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J'Q, y(")) rilr : 0

lre1, us er-¿l,lual,e the intcglai in (:3)ll¡'n, ntuttcrica'I r'ult' l1r. \\:t 'obLeitr
the follol'irrg integlr[,jon fonmlir,t:

(4) .tt¡ t !tt'- lt¿'IIt =-- ç¡.

j == 1, 2, ', n1j 'i : L¡ 2, ' . ', lìt - 1, tt'hclo 'i dtrllt-¡trtL:r ott ? fNhtr iiLi:.;"'
glal ma,r'l¡e er-alual,ed b1'cli[[elent, c¡ uLnctlat,ttt't'r'r.tle¡. It ¡hc usctl lu[o ìr:is
t,lle loca,I oÌde'r'oT rìcc'rn'a,(-r)'o, 1ìtcrt (4) tr-iil l;e l'l'i].1t'tr ilt tlre f oliit

(õ) ,!l¡;t 
-'¡¡¡ - \t,,.il'',.: ¡.

iì. lfho rltrn'ip{ieul <¡l] lìre lnrlÊrotl. llhc ci ir,iiui;icn oí 1hc iiiLl.c:,r'rui
in (3) b¡- (a) lcli,rls 1.o a, riystcri-l oll s.r¿.:11 uut-ìt-:nsr i.tt s.(rir ; i,) r'rrlir¡ì>ies.
Fron (2) rço gel

(6) ,!t!/t 11.L2!1,,,,r r ]-,'ls!ftu,tt i ... '¡-.li-,'!l ,,, 1==1)

uirich is liou' Íì systeìn clf s eqtr¿ìtiorìs ilr s' t\¡ \'?tli¿l)lcs. llç,i,,irrsc Iiì) ir.r :,,

Iine¿r.r's¡-sfeirL, \\-e c2ì,rt e-\pl'es$ s \.¿r'j¿rirlos flonr ((i ) iri ì,,'l'ltr:: i;í iiL¡ or,it¡r
s.(.\' - 1)r-aliablcs rlucl'ultcrL ut,ilizc ['hell io elirrti¡i¡i,{t'¡r rirliril¡lc's i'Lonl
the s¡'sûcrn obt¿rinecl by (-L). ll]he lersulting s¡,litcrn ill s.l¿ t'r.t rrir.Iir¡n:i itt s.'tyt,

r-ali¿lllle.s c¿rir l)c trrlittclr a,s

(7) !'(,¡¡) ,=- 1¡.

'llo solr't¡ (7), rvc seLect a s1,zr,r'ting \¡ccl,L)r',1("' lrrri[ plocer:ti iterlriively,
cll;titinìng lcd'inecl iùpptoxìrri'ttions 17(;,) 1,i¡ i.ho soiLri;it¡rr verti¡i',

,:\ri i1o;:r'r,1,iorr t'olrsistti of tillec steps u'hicir l'c tlosuril)('lr)1\'in ,^r'e:lter
tlotail.

Let, e bc t git'ctr loc:r,l cllor toltlla,ncc ir,r-Ld r7(a-l) ¿¡¡., t-¡ppr,oxitna-1,c,
solution tector'1or' (1 ), (2). Ire1, us specily tho minil¡runr t¡l:t1ol' of iìcr'.ru¿lcor
of the rLsetì nnrnelical lule in (a) anã deiLote it, as ,9. Fìl's1, 'rvc c¿ilcllnte tiie
valtres <,rf 11,¿.s and .I/'s,r-2, $-lìer'o /Iiis ¿a,,,utr"s tbe cornposite nunloric¿rl m¡,r of
[,he ordtl'ofi trccnra,c¡'8 (the lLrle 11;s is uscd tnrict-r: on tlic subintervsl
f.z¡, z,,r.ttrl ¿lntt on 1,he sultintcrrral [e;-¡ tl21 2Jj+ 1) a,nrl /I'jit: delrol;c¡ ¿r irünrgri-
t-,al rule of the olcter of ¿lcctu'?ìcr.v ,S -l- 2 u4rich is fltlrrr t;hc sa,nlc class e¡ii

llutìleri(ia,l r'ulcs as [;ht¡ ru'[e 17') is. \Ye calcuìa,te l,hose l.a,lurx loi: t-r,l.[ t. jif
t;he dil[irrcnrrcr

