by u; the spllne approximation to the solution at 1,116 polut 2.
The scheme [3] will be written in a form :

YUy - T+ Uy = fie197 4 S5+ Jie 63
For ¢+ = 1(1)¥ — 1 with

2 ) 132
¢ e sh ¢ | e g sh ¢
2 2 i
7.?-:1_]1‘_17”](1__ q)qt_ﬁ;:__g_h (1__7 q)
¢ € sh q) e ¢ sh ¢
- hz pz ¢ 2 }]9
7= -2 —2 (—L ' qcthg) q,--:~-—-—=—q—( 1J—qcthg)
q? < £ q‘
or in shortened notation ; :
‘ . N ! ])i 71 . it .
(4) Ru;, =Q,f, 1+=11)N -1 q=|—, p == const, p(z) = P
£

The following additional relations for ¢ ==0 and ¢ = N are derived
from the boundary conditions (2) — (3) (see [3]):

Porfra adt i i)l oo, _PL(._L__.JL)M
MO{%JF g][s ( q cth_q | q2) h]} | u’l{gl[ &1 b Rgmwget s
- ] )
At A (S 2]
h oshg @) e T "

e h h 1 '
u”-l{sz[-” : (~—-ﬂ-+%) . ]} + u»{az + BZ[L (Hcth ¢—
€ qgshgqg ¢ I g

q
(6)

= o f_,.(__ oh ) fnl(m_L_+i)]
!1)+h]} I/ZTBZ[ q = g € qshg ¢}

The error analysis of (4) for variable parameter g, = Vﬂ’, sy ==
e .

= p(w,) for the followmg boundary conditions w(0) = &g (1) = « is

given in [4]. It isshown that whens =1 (1) ¥ — 1 the following esti- -

mate holds
(7) lu(wy) — w| < M hmin (b, Ve), e€(0,1], b <1
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Here it will he given proof for the first and the last (quauon (5) and

. (6)for ¢ = 0 and ¢ = N. First, we consider the case ¢ = 0. Then,

By = Uiy - Bafh( — po cbh 00)} + wlPu/hlerfsh p1)} = 11 +
ek (B Lffpaleifeh gy = 1) A fofpo (— g cth )}
for variable parameter ¢, = ‘l/pl h.
The matrix fbi'ln of the scshemo (4) — (6) is
Ay =T

where w = [uy, %y,...,ux|T and F = [fy, f,...,[n]", are vectors and 4
is & matiix of the gystem of equations, : '

The trunecation error of the scheme (4) —(6) ix defined as 7,(u) =
= L(u(z;) — u;). We obtain the error at the nodes as

AEAN

(8) (@) — wy] < |47 max | r{u)], 1 =0(1)m,
3

where 1, is an approximation for (1) at «,.

So we must estimate norm of the matrix A and maximum of the
fruncation error of the scheme (4) — (6).

In the error analysis of this scheme we’ll use the asymptotical
expansion of the exact solution given according to [2].

LevMA 1. [2] Let w(x) € C*[0,1]. Let p'(0) = p’(1) = 0. Then the
solution of the problem (1) has the form :

(9) u(w) = we(w) -+ wy(w) -+ g(w)

where

| up(#) = gy exp (— w(p(0)] €2),

(10) -
, wy(®) = g exp (—(1 — ) (p(1)/e)%)

.¢, and q; are bounded functions of € independent of x and

(11) |99 (w)| < M1 + &7, i =0 (1) n

M is a constant tndependent of ¢
| _Estimate of the matriz :

A=t 4o = [B( —ppetha + 2]
. . : : ' h ' gh ¢,

By estimating this we obtain
(12) i Al < Mhfe  forh? < e
(18) ' Mjfe for h* »

= &
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Estimate of the truncation error. According to Lemma 1 the trunea-
tion error of w(x) is the sum of the truncation errors of the functions
g, Wy, g, that is,

T(w) = T(Ue) 4 Tlwo) + Tlg)y, = O(1) N.
Fach of the summands of = (u) will be estimated separately, We will

start with w,. The truncation error for the boundary layer function 'uo
for ¢+ = 0 is

wolttg) = 176 exp (— Vpofe @) + 1§ exp (— Vpofe @) —
— (py — p1) xp (— },p‘o/—8 #1) ¢F — 11)
From the boundary condition (2) we obtain

oy == (B1/h) oo + viexp (— VY-}_(WE; @)
where p; = Vp e .
It sunplmos Lhn truneation error to:

