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L'rrNaLYSD NUMERIQUT 
T:i."t Tiri:H: #1 ff ^**o 

oxrM.{rr oN,

solu-o REMAR,KS oN cneySnv,s rNneuArrrrtr

JOSIP E, PEÕ,ARIE AIrtì SEVER S. DIIAGO}IIIì
(ZagreÌ:) (Bàile l-Ierculanc)

Le! a 7 (arr,..., ú*), _b :(br, ...,b,) ancl p :(þr, ..., ?,) be n-tuples of real numbels an¿'¿enotò :'

rn (a, b, ?) : f o, i p¿a¿bi _ yr,o,U puu,.
i:\ i:r i.--1 i-:l

rt is well knorvn flrat i-f p, > o (i,= w-l and. ø, b are similar,ryordered, i.e., (g, - e¡,)\b, - b,)') 
-o 

iorì an l,'i?-i;..*.', ír, tn"n rhe fot_lowing inecluality hokis :

(1) T,,(a, b, p) > t't.

- fn lhe sequel rve shall give an improvernent
results rvhich contain refinerãents of ÕäbyÈ;il;--
rvhere further references are given.

<¡f this fact. I¡or other
inequality see [1 - 5]

T¡rnonnrr 1. Ler, ø, b be similarru orilered, n-tupres ønit It be an n-ruqtreof re.c1.t ntunb-ers. If ue itenote lpl : (l:p,|, : .-:lt'p"\íil;r"'ää ¡ru"*i;;;:";_çr,ølí,ty holcJs :

(2) I,,(a, b, lp)> I to@,b,p)l > o .

ProoJ.IMe shall use the following sirnple identity :

'I,,(ø,b, *¡ -* þ¡n,n,tr, - 
a,)(b, - b,)

Then we have:
1tL

I it*(a, b, þ)l* * I I 
p,ptll @, - a)(b, - bùl :

L i'i-1

:*Ð,rp¿ll?rl @, - ei(bo - b¡): Tn(a, b, lpl)

ancl the statement is proven.
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Itis,x'eìl ltr¡tin'ni;hzr,i ìi'y", qlrle¡irniiiir,ivolclr:r.cil,i.e., (;r,(ø) _.f(yDg(nj
- !(?/)) ) 0 fol aiI u_, ¡¿ .e )',, b1:.rnri ,u ìs, ri1¡¡. irtgaiii,r, t,i¡eìi',Ltic f;ií,j;.i"g
integla,l incqualitr' hr¡lils :

(B) t!,(.f , it,7t) ) {.t.

ilitt'tirer' oit, \\r'{., ::liil1ì gi r,o r,i r-1. irrtll_,-,cr ¡.li;irììÌL of i,his litc¡,
!-'tInou.¡;,ri 2. Lct.f, ri be cc¡¡t,í'inntrttts a,it,cl siniLr.rl.i,t¡ o,rdet,ed r.t"tttl 1t í.,e

att, 'íttteqrc¿,lsle ,i rnr,ctìo;u cn l'-n, bl. !1,ìte.n, t,it,e f oilotu.i.,¡t,r¡ in,e'iu,ctlítt¡ 'Ìrcltli: 
:

(e) !1'(.f , u,l¡ ll> i!6', i¡, p)l> :';

J?rooJ. iì-t¡ siai,t 1o [,he foiiou'in¡Ì ìlie¡;i,a.iirbrLi,.ii.r. :

lL'(.f. g, !t,'¡ : (
\
ì

un

l' {' ,,!

\i,tt¡ 't, \t(*) 
/21 r;r1,,- 

l\r,(,,
,, o'' L:

t
í)

h(n)lL(,,t1\(.f(r) JQù)(rt(:,i¡ - ¡7(7)tLn,rìr¡

Nott-, the. proot follcr_rl's il¡'irn ¿¡rquureni'sìinilal tu 't,lrat, in tfte ¡.r¡ootof tltç: ¿¡ì.¡oye t lteolem :lirtl ir.cr ornii, t,he tlct¿ils.

coßor,l,tnì- . t'et J he contitnious ou, ict. l¡) r,ntl 7t be itr,tegt'c¿r¡ie rnt lø, bl.
'l'hen, tlta nerl .ínfu:qrLtl incErLa|'i.t.r; ,is ttt,i i[[:

('10)

Norv, it we t'et,ttrn to l,hc clist¡'ete .rit.sl.) \!'€ ntLrsb lc't',àl Ir l,ell-lcno.wl-
l'clinerrrcnl oI ilt,ltr'(er's lncr¡rralirr. (slt, t'( ,ì'{,:;?rinlrlt' l; l). f I r¡, 1; ¿Li.t'trvc
sjnrila,r'lr'¡n'dererl rr,-1,'r-rlties oT lerzil lurrubols ¿nìll ?ri > tl (i: It n) ilren:

(11) 'l',,(ct,, b, ltt à T,,-ltr,, it" ¡i¡ > . . .

