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rc¿r r ï"r,1¡ì^' ÏÎ Ît,.$ì.ï;lî1t"itt"tì: î""nï"ì::å'ìi'il.Ti
tbos rvhat folloivs. We tlcnotc b¡':

t)la, b ¡ ,: l..f , lrt,.bl - [R, coutinnous]

t{ia,bl : {Í'¿ Clo, blt l(t't-1 (i - tit) < tf(a) 1- í -- ¡)lQ},

Y teI, Yu,yela,b)\, rvherc /:10,11

Qlcr,, Itl : {1. Clu,bl; I(tn )- (; -- t)y < lrrax (J'@), J'(y)),

'' '' VY,melarb]r Vúeri

C(ii) ,: i-f c 0[c' l,], /(û) : 0]

1i,.,(l/) : l!'e O(tt ;l(tr1-4)F - ¿)y) < I'IQ) +pQ --t),fT),Yte I,
- V ü,i/ c [t]' Üj] fol' P e'1

I(r(b) : if e 0(b); I(tn -l- sy) < tJ@) * sÍ(y), Y (,t,s) e J,

V n,Y e f0, Û,1)r -'vith ,/ c: I X I
g,r,(b) : Ih(b)

^9(D) == rr.[ <= t(b)i jt, i !i) >; Jþ:) -i- i'(U), Y a,!/,æ )-l¡c (ri, Dl]. -

l,h¡ st'lr; ¡[ cçlrLillrt{)triiï, ('otì\:r'\, (Ill2ttii-c()rr\/ir\ Iìuirctions ott lrt, l' l, it''-,¡lr'r'l,i-
rreìy cont,inttouis, ?r-coti';er, ,.F óoñvex,. sl,alshapr-:d, supcr¿rcltlil'il-t' fttlLctious
on 10, òl rvith,/(0) : 0.

ilìa,¡ing inl,o ,acoOunt all tlescr cl¿l,sscs of functiolLs, rt¡e â,l.e lc<l

nal,urally to the follorving general c1tfinition.
]ç't L bc a set of frLñoiionrlls clcfjnctl on a sei Jl[ of ftrnclions'
I)¡;n¡vr.rrorq l-. tt fr.rnctiorr f'e jl{ is saicl to be convex lvilhrer:pcot

1;o lho set 1, (or tr-convcx) it :

A(l) >a, YAe i'.

\4/e denote by L+ JII the sel.of L-qonvex furrctions fuom M.
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Ei:ntarl¡ 1. ¡l simiiar clefinition is givcn in [2] ancl [3] for th",
elemcn{,s of a vectoÌ spâce but having in lien'othr:r problerlrs.

ft is casy to ilrrlicate the sets of fu-nction¡,ls which clcfiile each r)f

1; he abovc cI¡,sscs. \fre use mainl 5' the frinctionrl of ct'alua1.iou, giYen b5- ¡

n/,1) : .ï(n).

Thcn, thc scts of tourexr ?-collYex, J-conyex, sta-lshapcd, superaclclit'il'l
nnrl quasi-collvr1x frrrrction-s aic dcfùlecl t'cspectivtl)'l-i¡' ¡¡" sets oll futl.c'
1,iona,ls:

1¡ - dlù, -F (1 - t)8, - Dm+(t-t)v; t e I, :t,y e lø,bf\
1{þ : {tE, + p(L -- l)Ðu - Dn+pî. t)u; t e I, t,u e l},ltl\
I{¡ = þn" + süu - E¿,+,a; (l,s) eJ, üru e [01lrl]
gx : {tÐ,, - D,*1 t e Ir,ø e [0rb]]
S : [8,*u - nn - Eu) ü¡!]¡n * 11 e l},bl]
q : {max (D", Dò - E¡a4(¡-t)u; t e I, nry e la,ltl}.