(8) itllßþ1u'^tt) - u|uzþ¡U-tt\i

rvhich is ar ostiu.r:ìt,o of the ìocal clror a,nd is of tite or(h1r rg, is ltss t[an. u
{ol an¡. j, then r\ro ìrsc l'ffi)2 (,!Jv*t)) in (7); uL}roririse bher eslimate oJ f,he,
order Ár | 2

{9) | !-lt;rs,I1) þ7\*-t)) - . Hs4 4(y\Þ*tt) 
|

AN ALGORITI]M

js c¡rlr¡nla,tect ¿rntl cornlrared s-il,| s. IT it js less lhru e , theri,i tre r,rulue of
flls+t)(ryltt-t)) is uscd as tÌre r.aluc of flt in (7); o1'lreltr,ise a repezltecl bisec-
tion of the iutt¡ri,-¿r.i rurcler consirlelaticln [er, ai,-,]nntil the local elror tole-
rânce ilr rnc't, is necesszlr'lr.

fllinrs s'e can rvlil¡e the calculilfion oÍthe r.alue ã¡ (a,ctrLtlly lJre .step
ø of thc ilelation) in the lolur

ll-:+2(¿/(/i-1)\ iÎ | Ht,\QJt¡,-1)) - IIlinr(ll("-l)) I < s,

H,:1+4(uth-t)) if ì ã!',(s+:;(y(À-1)) -_ I1r-+r(¿7(rr-r)) l< .
so1' st('l) /r ,rtlrct ivise,

JÁN PEK¿\R,

If rve integlirle equal;iotl (1)in the inl,clt-trl fi,¡.,:¡ur], i - L,2,
ll,, l,lrtrr n'c havt'

z i-
t
l

i' 
.¡

(3) ltþ,¡,)- !(ri) -

TT

folj- i,?....,?l?' If litc e'rtimrtie (i)) is glcàl.eri,han ol equul Lo c, 1,herr ri'e sb¿lrl, l,ìre
step ó cf tÌro il,elalionr olsc wr.r go to [,he;:lep, c.

I[ t,]re lLrro of stc,p D i¡l nccessar'l., tr-e iltlrl point 2¡ 11t2 Lo 'lhe <-rr.igi-
rral ine¡h a.irrl jn¡1cnil of tlie inter"¡¿rl l:¡, z¡ r,,rl rve consìrlel t,he .qrLbinter-
f iÌìli [?r7 .j rri:] iìrÌcl [a¡; )i2t ?¡¡' ], ttlte appl¡- i,Ìre sl,cp r¿ oI t]re itela,tion on
I;olh strbinieri-al¡r. ,\1" Lhis rit,agc 0(L'!-3) r'nlncs of 1,hc ir,i;p'.rirnation ot,ry
zr,L points jnsjclc liii- rntsrl', points:rle rcquiled. fl'iLis 1;r'oìric.rlr is tcuchetL
irL S.!.

1\'e r't'per.letl[r'J¡ist¡<'t all sucii intelv:rÌs l']rjtrh do no¡; fìiì,f,isfJ- 1,he loc¿rL
er:r'ol tolc.r'ar-rciì rÌntii [,he abor-e-nr,.'ir.biontcl toìcr'¿urce is r¡Lol; ol too mrìn]r
J¡isocliorL,'r i,:rl!-o llliìce. fn the lilsi; czrrie ¡ç¡r gif i: i,lr.c sr-Lllt oJ' thc 1tn,r'tiat
r-âlnes ol 11 oltt¿.itti:il jr,,; iepeatt-cì. l-iir',crrLioli:rl iìre ¡ln,ce of I1 ¡ it¡ (7)

(l1) Ei: |t;t Íl¡,¡yrn-tt1

for'¿r,ii lrucit l. litrri j S j, < I ]- 1 anrl l,lre iociL'L cllor' lcier'¿lnce is tneb
olt l.øt,, 1,,-rrJ.irr rire lilr.'ter c¿rsc titc rÌs.' iii ottl'l)l'ol:ìo¡icrl ntcl,hoc[ tloes nol;
iea,il í;o ihc snlruo¡sful filish.

illhc¡ ilJ.¡oi'¡-'-rlosclilred s1,ell¡ ni: [-ht ciilL'tni ìl-elat,!on.gir-o i irc locill ollor'
contlol t.rf t'oLnptrt¿rtjorrs.