\,Ver note th:rl, t,hr¡ folloii'ing lcsulI is illso r ¿..liti,.

'ìlrll,lc¡t¿Îlt lJ. ['ct ct,, b be. ct,s ctbctl¡u rt.nil, p ltc rt,n, n-l;ttlpte of recr,L tttttnbers.
'f' hen, tlt,e .fol.Iotu iug inetry a,L,itt¡ ho[ úr :

(12) 'l',,(ct, b. lttll l[',,-,,({t,, t,, I'pt} >

)l'I,,(ø, lt, p) - 11.', ,(,rt, l¡, ,p)l > O.

\",
J

I rilu;)t)f(

^ ,Conor,ru.nu L.- Ltet.a, b be as cr,boae and, et e {-'¡,1} ( f = I; ") Then,
tke follawing inequali,Xy is true: ,

(P)l nf, a,n, - i o,þ,r,rlZ' i e,a,r,,- 
ïr,n,F.-r,o,l 

r o 
,

Remarks r". rf n:2k ar'cr e,:(-r)ì the irrequality (2) becornes :

2hr
1)'ø, I (- 1)tä,1

I1:l 
L
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2". trf n - 2h ! 1 then we have :

>0.

6t)

(3)

2

2k 2k 2h l2h2kEa,b,-\o, Ð b,>lI (
¡:l i:l i:l lË1

(-1), *,)' , o.
2h

I
i-1

2h

T

(zk +t,,,1 ", - ('Ë, o,)', S' r-r¡' *i + ('i' ß_.trl),o,)

n)dn)s(ffi

b

n) dnn)l(n)ds, tù :l p(
J

rff,
,rb

n\n@t\@¡sçin) d'*- 
\ I,(

>0.

2k+1 2h.+r 2h.i 1 l2À_t_r
(2/, + 1) X ü¿b, - I ", I tt,> lr, ( -L)ta,b, !

t i-t i-! i:l I --r :(4)

2k+l 2k+1

+ I (-r)uaol (-1)'äd
i:l i-l

Conor,r,.,tny 2. Let u be an n-l,u,ple ctf real nun'tbers and, e¿ as abourj
(d : 7, n). Ihen, the Jotlowing inequ,ati,ty h,olils :

(5) -A"' - (Ð,",)' l,â,,,i4 
e¿ ü? _(É,,,",)'l , n.t

Remalhs 1". 11 n: 2li, bJ, the above inequalil;y rve have :

2h

(6) 2k\ ai - 0'¿

2. I1 n : 2k + 1, thon (5) becomes for e¿:(- t)r (i, - 1, n¡

>0

(7)

Now, rve shall give the integral analogous of Theorem 1.
Let, f, g be continuous on La, bl antl 7t be an integrable function on

lø, bf.Denote :

\,
ø

d=.1
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- Froof. Tt is eas¡' to see thar for ar q a ø-tupre of real n'mbers wohave:

¿EI]YSEV'S INEQUALITY
63

Remarl¡. Il a,,: tr,,/)¡, p¿¡: ?¿?¡ tilc i^equatrity (14) L¡ecomes

rt' is h'orvn that if r.¡; s¿ltisfies.er¿iio* (rB) íhen (see [5]" corolar.y

0*(u, p)Þ {Ju_r(tt,, p) > ... > br@, 1ù > A

i)

ln (ü, b, {Ð - 
,!o_t(ú¡ b, e) :

(2).

.3) ,

(15)
The¡r we ha¡'e :

I T" (a, b, ?) - E,_, (a, It. p)l< \ | TttIt,ll\r, - a,) (b, - ö,,) I :
¡t -1

\r!,Fu@o - a,)(b, - b,): 
'u(q, 

b,lpl) - Tn_r(ct, tt,lpl)

ancl the statement is pr,o-rren.

