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1. Convexity.  There are many gencializations,of the convexity of
veal functions. Some of them arve surveyed in [7]. Let us recall here
those which we use in what follows. We denote by :

Ola, b = {f: e, b] — R, continuous}

Ky b] = {f € O, b3 Jlbo + (1 — tiy) < (@) + (1 = fly),
Viel, Va,yela,b]}, where I -=[0,1]

Gla, 0] = {fe Cla,b]; flte + (L — by < max (f(2), f);
Cots D Vly, e |ayb], Yiel} :
¢ = {fe 016,11, J(0) = 0}
K(h) = [/ € 0b); flix 4+ p(1 — y) < (@) + p —Ofty), Viel,
Va,yel[9, 0]} lor pel '
() = {fe0b); fltw + sy) < tf(2) + sf(y), Y (ts)ed,
- Vayel0, b}, with J < I X I
SE(b) == Ko(D)
Sy == {feob); flw4 g = fl@) 4 fy) Yoy, e+ ye, b}

the scls of continuous, convex, quasi-convex functions on |a, 6], respecti-
vely continous, p-convex, J-convex, starshaped, superadditive functions
on [0, ] with f(0) = 0. )

Taking into ‘account all these classes of functions, we are led
naturally to the following general definition.

Lot I be a set of functionals defined on a set M of functions.

DeFNITION 1. A function fe M is said to be convex withrespect
to the set L (or L-convex) if : '

A(f) =0, VAel. _
We denote by L* M the set.of L-convex functions from 2.
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Remark 1. A similar definition is given in [2] and [3] for ths
elements of a vector space but having in view other probleims.

It is eagy to indicate the sets of functionals which define each of
the above clagses. We use mainly the functional of cvaluatien, given by .

L) = f(x).

Then, the sets of convex, p-convex, J-convex, staishaped, seperadditive
and quasi-convex funetions are defined respectively by the sets ot fune-
tionals :

K = {if, + (1 — )Hy — Bprq-nyy t €1, 2,y € [a, 0]}
K, = {tH, + p(1 — )By — Byspa-ny; L€ I, o,y e[0,b]}
Ky = {tB; ++ sBy — Busw; (bs)ed, @,y € 0,01}
8% = (B, — Byy; tel, »e[0,b]}
S = {Bpry — B, — Ey; 09,0+ 9y € [0,b7}
Q = {max (B,, By) — Bipra-uw; tel, ¥ € [a b1}
We have thus :
K+*Cla, b] = KJa, b], K}C(b) = K,(b), and so on.

2. Inequalities. As it is known for K[, b] (see [14] and [10],
the set of functionals:

Lt ={A: M - R; A(f) >0, Vfe L* M}

may be generally much more rich than L.

What we can say in general about'it? We shall indicate three way+
for construction of elements from L+.

If we considet the convex conical span of the set L:

cone () —={A: M »R; 3nelN, 3. .. \ls >0, 34,,.. ., 4, ¢ L,
_A :tlAl “}" aae —‘!" tn.An}

we have easily the following :
LmvA 1. For every set of functionals L, holds the inclusion :

- cone (L) « L*.
Also we can consider a generalized adherence of cone (L: by:
cleone (L) ={A: M - R; VneN, 3A4,ccone (L), Vi M
A()) =li1}'1>r)i°nf AH
Then we have also:
LEMMA 2. For every set L, holds:

cleone (L) = L*.
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DEFINITION 2. T'wb sets of funcbionals L and L’ are in relation L' » I
if for every Be L’ there is an A € I such that B'f) > Af) for every
fe M.

LEMMA 3. If I/ > L then L' < L*.

There are many papers which prove inequalities for convex func-
tions. In fact, they establish the belonging of some funetional to the
corresponding set L*. We want {o avalyse come of them from this point
of view.