To(1y) = €xp (— 1/190/s @y) [(B1/h) eo — (Bi/P) (po cht py)] +

+ exp (— Vpofeas) (Bafh) (erfsh 1) — (D6 — P2)/PilBa/B)

_ (pa/sh py — 1) exp (— Vpo/e m)y 1.e
T{thg) == (B1/h) eXIj( =3 Vm_%) {Po — po cth py + GEXP (— po) pifsh py —
— (po — P)/P1 exp (— po) (pifsh o — 1)}

We will divide this expression in two parts =, and =, which we
shall observe separately. :

(14) 7, = (8y/h) exp (— U pofe ) [po — po €th pg - €XD(—po) /s 4]
(15) w0 = (84/h) exp (— Vpofeay) [(po - 25/)/D1 €xP (—¢5) {e1/shey — 1)]

As — exp (- po) = sh'py — ¢h py

wp = (fy/b) exp (— VPTJ; ) [Po — shp, B — po ¢bh py-+ ch g o1 ]
sher - sh p,

After Taylor’s expansions of these expressions we obtain :
; ' 2 2 2
1 . | s T
vy = (By/h) exp (— Vpofe ) ErmEY L — oy 4 70— oo (o3 )—I—O(p}
== (By/h) exp ( V?o/ 0) P l Po 9 360 PoT P1 0
1 7

9 9(2) - W \012. _!_ O(Pg)}

v = (Pi/k) exp Vpo/s @) ""’"‘g‘ {1 — po +
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In the difference t = 1, — 7, the hardest parts are cancelled. So
we obtain :

— ol

t(Uy) = (By/h) exp (— VPO/S %) Eg""é“ - 0(p3), 1.0

s 2
To(2e) = (B;/h) exp (— VPO/E ) "if L::“ (])(0)_ — plx)) - 0(pg)

Using estimate

@) PO) — play)] < M b, since p'(0) = 0,

(b) S lFexp (— 1) | < C(8) exp (— 6),0 < 0 <1

we obtain the.ﬁnal estimate for < (u,)

(16) I7ofuo)| < Mh*/eexp ( (—0Vp(0)fe @), 0 < 0 < 1, when h? < <

Trom (7), (12) and (16) we obtain for boundary layer function
7oltte) the following cstimnate

(rm (@) — wey| < M2 for B® < ¢

When k2 > e using estimate

sh p,/¢; = sh 90/90 LM affeexp (Sp) 0 <8 <1
(14) yields

T = (2/R) exp (— Vpofe @) [po — po oth py 4 exp (— py)pp/sh py +
4 exp (— go) Mh a2 Ve exp (8 ay)]
As exp (— pg) = — (shp, — chp) we obtain
| L,| (8,/h) exp (— Vpofe w) M b a3ffe exp (— po) exp (8 o), -

6 < 3 <1, e For k* » ¢
(18) it < M Ve exp (— ¢ affe)

Where ¢ is-the smallest constant which appears in the proof
Bstimate for (15) is the following

= (B1/h) (‘\P (— VPO/E xy) (po — 1) [P pafshipy — 1))
As {’p,_/sh Pyl € M
(19) |7l < M ad(@y/h) exp(— Vpole @) < Mefh exp (— Sa,/Ve),

0 < 3 < 1in a case h* » ¢,
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(18), (19) with estimates (a), (b) give the estimate

| i) < Meexp (— B %/y;—) for B > s

This, matrix estimate and (7) gives

(20) [w(2y) — | < MhYe for 2> e

due to boundary layer funection.
The proof and the estimates for the function w, is the siniilar.
Now we must estimate the function g{z).
Formal Taylor’s expansion of =(u) = R, u; — Q, (L#@;) has the form

(1]

21) = tOu -+ P 4 P - Py
for ¢ = 0, we have
SR 2 = 0 and, P = (B,/h) (122 — ¢fp, (L — g, cbh py) —

LR, = 0(1)n

— &/py(sh pyfp; — 1)}
When 2% < & we oblaln

(22) [+ < M h*[e
and for 4* » ¢ we have _ “
(23) <@ < M (b + Ve

From (7), estimate ol the matrix and. (23), (22) we have

(24) 'w(m) — U <MK for h? < e
and
(25) lu(a,) — ug| < MLYe for »* » s

due to the function g(«). _

It is easy to check that ) and remainders are of the lower order
than <.

Now we can formulate the main result :

THBOREM 1. Let wy ¢ = 0(1) n-be the approwimation to the solution of
problem (1) with mized boundary eonditions (2) — (3) with B, = 0. Let
pl@), fla) lie on C2[0,1] and p(o) > P > 0 and p'(0) = p”’(1) = 0. Then
the following inequality :

|u(@,) — u;] < Mhmin(h, Ve)

holds. M 1is a constant independent of € and h.

