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Àl¡sfl¿ìc1. B¿rsctl otr obsclvaLion (12) corrcelning thc de{initìon o1' siu 0 iu the ìrucìidcan plane
geomclr')-, a deliniLion oI thc angle bct'n'een two scts and thcit inncl ploduct in air¡' IJa¡aclt
spâce, o1'fol tbat rìl¿ìtl-or', in any rnctlic (ol errctr in a rlucìr nroro ¿rltstlact) spaco is inilocluced.

Our rnotir.ation is baser-l on tlìe follorving consicler'¿r,tions in conner--
tion lvith sin 0, $'lìele 0 irr t;he ¿ùngle bet\¡€en thc bounclecl line segment
-/. and the line segment .B (in the usual trjuclìclean plane) intersecting at
the point 0 as shorvn in Fig. 1.
(1) The line segment á is a set of points eacb denotctl. by *
(2) The line segment -Zl is a set, of points each clenoterl b)'.
(3) |L.hc line segments :1 and -r3 har.e â nonernpl,y intersection, narnei¡' {0}.
(4) Let d(tt, tÐ denote the IlLrcliclean rlistarce of the point p flom the

point 4 in the llucliclean plane.
5) In f ig. 1, let ö be the foot, of ihe pelpenclicular fi'orn b.he point a to

the line segment l?. 'f'hen the llucliclean disl,ânce d(u., ß) of the poinl, ø
from tlreline seg'Ìnent. ? (usingnotation in (-1))i¡r obr.ior-Lsly cl(u, b), i.e.,

.6) d(a, B) : tl(a,, b) : rnin{¿(ø, n) : n e B;
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Fig. 1

(7) As lig. l shorvs, the bounded line segrnent, '{ ìs the closed intetval
i0, rl of lengl,h r> 0.

(8) In n'ig. 1, for ever'¡'point xt¿e 10, rl, let bre 13 clenote 1;he foot of the
perpenclicular from ø¡ to the line segnr.cnt R.I{oleor.elr lct I denote tire
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foot of the pelpenclicular from the point r of -4 to the line seg'ment B.
Then clea,rlyff(using notation in (a) ancl (5)) 'ñ'e lrf¡,r'e

(9) lorl siti 0 :¡l\r, t) :max {d(u¿, B) | 7tue [0, r']]

: mãx {d,(u¡, b¡) | q e L0r't'f)

Elolever, frorn (6) it follows thal,

tt(u¡, R): mi¡ {tt(u¡, n) : n e B}

which by (9) implies

(10) sin 0 : (max {min {d(u¡, n) : n e B} 1W e L}jl'l})lr

Using a lnore familiar nol,atioir, (10) can be erpressecl as

(11) sin Oj:,Tgt lnin tt(u, n))lr

where the su'bse,ript i is droppped flÌotrr u¿ since it was jntroducecl in (8)
only fol the conr.enience of inclicating 1,hat ór is the foot of the perpendicu-
ïar erninating frorn ø,.

Oiearly, (11) can be mole propitiously len'ritten as

,,-\(72) sin .4, B -,ÈÌlg, (inÏ c?(r, n) lr wi,ttt,,. :"...lpoo d,(n,O)

It'rorn (12), with l as in tlie abover n'e tlec-luce

,/\(13) 'Å, B- :ar'c sin (,,Èïf,, (infud(u, n))lr u'íttt,0 < ?, i * f
where in the abovc

(14) 1, B stancls for: '¿fl¿¿ rur,gle betuteett A and B" (in this orcler)

trl,c'i¡tu.rlt 1. Basect on (12) tand (13), rve obselve that sin -D, E as well

as E, H can be leadil¡' clefinecl for errer)' bounileil subsel, E and er¡ery
sullset -H of the Euslidean plane r¡¡hich (for the sake of simpticity) have a
uniq.te poinl,, say, 0, in c,ommon. Let, us call tbe real number r given by

(1br

is on or inside the circle of r,¿t:lius 2. ]Ience, thc centlal r'ac1iu$ of -U (rv.r.1,.0)
is 2. Thus, using notat,iolr (14), in r.iew of (12). rve irave