\4re have thus :

It+Cla,l¡J : Itl-a, bl, KIC(b) : Ktþ), âncl so on'

2. Inequalities. As it is known for I{-la, bl (see [L4] ancl [10] ,

the set of tunctionals:

L+:{A:M -'fRi A(l) >0,YleL+M)
may be generally much more rich than Z.

what we caJn say in general about it ? we shall inclicate three rva¡-t
for construction of eletnents frorn tr+'

If rve consiclei tlle convex conical span of the set J :

cone (.t) :{A: Jll+tpliJneNtAlL, "rtn2 0r fár''"',AoeL,
A : ttAt +- .' . -- t*An)

we have ealily the follorving :

I]pmvr¡. L. lor eøery set of .futtctionals L, ltold's tlt'e inalusion:

- cone (L) c L+ '

also rve can consider a genet'ârlized aclherence of cone (¿, by' :

clcone (L):{A:1lI *fR;YneN, lAnecone (-t), Yi zM

A(l) : lirn inf A-(Í)).

Then we have also :

Lnrwu¡' 2, Ior en:erY setr L, hol'd,s:

clOone (Ll t t*.

EiÓNvExITY ANb FUNIIÌIoNALS l8ä

Dn¡T xrrroN 2. Tr'¡Ð sets of f uncbionais tr lr,ncl L' 
^-,;e 

in rrl¿iitrr I'' Þ L
if for evely B e L' there is an :l e .L su'¡ìr thtl, B'l) > A,,Í) for: e'y¡¡t
feM.

I-,p mtl 3. tl L' ) L th,en, L' c L+.
There &r'e many piìpet's rvhich prove inet¡ralities for convex func-

tions. In facl,, thcy csi,ablish tht¡ bclouging of sornr: functir.,nal 1,o the
corresporìding'set -t1. \\¡e w:lnt 1o arralyse rorne of tbem flom this poilt
of vicu'.

\Yc br'ginlvith the rnost f¿rrnilial' of thtrr11, liltr inr:quality of .fensen :

if /is â cor-i'cf, funeiior on [t:, bl, rr, . ¡tn€ [ø, b] :r,nd at¡. ..¡tJ,:rle posiL
t,ive. consl,ants, then :

Í (È,",*r, þ_"r) 
< i,*!(*ù I i.,r.

Íhis is eçiv.alent with the belonging to K+ of Ure functional:

fl tt

J
2

EcrÛ,,l\"o - E*"
å:1 h-t

Xt - \a¡n2,1,\aa.

\4¡l'iting J* as r .

I k

Jr='E t(o¡+.". *cr-ù E*u-FcaU4, *(cr *'..*c¿) Ex*ll \o¡
h*2

it results thab : -:

. .' J, e cone (K).

Ânother well-known inequality is that of llaclarnatd : for/ e Klø'b]
hold the relations :

,{n+!-J'*r=l Jqn¡ ùn < Íg'' ! lQ)

To prove it we show i,hat :

(8" -+- E6'¡12 -- M",at 7[,,u - Dpnà¡n e clcone (If)

ri,here we have denotecl by JyId,b \he f unctional tlefined by :

b

M,,o(.f):: 1 
l1r;tun.b-û J.
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IìaL (D, lr nt)12 - Mo,u is the (prLnctual) linit of the foiiorving seqllcrTrce

of functionnls :

]. - t ,. ,,
-- E* + : il, -- ' ã þja+r,-ttÐ þ-(')/ù=
2 2 ttiît

n,-iIl./2 m t y ]lj,_o.__ Ðn-i+t.n
ua_T -T

n 1? '1r

(e) lror" ? 4 Q, i1, follo'lvs :

tE, + p(1 -- t)Eu - E¿+1-ùv :
:tÐx + (1 -- t)Eøton, * Ð,,.,.0Í-Ðtt,tstu Ï ø(1 - t) ((pl!DE, -- Etplq¡u)

1,ìra,û is, it l-rcilongs î;o cone(-Il4) be,canser ,S't c Iíq by (b).
(f) If ./ 2II, Lhonfor'(l,s)e 11 bhcre isan (r' r)eJ rvith r ),s.So:

tE,* s\u - Er"*,, -tLn*rh<st¡tu - En+r(s¡)a* t(+ n,- nunu)

a,lrcl tlre cclclusion follo'w¡i becanse ¡J+ e- J{¡.
(p;) If lr't ltt :/j + Y b [0r bJ : !