Proof. It follows from the estimate for the function u,, w, and g,i.e,
trom (17), (20), (24), (25) and from the estimate of the function w{x),
and from (11).
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The estimate for the last equation when ¢ = N is the similar. Tt is
another case of boundary conditions, case (2 — 3) when B, # 0.

For variable parameter ¢, = Vpi/e h where p; = p(«;) the coefficients
of (6) are

1y = (Po/B)(— pw-afsh py_1), 7§ == uy 4 (Bo/h) (px cth py), 1% =0

4w = (Bafh) (1/pn-1)(1 —pw—i/sh pv_1), g5 =(Py/h)(1/px)(ox cth py_;) ¢5=0.
Then
ww(to) = (Bafh) exp (— Vpofeww) { — pw_1/sh pu_y exp (po)+ po+ pwcth py—
— (Po — Pyv-1)/Pr-y exXP (po) (1 — pw_yfsh py_;) + (py —
— ox)[px (px cth py_,)}

Developing those expressions at py we obtain :

w(tto) = (By/h) exp (— Vpole ) {(p‘% — o3 (—%""ﬂ + 0<p2>)—-

G
(26)

— (¢ — -¢k) ( l £y 0(-92))} + R
2 G

where

I = exp (py) [ —alpyor ~ ev) + (pv — pn_y)lp(l — pnfch py) —
— a(py — pv~1)/pv(ey-1 — pw)] -+ O(R¥/e).

With « is denoted part in py_,/sh px-: = ex/th ey + (py_1 — px)a
where

sh oy — py ch py on ( (Ul 1
a = = =l — —— ok L — of - 0(p%) for B2 <&
sh? py 3 30 *¥ T gp Pt Oled) =

“‘Then ‘R = (8,/h) exp (— V po/e @n) (pn-1 — pn)exp (p,) ( m—%fi +.0( e%>)~

It gives
(27) (Bl < MKfe for W2 < ¢
It is obvious from (26) that main part of |=(u,) | < M hiJe,
.The estimate of R drops the order of uniform .convergence.to ore.

Exactly, (27) and estimate of matrix give

28) i’“(@v)- Uyl < M h for B* £ e
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Slmllarly as in proof of Theorem 1, we: obtain when hz

(ay) — ] < M A l/

Ta (21) estimate of g(z) for ¢ = N gives: ) = 2§ = 0.and
o r~ = — ey
. N = —2‘( ¥ — 45 prv-1) — &(gv + 05
(2) h 0 o 1 (I (v . X
I P S e 9/ ! pN o T R l".) L 2

pe]

where N denotes o part which does not influence the order-of nniform
CONVEI Genee.

When 72 <&, <@ = = [By/2 4 £h/2 (‘1 - 'Pjv ) N
S0 we obtain |«®| < M WP[e for P < € and
_ ._»(3’ < M- Ve) for W oze oL
It gi'\;ts with m-a‘b]-ix_ estin's_ate avnd'(T) e
(29) fw(ay) — un| <M Bfe ' for h*. > e and
|26 2w) — uy| < MR for i? < e. i
due to the function g{x) . - . . : o | ot [ be W

Bstimate of w(wx) is similar.
Above all implies

TurROREM 2. Let condition of Theorem 1 be fhlj’btl()d where (‘ommwn
(2) and (3) are fulfiled. Then .

Mh M <ge
[w(@:) — wi| S .
_ i Mh Ve he > e
M is a constamt independent of ¢ and hy, 2 = O(L)N.

3 (29) and the esbimaite

~

i« Proof It follows from (11), Th_eor_em,] (28
ol w(x). —

satisfied then the followmg estimate. 3
(30) : |u(mi) — uz| < M min /z Ve) holds

Proof When 2% > s, |¢q| Mh(py — Pr-1) Jexp( — Vpo/s Cy_1)4%
Slnce lgz| < M, |py — pNﬂ1| < M zy_y, using (a), (b)we abtain

(31) gy & MY e/hesp (o 8 o)