,/\
sin i',', lf : sup $nf ct(u, n))12' u€Ii rev

sup tl(ø, 0) :2,
reE

,8

(16)

since r' :
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fn general, for t.,r'cl bouncletl sets Z antl f,1 in lhe plane

z\{17) sin J7,,ã ;. sin E, E anil tlryefore A, n- ;'ø, n

-.. rror instance, in ,rlig.-s, ret II :{0, e} an,rl i? : {0, ir.} rvitir centraì.radii lespectively equal to 2 anrl 4. thòrí, áccoitling to'1íej, rve have

./\
sirr J7, 11 : s1g. J l"l d,(tr,, r))12 : lsup{0, 2})¡2,

ß € tÙ,c) .r e {0,¿ jr

whereas

sin'17, ¿ :,,31å)Ì, 
ç'.ïi,,,u(', 

c)))14 :s.p{o,21),'4'

'llherefole, in ì'ig. S, tve have

sin Z, H :1 zt¡Itereas sin

þ d(a,0) tùe ('central raclius of X)tr (w.l'J.O)
ta

As an example,leÍ, Jl, in Fig. 2, be the bouncled set of points (each clenoted
by *) in Ure plane ancl ll'be a set of 1:oints (each denotd by.) with 0 as
'oheir uniclue cornrnon point. Äs shou'r: in tr'ig. 2, evely point of the se1, -Ð

'(18)

which va,lidal,es (17), In viery of (18), we nla)¡ e\/en say that, in trig. B

tlt,e set {0, el ís ot,tltogonu,l ta the set {0, hI
whereas

the a,ngLa bekueet¿ il¿e set {0, h} uttd, tl¿e set {0, e} is z/6.
Remarlt, 2. Tl'-q above exarnples pertain ro se¡is in tÌre Eucliclean ptrane

wlrerg cl(u, 
^n)_in 

(1G) r'efels to ilù Eùclii-lean rlisïanc,e ¡ì,t.^.""o lhe p'oinìs
u, and" ø of bhe 1rìaner,

?' : Stl
re
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I-,el, us observe holevet', ttial (16) rna¡r þs made meaningful in con-
nection rvith points r¿ ancl ø of any (absl,rct") seL M and a function / from
tlre Cartesian procluct llI x llI into the sel, of, sa¡', real nurnl¡ers. nforeover,,
tlris can be clone r¡.ithout leqriring t'hat J satisfy any of the specific pro-
perties of a clistance or ¿ù mel,ric furction. Furthermore, this can be done
rvithout lequiling Lhat lI ancl lI in (16) have a unique point in common.
AII that we require is thal, .D and ã have a nonemply intersection G and
LhaL D be bounclecl rl'.r.t. G rvhich norv âcts as {0} in (15) ancl (16). fn
othel rvorcls, \\rG require that -Ð be 6r-cen{-el bounclecl accorcljng to the
follo'rving :

Dprrntrrox.t. Let l.[ be u, set ct+td,f be ufmtcti,ott,;frout, JII X Minto
tlte reals. Let A be q, subset of llI ancl C be a nonem,pty subset of M. I'hen, we
say Llr,crt A i.s C-center bounded i,fJ

(1e) sup(íni (lf(u,, n)l)):r< ."
ueA seÇ

i¡t toh,iclt case tlte nott,neger,t'í,tte rec¡"l nun¿ber r is cal,Ied tlte C-cen,trcti rad,ius of A.
Nexl;, basecl on the abor¡e ancl motilaieil by (12) ancl (13), rve intro-

cluce the follol'ing :

Ðnnrsrtron 2. Let M be cc set o,t¿t[, f be a,function from M X LI into
tlte reals. Let A cm,rJ B ba subsets o,f M ui,tlt, rt nonempt.t¡ intetsection O und,
let A lruae a, fittite A-cen,tt'ctl raclius t' ¡.¡iuen by (19). 'Ihen the real, nutnber'

I

A, B giaen belc¡u¡ ,is called, the ønc¡le betroeen the set A ønd the set B (in tltis
oriler)

(20) A, 13 : ql'c s,irL (sup (inf (ll@, n) l)¡') with 0 jç -{, -B ç

iJ r # t, ttttcl A, B :0 iJ r :0.
Let us observe thal, if the sup appealing in (20) e\ists, tiren it is a

nonnegal,irre leal nunller'. 'I'hus, 1.o justify oul Ðefinition, r'e nust prove
tha'o tjre sup ¿r,ppe¿ùr'ing in (20) exisl,s ancl its value is E r. îhis is shown
in