The co'ollaries of Ïreorer' 1 can rre reformuiecl also in 1;his case,but rve ornit l,he details.
Now, as in [5] rve shall con"qicler flre follorving mapping r

cn(r, 7t) : f, u,,nu - )ì ?,jãt!¡
i.,i:t i,i:1

rvlrele ø,, ancl ?,¡ (1 
_^< 

j, i ( n) are real numJ:ers. tror some iinequali{,ieseontai'" ing c (a, b)rvhich gõnerarize or i-pto"u ðurr.oñ; ìlLquarity ñ i5ì:We note that ilre follou,ing ilreoreri holcls.
T¡rnonø¡t 4. Iret ao, l¡e rectl numbet,s st¿clt thttt :

(13) e4ïú¡¡ à ø¿.¡la,,rJor att i, j:1, ...¡1r
Then' .for q,ll p¡¡ r,eal nu,tnbers sucle, that ptt : pi¿ (1 ( i, j < n) the fot_lowitty irtcqul,lil..r¡ is t.ulid z

(14) O,@,ipl)>l1u(a, 1t)l > o.

Proof. \r¡e súa-i'1, io t jlo follon'ing iclentitv u.hich h.¡ls for, e\re¡\¡ trstrclr that ï¡¡ : (D,nfor all i, j : l, . . .i n,.

û,,(ø, t:) =- * I r¿t(a¡¡ï û¡j - e¡j - at¡)
- i,.i-t

Tthcn içe lrave

I c, (a, fr) I < + É | 1,,:l l,r¡t* a;j -- eij - a.¡, l: :

I ,j_:r
.. \

# d ltt,tl(a,u )- o,it - û¡¡ - e¡r) : c,,(a, lpl)U- 1'1:I

and the pr,oof is finishocl.

whet'e^p¿ a,t'o sytntnetr.ic ancl nonnegative.
The follorving resLrlt is also 

"*ti¿.T"rr¡;oRn,ri r,. !.rj !,t, _,p,¡ (1 ( j, j ( rt) be rts .itt Tl¿eoretìr t.ühe folluuing ìtLcr¡uølita túirli ,' '' 
\ "'

(16) c"(tt,lpl¡ - Û,_rçcr, l pD > i C,,(n, p) _ C,_r(rt,p)12 g.
1.he prortf fol1o¡.s to ilre next ictenl,ii;y (sec 15l) :

Cu(t, 1t) - Cu-r(d, 1r¡:'E'?,u(ü., - c{,,t _ &¡, _l a,u)
, i:7

ancl rve omiú ilre del,ails,

'\oiv, we shall give f,.!re inieglrr,l var.i¿Lrri ,,f incclLraìity (l+).
f¿et considc+r, Lhe expre;siotr :

?hey¡

bb

c(i,p) :51 p@, ùr-(,y, ,¡¡)ctrd,e -\\rr.,tìr(c,y)itndy
wlrere 7s anù I are iutegraìrle fu rctions uo_^{, .: L{ú, ltl x, fa, bl. F.orsome gen'eralization's of ostrorvsìri theorern isl ìn connectio¡ rvith thisrnapping' see.l5l'wrrere turttiei, ìlåt"iärr.no are given.

tion 
a function rf t*'. ra,riaj:res i(i', yr is saici to bt, ¿r, po,sitive set func-

Gf) I@l-tt,, ,g -i t;) _I'(;oï/t,y) _ It(n,y _,_t;) _,_-[,(c), ù> 0
fot'lt, icÞ 0 (ot'r¿, t¿ <.0) rvirrr n -,- lt, ,t¡ i- arbit.al,¡- cjroi- 

.

ces.oI a., .r¡(n, !/ e La, åJl. ¡iotc ir,,,t ìi,rl*"clerivativ,:,s, cönciitiôn'ir?1"i, åiiriir-i."r, seconcl Parbial
example till.------"^^ 

\t'l 1D u{tt1ì'¿uitirrt' UÞ 0 (See tOr

îrrnonr¡m 6. Let; n 
_be a Ttositdue set.fu,nct,ion, u,n,cl It lta symmetr.,ic inle_grøltle.ftnaation on Lø, bl x r'à;-b1".""'rîen, trte J'ot.rozuirr,çt inoqurr,trrtl rtordn:

(18) Ce., lpl) > Ic(F,rÐl > t
ProoJ.lVe sl,at,t, 1:o l,hc foliorving integt,aì irir.ntity :

bl)

^,fa 1irutr'¡ ?) : tJ\r@, u)@(a,, u) * I,('?t, :y) __ I!,(n, !Ð I,(y, n)) thtly

Since n, is ir, l,osii,iue scl. f nnciion. thlrr
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. _.þ'(n, r) - Irt(u,y) - 1.(y, n) -) 1,.(;1, !l) ) 0 for, r"II r,:,11 e lct,,blrvhichìrtrplics :

? OTrnyS¡y,5 INEQUA I-ITY
6õ

tur, .,,*:iiì,/'ììrï:r.l,råt..'r^,1, j'fl,reo.c,,'r T c¿r,n be ot.,ti_¡r.'er_t for, i.leg.ir,ls,

C(lt',1t

Ì)t
1 f I*; 

]\ 
l(i. r) Jt1(r, n) ï]1'(y,,17) - tt(r, y) - lìt:tllllI'.liNCliS

.lf 
¿.r9;r/r orlsl. i grttet uIi:rrIiott ttI, Ctltyitu.s itrcqtut-

lìcccir crl 9. I\.1 lltif)

bb

- tr'(y, u) ldt:clu: + qi t,t" .,r) (F(t,. n) -L p(1, ,1¡) - 1.(u, ¡¡)

- - !'(!J, t:))tlt:r1ry == 0(l', 1p l)
¿rncl 1,he pr,oof ìs finishcd.

ll,etncth;. trf rve pu1, jn 1.he, ¿lbor-e lheot,eln qt(a, U) : ,p(a)p(.r¡\,L,(u, tt) :: lQ:)g(y), n¡ lt e ld, bl,, rve obt¿ljn Theorern 2.

.No\r', \'e give, 1fie follort.ing'clcfinì1ior. ilhe r¿-l,uples oll r,ea.l ¡rLmber.s
&, : (ctr, . | .2 (,,), ¿7 =- (1t11 . . ., It,) l,jll lre crallerl separatecl jf ther,e exists
a consta,nt /¿snch th¿rt: c0¡2 ({)l¡> (,ç)ù, for,a,l1 i, j - 1, ...s11.

Let also consiclet, tlte e-rpr,c'ssion :

,J. li. l)ttittt,ió
l ttertll!l ,tl .l'trlttnluuu
Ittt l,¡¡lr lliltLtru t:i

I I rto r) Za¡1rch
)'nttosltLoirt

t tt \2 I t: \2 D 2t.'!{,,(a,ú,¡t)::1,y, p,,,,} : C\ ilù, } - t p,i,¡t¡t,[t;
\fi- I \,'-"-) ir i.r

,S¡,i,r'1 ,S. I )r.(t/t)ilti t,
St (ttrtdttt !1 ,\t,lt00I

l(i00 liåil( llt,rcttl¡tnc
.J tt ri. ( )¡u,ttf' ,\eueri ¡t

llt¡ntri ¡tiu

$'hcle ? == (h, ...r1ì,).fl'he ftlllotving l,heolcrrn holds :

înnor¿D:ivl 7. Le,l, cc, b L'e, l,¿oo se¡tcarcctecl rr,-tttp[,es oJ rectl ,ntuttbers nndp be an, n-tu.ytle of rectl ntt,rt,bet s. !I-he.¡t

(19) Ì{,,(ct. tt, hrD > lll,(cr,, lt, ,p)l > O"

ltrrto.f. 11 i:l ciìsv io st'e i,h:r,t i'ot, :r,ll q : ({lr, . ... q,,) rve hzlve

l(,,(ct,, it, q) : l- E rl¡tt i ((! i - Ít¡)(ui - I)¡).
- i'j:t^

Sit.lctt o, {r ¿ì,r'c iittl-ri.il'llir'cl" u'tt ìtàr'e :

(o, - tt,)(u,, - li,) >.> ll lrtr, ¡lll i, j .: ). .., n,
hc¡nco

I Ii,,(cr,, b, ? ) |

l" ,l

\ ]- i 7,;,, j | 1,r, /,;) (rr; - &,) I -

.I

T ,¡t,¡t , (cr, , - ùi¡ (,rr,, - ù,) - li,,1o, b, l?l)
allt.l ',,lre ihctrl'cllr is pr,ot'rt,l


