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Let @ = (a;, ...,a,), b=(b, .. 5 b,) and p =(py, ..., p,) be n-
tuples of real numbers and denote :

T, (@, b, p) = Lpzz P, —sz )jpl i

i=1 i==1

It is. well known that if p >0 (i=1, n n)and @, b are similarly
ordered, i.e., (a, — a;)(b; — b)) >0 forallé, j=1,.. -y #t, then the fol-
lowing 1nequahty holds

(1) T.(a, b, p) > ¢

In the sequel we shall give an improvement of this fact. For other
results which contain refinements of Cebysev's inequality see [1 — 5]
where further references are given.

THEOREM 1. Leta, b be similarly ordered n-tuples and p be an n-tuple
of real numbers. If we denote lpl = (Ip.), - .., | P, |) then the follow'mg ine-
quality holds :

(2) Tu(a, by Ipl)> | T(e,b,p)| > 0

Proof. We shall use the following simple identity :

1 i)
T,(a,b, ) ——; Y [@w(a; — a)(b, — b))
1,5=1

Then we have :

| To(a, b, p)| = ):, | PPyl | (@ — @))(b; — b))] =

1,J=1

—-?lepallml (@ — )b, — b)) = T\(a, b, |pl)

and the statement is proven.
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COROLLARY 1. Lét a, b be as above aond e; e {~1,1) (1= 1, n). Then
the following inequality is t?ue

n H

ab——Zeia Z ebi

=11 :{:=1 1=1

n ” "
@GN nY ab — Yy b>
i=1 i=1 =1

Remarks 1° It n = 2k and ¢, =(—1)! the inequality (2) becomes :

2% 2k ok
(3) 2k2 @b, — Z a, E b, = y, (—1Ya, Y, (—1)b| = o0.
=1 i=1 1=1
2°. If n = 2k 4+ 1 then we have :
24-+1 21 2h41 241 )
() 2k +1)Yy, @b — Z Z 1)ab; +
re=1 - =1 t=1: . = !
2441 241
Y (—1) atz (—1) = 0.
=1 t*’l .

COROLLARY 2. Let a be an n-tuple of real numbers and e, as above
(i = 1, n). Then the Jollowing inequality holds :

a? —(Z e at)
=1 '1;—~1 i=1"

Remarks 1°. If n = 2%, by the above inequality we have :

> 0.

2 . 2 .
;(2 (—1) ai) > 0.
{=l

(6)- 'I 21;2 6;2 (%)2

i=1

2. If m = 2k - 1, then (5) becomes for e=(—1)' (i = 1, »)

2k+1

2% +1 2k--1 2 ) 2541 . 2
@k+1)’y as—(z; az-) >y (—1y af+(z_ @—.zlm) >
li=1 =1 i=1 i=1

(7)
Now, we shall give the integral analogous of Theorem 1.

Let f, ¢ be continuous on [@, b]and p be an integrable function on
[@, b]. Denote :

iy b | b i TS b
1(f, g, p) Sp(w)dws P (0)f(@)g(w) do— S p(2)f(2) dw Sp(m)g(m)dw-
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Itdgwell known thai rj, gore sindlarty o‘dm(\i Ley (flay — fiy)g()
—gy) =z 0forall @,y <=, bl and v is non negaiive then the Mowmg
integral inequality nnl ds

(8) 1, g, p) > 0.

Favther on, we shalll give, andmproyenient of this fack.

Tawowmie 2. Let f, ¢ be continuous and similarty ordered and p be
an integrabie junction on |a b]. T'hen the following ineguality holds

(9) f} Ji’ﬂ| = T(/)G'?j)\]f};}
Lroof; We start, to the following integral idensivy ;.

)

) | (R 1 . ; g :
T(f, g 1) = - %% () () (Fom) == Fan)(a(e) — gly)dady.

o o
o

Now, the proof folows by an argu: nent similav to that in the wvroot
3 k ]
-of the above theorem and we, omip Hw details. (v

COROLUARY. Let fbé contm Wous on [, bl a nd P be integrable on (&, &].

Titen the newt integral inequalily is poiid ;

14 14 [/ ]
. 87)(90) (MS ol fleyle — (% o) f(@)d; :)H >
o

(10)

(§ o skriongs - (Ypeons

N
'L @

Now, if we 191111 u o Lh( discrete case, we must recal o well-known
refinement of Cebyiey’s inequality (see for example [5]). If @, b ave two

similarly ovdered n-tuples of veal nmmbers and 2, > 0 (1 = L, n) then :

(1) L@, b, p) > Tos(t, b, p) > ... > Tofa, b, p) > 0

l

We note that the following resule is alsoe valid,

TororEM 3. Let a, b be as above and p.be an n-tuple of real numbers.
Then the following uwzuamy fiolds

(12) 1,:1 ’2’] - 77!—1((( Z)z IP!) >

2] T.,,((Z, b’ ])) T 'T"fl (ﬂ; b? p)l = 0.
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Proof. Tt is easy to see that for all ¢ & n-tuple of real numbers we
have::

Tn (a> b7 Q) as -Tn—l(aa b) Q) = E 94, (ai —" an) (bi S} bn)-
i=1
Then we have :

| Ta (@ b ) =Ty (4, bop) <5 [ pipd ) (b B) | =

7n—1

E pz'pn (ai - a‘n)(bi N bn) - Tﬂ(a7 b) ,p l) =1 -Tn—l( “7 b? lp ,)

and the statement is proven.