THEOREM 3. If condition p'(0) = p'(1) =0 in Theorem . 2 s not
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Table 1
. k
1 p) 3 4 5
E '
1 0:95 0.97 0.99 0.99 1.00
0.134E3-00 | 0.682E—01 0.344E 01 0.173E—01 0.866E —02
ra-1 0.95 0.97 0.99 0.99 1.00
0.210E4-00 0.145E 400 0.528E—01 0.265E- 01 0.133E—01
it 0.94 0.98 o 0.98 0.99 1.00
0.310EL00 0.157E4-00 0.789E—01 0.396E-—01 0.199E—01
98 0.93 0.97 0.99 0.99 1.00
0.453E4-00 0.231E+00 0.117E4-00 0.585E—01 0.293E--01
g 0.91 0.97 0.99 0.99 1.00
0.659E+00;, 0.337EL00 0.170E+00 0.855E—01 0.428E--01
278 0.88 0.90 0.98 . 0.99 . 1.00
0.946E 00 0.488E 400 0.247E 1-00 0.124E}-00 0.621E—01
PR 0.81 0,94 0.98 o 0.99 1.00
0.134E 401 0.699E+00 0.355E 400 0.178E4-00 0.894E—01
21 0.67 0.90 0.97 0.99 1.00
0.185E4-01 0.992E+00 0.507E4-00 0.255E 400 0.128E400
2t 0.43 0.83 0.95 0.98 1.00
0.246E4-01 0.139E 101 0.720E00 0.364E+00 0.183E+00
Tome s 0.69 0.91 0.97 0.92
0.308E+01 0.191E+01 0.102E1-01 0.517E+4-00 0.260E 400
2-10 L 0.45 0.84 0.96 0.99
0.34513-4-01 0.253E 401 0.142E4-01 0.732E+ 00 0.369E+00
9-11 L 0.41 0.70 0.92 0.98

— 0.324E4-01 0.194E-01 0.103E+4-01 0.523E4-00

; OTable 2 gives a test for the same example with end condition of type (2—3), wihere
"y u(0) — u(0) = 0, u(l) =
From the fact . (p,) = 0 we obtain
(32) |7 — 7 (po)| < M Ve/h exp (—3 awon)fe)
(31), (32) and (b) yield
[ wn{ug)] < Mexp (— & T _1/€)

VWith matrix estimate it gives (30).
The estimate of the other parts is the same as in Theorem 2.
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Table 2
k
: 1 2 3 4 5

1 2.00 2.00 2.00 2.00 2.00
0.484FE—03 0.121E—03 0.303E—04 0.757E—04 0.189E —~05

21 2.00 2.00 2.00 2.00 2.00
0.685E—03 0.171E--03 0.428E—04 0.107E—04 0.268E—05

272 2.00 2.00 2,00 2.00 2.00
0.817E—03 0.205E—03 0.512E—04 0.128E—04 0.320E—05

273 1.99 2.00 2.00 2.00 2.00
0.8611E—03 0.21612—03 0.539E—04 0.135E—04 0.337E—05

24 1.97 2.00 2.00 2.00 2.00
0.897E—03 0.225E—03 0.563E—04 0.141E—04 0.352E—05

278 1.92 1.98 2.00 2.00 2.00
0.122I5—02 0.311E—03 0.778E—04 0.195E—04 0.487E—056

2-8 1.91 1.98 1.99 2.00 2.00
0.183E—02 0.466E—03 0.117E—03 0.293E—04 0.733E—05

271 1.76 1.90 1.99 1.99 2.00
0.255E--02 0 .682E—03 0.172E—03 0.123E—04 0.108E—04

278 1.18 1.91 1.98 1.99 ©2.00
0.372E—02 0.133E--02 0.359E—03 0.904E 04 0.228E—04

279 0.29 1.79 1.89 1.99 1.99
0.461E—02 0.133E—-02 0.359E—03 0.904E—04 0.227E—04

2710 —- 1.23 1.92 1.98 1.99
‘ — 0.193E--02 0.511E—03 0.130E--03 0.326E—04

-1 — 0.41 1.81 1.89 1.99
- 0.238E 02 0.680E—03 0.184E—03 0.463E— 04

Remark : In this examnle the condilion in Theorems p(0) = p’(1) = 0 is not satisfied-

Numerieal Experiments. The scheme (4) — (6) is tested on the
example
—en 4 (L @) u = (4o — Ldw + 4) (1 + 2°)

with conditions w(0) — u'(0), u(l) + (1) = 0 taken from [2].

The progiam was written in Fortran IV plus and executed on
Delta 340 (PDP 11/34) in double precision miode with 16 significant
figures. The technique which is used here is deseribed in [3]. There
this scheme is tested on several examples with mixed boundary conditions.

Table 1 shows observed rates of uniform convergence obtained over
uniform mesh. The second line in each row is _the difference between two
consecutive meshes (for 1/¥ and 1 /ZN) given in max norm.

11
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