Trrnonu¡t. Let 7I,l, A, B, C ancl r be os in Ðe.firtíti,on 2. Tl¿enthefollow-
i,nç¡ sttlt erists cwtil,

{27) o *;u¡tf (inf (l/(,ri, ,r:)l)) < r

ProoJ. Fol evelJ¡ ue 11, let ¡s consiald the set

(22) Lu:{ll@,n)l:reB,\x¡1¡.¡7rueA
Since by 'vhe hypol,hesis C c B ancl C is nonempt¡', frorn (22) íb

follon's that fol er/er)/ u,e A it is tlie case that Luis a nonem.pty set of'
nonnegative real nurnber:s ancl l,herefore inf -t,, exists. Ifowever, since'
0 c B, rve have

(23) 0 < inf ¿" 
" *å(lJ@, 

u,)l) .for etsery ueA
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Next, let us consicler the set

II:{inf L,: ueA}

5

(24)

4

_r.^_ #g.1t"^t thesis C = A antl C is nonempl,y, it follows
L-u¿ùù 11 rs a, eal numbers. Moreover,, from-(l"g) and (28)we see that (lf(u,, n)l) :r'. suf suli -trìs fre'cisury't-ié
suÌr ¿rllpear,ing in (21 ).

llelrce. llle ifller:r'ctrL is 1ri.or.crl.I;et uir oilseile th¿Lt it cai l¡e reacìil¡, r,erjfjecl that (20) ìnrp]ies that
-4, tl :0 fcl er-ci,r- snlisc.t A oi lI .

" r.l1 .-''!, J', --1, /3 
^ncl 

r"bc as si'cn ìn flre al¡ove Defjnitio. 2. Thenflorrr (:10) i1'f.ollr¡l',. th¿t if r + õ', \re har.e

^ ,t'\.sin -{, B : FuÌr (inf (1/(,rr,, t)iDl1, r¿r¿c[ sjn il, È :0 ,e/ r, :6¡'c-l '' a ß

zt\
Ba,i:ecl cu (25). asr er-pectefl, \r,e clefjne .o* íI ,.7,- rr,s follorvs

.o, {} : -i- (1 - sin2 '[ày,"

(25)

(.26)

n.

2

" .,..rt'orì a, sub-uet 8of ,Tf, le'¡ as usuar criant(g) stanrl Íor the.¿rliarnetergl ù , \Ynet'e

(27) rliarn (,S) - ñup {ll(u, ll)l , (r, 17) e ,S x ,S}

. . Finall¡-, þai-tcl c'(26) ard (2?_), *'e clefine the t(i¡tnet. 
Ttrotru,c-[,) A. Bof th e s et ,4 arcl the sci -ts(ii tbis òrcì'ér) to ¡e riie, .ear l"rnrär. g.;ì;." bt

(28) ,4,.8 :ciiam (,4),cti,r,r (1J).cos fìi ,u,rr, diam(,{).ciìin(B)q oo

]l,en¿ctrl;:ll. trn ltre above Definiton,l) is ciefj¡rcrr for ¿re case lyhereôlre C-central r,aclius r of A is bouncléct,',i.e., r i o,,. 
-tt," 

"r",r" 
r : d),as usual is hancllecl as a lirnit of bouncíecl oases.

Rent'ctrl: 4. Lei us obser,r'e flrat i' Fig. J, ilre angle 0 girres a ,'.easure

een tlre lines (sets) ¿! a,ntl B. rlnalogouslSr, l;" ^-tnay be userl_to_give a rneasure of tñe röág"'or,the
snl_¡sets A and.-B of an abstract spâce Jl[ :viih respect

f1_,1 
ty¡c':tirr / ruappi.og M X tr into flre set or, srjfl'ãai n''rbers. sìmi-Ialty,_ale inner.pi,oduce :{ .-B as introclucecl n"vizSiiria,¡, bs usecl in clcfin_ing the notion of the ((p.ojection" of a set:l bn'r, s"i jj.Eo..o if ll[ and.

/ are eiuite unl,arnecl, tire concepts of ,1., tr anù a. B ma-v stilr prove tol:¡e useful.

Clearl¡', the cglcepf-í,) a'cl ..i. . -B as introct.cett in (20) anct (28),nray 'beconle nlole usefirr if ,.Ì1 sbares nlol,e properlies rrith ¿r, i¡ucuciéái
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