The corollaries of Theorem 1 can be reformuled also in this case,
but we omit the details. . '
Now, as in [5] we shall consider the following mapping :

7 n
Cn(“; p) ¥ Z Pis Gy — §; Pii%y,
yy=1 1,j=1

where @, and p,; (1 < i, j < %) are real numbers. For some fipequalities
containing C (a, b) which generalize or improve Ceb y8ev’s inequality see [5].
We note that the following theorem holds.

TaeorwM 4. Let a;; be real numbers such that -
(13) Qg St Gy B 4y o ay forvall 4,5 £, 0

Then for all p; real numbers such that Py = Pu(l < 14,5 <n) the fol-
lowing inequality is valid :

(14) 0o, i ply=] Oa, )] > 0.

Proof. We start to the following identity which holds for every «
sueh that »; = @y forall 4, j =1, .. Lyl '

i i
T @t- Qg — @y — ay)

Then we have
] 1 n 7
| O, (a, p)] < =4 E l]’fj, ,au—}— Qyy— @y — ay, | =
A ~ =1 ) \
1! » o o
3ol + 0 — ay — ay) = Oy, |p)

12

and the proof is finished.
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Remark. It a; — a5, = Dy =VYbp, (the) inequality! (14) becomes

'(2) : |
It is known that if «.; satisfies relation (13) then (see [5], Corolary

3): ' : -

(15) O, P)> Cugla, ) > .00 5 Oyaf p) 50

‘Where p,; are symmetric and honnegative.
Thefollowing resalt is also valid. i
TBorREM 5. Let By Py (1 < 4,5 < n) be as in Theorem 4. Then

the following inequality holds : _ i

«(16) On(ﬂ,,[p ) — Cuyla, | 2 D > , 0,,(@, ?)— O, _(a,p)|> {)..

The proof follows to the nexi identity (see [5]):

H—

: - ) . \
Oﬂ(a') ]]) il Gu—l(a'; 2)) 5D Z pm(aii - [l/',”- — Gy _\l" aun) I

t=1"

and we omit the details, G
Now, we shall give the integral variant of inequality (14).
Let consider ¢he expression : ’

[ : b b
O(F, p) = 'SS'p(oc, DIy, ey ggm, WEC ) ady

bl .
where p and I are integrable funciions on 72 — (@, b] % [&,b]. For
some generalizations of ‘Ostrowski theorerg [31 in cdonnection; with this
mapping see [5] wherve further references are given, W -

A funetion of two variables L@, y) is said to be a bositive set func-
tion if : .
A1) B@ e hy g 4B = F (@ + Dy y) — e,y 4 k) - D, ) > 0
for by, k=0 (orh, & < 0)with @ 4~ 7,y - ke [&, b] and for arbitrary choi- "
ces of @, y(w, y € [a, b]). Note that when I has continuous second partial
derivatives, condition (17 )18 equivalent to (2, y)lawdy = 0 (see for
example [5]). '

- THBOREM 6. Lel I be ¢ Dositive sel function and p be symmetric inie-
grable function on [a, 0] X [a, b). Then the Jollowing mequality holds

(18) oy Ipl) = [0F, p)| >0
LProof. We start to the following integral identity :
by
O, p) = 5“ P ) E (2, @)+ By, y) — F(w, y) — H(y, %)) da dy

Since I' is a positive et function, thon
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5.
i ) I , Callia, a which
Bz, x) & 12 ¥) — Iy, 2y - By, y) = 0 forall @,y € [a,b]
implies : _ )

LT ) B ] Y |

| O] <

l\.)[:—-‘

%”J(‘T‘: ) HF("I"a @)+ By, o) — F(,@.T’ y) —

— By, @) |ldzdy =

by ity il s
gg] })(’Y" 3/) J (F(T* ‘7"'.) p 14‘(7/7 Y JJ(‘T'? '.7/) +

o [

— By, @))dady = OF, | p])

and the proof is finished. i | .

: DA AT _

Bemark. If we put in the above theorem p(w, ¥y = p(@)py), (o, y) =

= fla)g(y), @, y € [a, b], we obtain Théorem 2. 1 il -

Jo ‘e give the f ring definition. The n-tuples of real numbers

Now, we give the following defi i JIORTOF ALY i o

@ = (2 , ((,3, b= (by, ..., b,) Will be called separated if there exists

— 19 0y Oy X b e . S ..i'.: Visrivmm'e
& constant & such that Pz (<) k= ()Y _I‘OII cyll %) . l_, b
Let also consider the expression : -

2

I(,L(a, b, 7)) v Iu (ﬁ: pz(gj)d M:i( E ])ibt) E pz E ]).;(6,:{’5.

= it =11 i=l 4

where p,== (py, ..., p,). The following theorem holds :

Iy rated-m-tuples of real numbers .and
Tmeorwm 7. ket a, b be two separated m-tuples (fj reat numb )

P be an n-tuple of real numbenrs. Lhen . . | 904 Hilirgqur
(19) Ky(a, b, [pl) > | H(a, b, p)| > 0. j

LProof. T is easy to see that for all ¢ = (¢1, - .. ¢,) we'have

) N 1?7 ““ ._ ‘ ( 'I ] .
' ][",((lr; b& g) = ‘) Z U ("”'5 m bl)(a7 o [)L)' bl I

~ =1

Sinee G, & ave separated, wehave:

(@ — D), — b)) = for all 4, =1, ..., %,
hence
i ! ! 20y (e TED B —

{ ]‘n((”? b* p/) ! = }.J ! YUYy | <@i b_r) ( G t) I

- i A : 5 ) T S0
il Z | Py I((”:’z — by b)) = K, b, l[) I )

)

& g1

and the theorem is proven. ! [

~2
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for)
ot

Asimilar result to that in Theorem' 7 can be obtained for integrals,

but we amit the details,

=

3.
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o
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