We begin with the most familiar of them, the inequality of Jensen :
if fis & convex function on [, b], @y, . ,wa € [¢, b] and ¢y, . . yon W€ poRi=
tive constants, then :

. n

f{i‘, ck??k/kg Ck) < Y enf(m)/ i Cr

k=1’ b=l k=l

This is equivalent with the belonging to K+ of the functional :

: J, =Y, ilir, | Y, 62 — Hx,

k=1 k=1

where:we have denoted :

X = Y, Ceif. Y] Ois

k=l Bl

Writing J, as :

I Zi [(01 + . -+ Cry) Ex, - ¢; E"'k "'" ey + ...+ ei) EXH]/ ﬁ 23
R==2 . mm}

it results that :
Jy € cone (K).

Another well-kuown inequality is that of Hadamard : for f e K[a, b}
hold the relations :

b

o +bY, 1 o fla) 4 ()
_f( i ).gyb.waSﬂ.a)dmé 7

To prove it we show that :
(Bs -+ Eb}/u — Map, Map — Bty € cleone (K)
where ‘we have denoted by M, the functional defined by :

1
b —a

Mas(f) = Sf(m) .
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Bub (B - )2 — Mayp is the (punctual) limit of the Tollowing sequence
of funetionals : e ; 3

il 1n, 12
o _Ea + o By — ? El Bara-1m o-on == i
12 —i+1/2 o 12 Boosiy Ca—1/2 .7,
n {= n n n W

while Mep — Bigrnys May be obtained as the limit of the sequence: °

&)

1 #—1 \
! . o~ _ -
e ( E ErH-e‘h ';" {-"/(z,_q'hj - IE(aq-b)/g =
2n ) ) .
“ % ] “ : i
S e - A - )
T Z (,ﬂw-l-;'h D Lt el R L1 (TR Y5 U NE SR S
C2n ? B R ‘ [ i LU HIRL RARY RS i3
S {=0 &
where b = (b — «)/2n. As thesg are clements of cone(iCy, the resilbs
Pl LA ahe

follow. »

LA

3. Hierarehies 0’1‘ eonvexity. On this way we dairalgo easily compares

two convexity classe
LivMA 4. We 71{41)0 LiM e IsM ff and only if Ly = Li.

Remark 2. Lemmas 1 — 3 offer mithaods for gbtaining .s'uch sub—
sots I, PR ]
DEFMITION 3. Tor the two subscts J and I uJ" Iy I, the Jﬂhuon
J z Ianeans that, for (Jw (¢, s) € H theve is am (1yrj € w11 his <r. Also
I 5 0 medns that 7 > 1 X {0} b e B L
THEOREM 1. Hold the following relutions :

a) S* < I on C(b)

S T eI Rt? br 2 8 gebgrp aabALs mtb
c) .S*cfuono sz/ | xuilgglot ik
d) Q > IKin L(' bl o,

(e) ifp <¢q then Kl, < I, on O(b)
() ¢ J = H = 0 then Ky < K, on 6(())
(g) 8 < cone (S") on C(b).

Pr 0()f (b) and (c) follow by t& king y == 0.
(d) We hmvo for cmyf € O[a, b : '

max (H(f), Bu(f)) — E_m+(1-c)y\f )= [+ (1 1)1 max (La(f),
By(f)) — Birq-o(f) = tEAf) -+ 1 —1% By(f) —~ By q-on(f)
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(e) For p < ¢, it follows :
tB, + p(d — ) By — Brrqony =
=1H, + (1 -- t)E(;;/a)zl ~ Biprea-omov + ¢ —1) ((P/Q)E.u — ipin9)

that is, it belongs to cone(K,) because S* < K, by (bj).
() It J » H, thenfor (t,s) € H thereisan (4 7)€ Jwith =5 So:

8
tE:x + SEU u Etz+s!l — th + TE(s/r)U i Eta:+r(s/r)y “'_ r (—')‘_ E!I T E(s/r)y)

and the conclusion follows beeanse S*% ‘< K.
(&) It a,y, w - ye[0,06]:

, , . a Y ;
Lyyy — 1y — By = ——— Bovyw — By + e E'rJ—v . Ly =
m

x4y ® -+ !

r 1A . y S . E]
== L“ ‘ Ly — E__f(__ ety 4 - 'l — Ea'-i—]! - EJ' T
T 4 gy Y w4y gy

These 1elat10nn give the following known resulis :
THREOREM 2. Hold the following moluszons

Ky(b) = K(b) < 8%(b) = S(b); (see [1] and [8])
Ko(b) = Kub) if g p, (see [7] or [11])

I, 00) « Kgb) ¢f J > 1 = 0 (see [T] or [9])
K [(I b} = Q[a, ]

In [12] we have generalized the first chain of inclusions for con-
vexity of higher order. Let us remind that the divided ditferences {on
the distinct points gy @ppe - .) are defined recurrently by :

(265 1 =F(%%), [0y - a3 J1 = ([%)- - ~;01/'n—13_f] -
— [@y s TN @ — @)
One considers the set of functions convex of order a :
Hala, b] ={f: [ay b] = Ry [xg. . @3 f] 2 0
Y Loy - 92 € [@, b] distinet}

the set.of starshaped of order n functions:
Wla, b] = {f: [a, 0] = R, [a, .. s f1 20
Yoy, - %a € [, b] distinet}
and that of fouetions superadditive of order = :

Sala, b] ={f:[a, b] = R, Yan,... &€ (a b] distinet
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\ . . %
and oy + ...+ @n — 0 < b — aimplies ¥ (—1)*%
k=0
Y oo+ o A i — (B = 1)a) > 0}

)
where 2 means the sum over all the combinations of indices for k>0

(R):
and f(a) for k = 0.

These scts of Tunctions are defined by the sets of functionals :
Ko = {[@gy Tpye 9@} 15 Ty Tyy- . -5 @n € [@, D] distinet}

8¥ = {[ay, ¥y3..-3%n; ]} @yye -, @a € (2, b] distinet}
respectively :

8, = {Eo(—l)""" p) E,,..‘ + oo+ 2, —k—La;

@)
Xyye - - 1Ty € [a, D] distinet, @, 4 ... + w4 -~ na < b — a} .

Obviously :
St c K, VYn.
In [12] we have proved that :
Bysya — By — By + Ba= (v —0a)(y —a) ([0, 2, 5 +y —a;" ]+
+ ey, 2+y—a;- 1
Foiviscne — Bosgea — Boreon — Byyoca + By + By + B — Bo =
=(@—a)(y —a) (z—a) (e, w2+ y—~oyx+2z—a;]+
+ oy, 2 +y —awy+2—a;- 1+ [aeyz,0+e—~ay+2z—a; ]+
‘e t+y—a v+t2—a 2+y+2-—-2a; ]+
ety —agyte—a cty+e—2051+
+ e +2z2—ay+2z—ac4+y-+2—2a; ]

and analogously every functional from &, l '
4! functionals from S¥. Thus : e A i

Sp < cone(8%) for n = 2,3,4.

So we have proved :
T-H_EQREM 3. For every interval- [a, b] hold the inclusions:
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These inclusions generalize the relations:
Kala, b] < Sala, b]

proved for n =2 by M. Petrovié in [5], for » =3 by P. M. Vasié in
[13] and for » = 4 by J. 1. Kékié in [4]. So they also generalize the
corresponding results of T. Popoviciu from [6].

Taking into account these results, we can remark that in some
cases an inequality is valid in more general conditions than those in
which it i8 given. So are those form [5 1, [13] and [4]. We remind here
that from [4] which generalizes all of them : if fe K,[0,b], then for
every m = n, #; € [0, blyt =1,...9my 2y + - + @ < b, holds:

n—1

flag - oo @) Y (=1 D Y My, 4 ) 20

h=0 (k)

In fact this is valid for every function f from 8,[0, b] and it follows
even from the original proof.
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