D,t+v -- IÙ, -- Eu : --'---- E¡+u - E. i -!-- ilø+u - Ji; :
n-ly ü-l!1, 

I

=-f-t ti.,,v-ttr Ir[--..-["r¡, u l
L ¿ ,- ti -;7; \xrY)J L ,,, i tl l- I'rrr 

J'

îhesc; r'elations give the foliowing l<rros.n r"csillls :

T¡rnonr¡lr 2. Eold, tlrc follouitt,g 'í'nclusiotts :

Kr(b) : I{(b) c. Ñ*(b) c S(D), (see f-tl arcl [B])

Iú(l)) c. I{p(b) if (l> p, (see [7] or llll)
ltr(b) c Krr(t)) il J > II > 0 (see [?] ot' l9l)
líla,ltJ c Qlu,ltl'
Irr [12] we have gener.alizecl 1,hc firsi, chain of inclusions for ôon*

yexity oti trigtrcr orclor. L,o1; us remrncl thal, 1,he cliviclecL diffgl'cnces (on
tlre distinct þoinl,s frot nL¡. . . ) ale defined recurlcrntly 'by 

!

lur; lJ : Í@o), luo,' . . rnri J'f : (ltro,. . . t$n-r lJ -
- lrr,' . 'tnn; ll)l@o - ßò'

One consiclers l,ire set of f unctions coll\¡cx of oltler' ¿¿ :

.l{,,1.u, b1 : {l : lu', bf -* 1ìr [roi " 'tnni ÍJ > 0,

Y *0,, ^ . ¡tn Ç ltt,, l¡l clisl,inot]

the se{,. of starshapecl of order' ø functions :

B;Ì[ø, t,]:{/, fa,t¡) -+'[ft, [4, lrtt.,,,n,,1.fl >-Ð

V r11. . . t{n € lct, b) clistinct}

ancl that, of furLcl,iotr,s sullcrrr,rlditivc of ol'dcrì r¿ I :

Bola, b): {l : lø2 bl -' fift, Y rr,. . . 
.¡tn¡ 

e (ü, ?) tlistinct

E
i-1 ttù

while -iIlä,u .- li"natz,!ay be obt¿r,inetl as l,he limit of thð secl

-t

{Ëru,** i ¿;,-,,}
2tt

3' I{iararchics or eouvoxity' orr bhii wi;'y rte c:l'lr'¿irl so 'ea;sil¡r od{npnfo i

1,wo converit¡z gl2tt.*.
Lu ml't 4.|Yetta'ua LlM'c r'i,!'M í! r'ut'd' anly iJ'L' c L¡'
Ren¿atlt 2. T.,emnras 1 -.3''offcr. 

jnò1,.hotls for c'b'¡a,iningl i,'uch srill-
scts.Irr. ì'i ',"'' ''

Dl¡ItrtçttroN li. Ilor 1,Jrc tr.¡o suÌ-iscts,/ ¿l-llrì l'[ o1 -t )( -I, -t]ti'i:t'[a1 
ion

J >- .l! lr('iilrù b'ltlt- irrr'. lìll.\, (/1 s¡ e. {,111., i'' ix rti¡ (.r, i'; "f rv¡1 ii,'s 
(;'' ,'\¡.utt

ll > 0 rnciiirs tlrirl ,t/ > L >. i}j' i
Tnnonnrt I. Hrlil the Jollozuitr,g relul,íon's :

S* c -Il on C(b)

9*-/r¿?n.Clp.) . , : . :

8* c -Ií.¡ on û(b) i:f J > 0

Q >; I( ùt Ûlu.; ltl \, 
-

íl t, < t1 t'ltan t{n c t(n o¡¡ C(b}

iÍ J > II > 0 then, 1Ç7 c- I( ¡ ott' Û(tt)

¡-9 c cotto (ü*) oø 0(¿t)' 
.

Proof . (ru), (b) aqtl (c).iiollotv i-r;' ¡ttL1iit y '- 0'

(rl) l'Ye have for z-r,rt¡'/ e Clu, b):

nrax (-D,(/) , hUD - nm+í-r)uff) =- lr r !1 . Í)l rux (n,(í'),

Eu(fl) - Hrø+lt-Dvffi > tÙ"(fl + (1 -- t) E'(h - Eø+o-t¡u(l)

fi

(a)

(b)

(c)

(cl)

(e)

(f)

(s)
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ând û;r | .,, -l- rn - nû, <b - a itnplics E (--l)"-u'

' 5 /(ni.+ ". 1- îik- t¡, -lløli oi
{,ë)

rvhere f, means the suur over all the combinations of indices for k>0
(,r)

and,/(4,) fol A :0.
l'hese scts of lunctions ar-e ricfintc'L Ìr]'tltu sets cf luncfionals:

I{r: {Lü0, *tr.,,¡üni'f ; t:0, Ìt¡..., nne lu" Zr] c'tistinct}

sr*

respectively,' :

{r .¡nn) 'f ) h¡...tfrne (ø, ürl ctistinct)

îhese inclusions generalize the relations :

Knlerbf < B^larbf

plor.cd fol' a : 2 by I[' l'etl'ovié iu .[5], fol r¿ : '3 b]' l'' l'I' Vtrsié in

lt.?l arrcl tot' ¡¿ -: +'írv"]' jl' lt,¿rti¿ iìL'i+1' So thcy also gerterilliztr t'he

å"íi"tir""¿irrg rcsults'of T' Popovioin f'r'orn [6]'

!(,nr-r, ... + í',) -l- i',-t,'-u('ü 1.-ì) I-f(ø,, l- "' )r nn*) > [t'
h:tt (À)

In fact l,his is 1'¿|iç[ for cr'€r'f funct'ion /'frorn S"[0' b] aucl it follows

even lrorn the oliginal proof'
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ú¡ üt

u, : 
{å(-r¡*-, ã 

,",,+ ... i û;, -k*r)a;

ott,,.tfr$eLa,, b] distinct, h t- ... * nn -: r¿ø ( b - a,

Obviously:
S,f c Kn, Vtt,,

In lL2l \rye have proved that:

trl**o-o - En* Er* to:(a - a)(g -ø) (la, n, n !y * u'; 'l +
I Lu, !/¡ r -l y -- &;'l)

Ð)as4"'2o -'Eø*u:a - Er¡"', '- .Øs¡Ln + Et + -øu + E" - Ea :
:(n-u) (y -a) (z--a,) (fl,,n¡n I lt --0.tx: +z-ct,;'l+

* larll¡t lA - (r,tll J,-z-o;'f I lu,ì,tn-ï-à'---(!ty + z - ú¿;'l +
-l Lct, tt +'ll - cL¡ ü -l ø - cr¡ n -l tl + z -- 2o;' I t
1 lø, ã) -l u -- rt¡U I z -- a¡ t * y I ø - 2rt;' I *
* lø, n + ? - a¡!/ | ø - et ü -f y * z - 2ct,; 'l)

ancl analogously every functional flom Bo. ca,n be expressed. as a sum of
4 ! functionals florn ¡Sf . 'Ihus :

B¡ c cotrc(,Sï) for n,:2t3t4.

So u'e have proved.:
TrrnonøM 3. Xor eaerg intet'tsal,. lø, bl hold, th,e incl,usions:

K,l% Dl c B;*[ø, bf c Snlørbf,rfor m -,2t3¡,4.
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