tht¡ tiu:i1 üte¡t of t;lrr¡ il¡,.r'a..i iot, sir.,it c, is tìre Ncn'totr s{,¡1t Io uptlate
tlte cult'en1; appr.oxittrl:Llicttt qil) '

(12) 'y(n) : .ry(/r-r) 
- i,l(1'('ytt-rti)l-t 1t1(t/U-1)).

ryhele ,/iJ''ç'r7ir'-tt¡') clenotts tho Jrcoj¡i¿tlÌ LrT 71r l-i1,ir lespecb t,o ,y cr,a,luaüed
.àL t1$-tl .

lllhe Jacobi¿¡n in {12) c¿ììì ì)il cotn¡ir{eil b¡" thc consisl;i¡rt c1ìsc¿eto

,.approxirn'ltion [2],
" (liì) tl(,Ú1(tln-ri¡i c,({t(1¡ti;-tt) ! 3 nj) -- l'(//(/i-1)))/Ò'.

'whet'e c¡ is l,ho j-l,h colurntr t¡t i:trr ;i1,i,1,¿¡t,.y rrrti,tlir oll tllc ol'il€[ s?z¿ i¡nc[ D-ìsasuibablesma,llillrmÌ)€rr'. 
lÌ,ytl'¡". [)irirrrl,rr Notçtoii l][lor¡relrr l2lthr:rxrrr-

vergence of (19) is nob ¿f.ttcte¡l ir¡r t'ltr-'. tir.,'r¡[ ([,'3),

l
I

å" frnulerÏcnl aspocl,s of ¡irro¡lei:'i,ti,ri, ;¡lt'1 trtld åuìd trtrllttìllirral cxperiructt[Ê.
trn this pnrt of tho paper wçr tour:l,l t,he questiotr '(Llo'n't,o ûÌrooso a, suib.
aTrle intcrpolation forlntla for the siep Z, of t;he it,ela,l,jotittarrrf cfisousse
resul bs o btainecl f rom compu.'aal'ian.ú. e ];perimenls 

^
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The ¿lEoritltln t'as tested on follou'ing' tt,o rnuli;i-poinl, boundaryr.'alue probleîrs [] I :

A't : li z¡

Uá : Att

Ai : lla¡

Ili : ea + t|tî _l_ +g t" + SZ t _ 12) e¿,

9t(0) : t, lJzQ): 0, Vr(1) : a, yr(1) : Q,

rvith exact solutiou

yr(t) : tz(7 __ t)z et,

lJz(t) : (t4 ¡ Z¿t __ ötz | 2t) et,

lts!) : (d4 a 6ra + p _ Bt | 2) et,

t/a(t) : (É4 I t0¿a + 19¿2 _ ú -- 1) e¿,

resp.

gi : uz,

uí: þ(yt - Itù¡

Aí : gn,

!J'e: a(ys - Aì,
yt(o) : o, g¿(o) : o, 37r(s) : 6, t/a!) : C,

witþ- s --10,9:10-., o.: þ- 2.5,
which exact solution us

gC rì
a' --- 'i \"rlr -l d - 'y cos lt(rt) I * J- sin h(rl)lr)"

d,

", _þ(! a
ltz : -tz. ( I -- y sin h(rf) -1._ -i cos h(rú)),

c(

o,ct..:-Gtlr -i þt t- "y 
cosh(rr)/r:.psinh(rt)lr),us-^ r}\Pll, 

-r Pú -l- (l,rvu'

C
, llq : 7ß, 

-J- e1'sin h(rt) - p cos h(rt)),

rl,here

¡ -- '(c -l- lS)'rt

p

5 AN ALGOEIîHM '/Ð

4l] computations rvele perfolmetL in tlouble plecision ar,il,hmetics
on .a sl! 52/11 computer_using FOR,TRAN 77. rn the step ø of every ite,
'r"ation the follorving quaclrature rules lvere rlset1 :

H3 : (Í* J¡.1) 12,

H"," : Ut l2l¡*rtt I T¡*r)14,
Hi : ("f¡ -j- 4Í¡*tt, * lt*r)18,
Hî' : (l¡ I 4l¡*tto i 2l¡ort" -F 4f *rr* I J¡*)112,

.ancl

E'j : $¡ )- 32/¡ rt¡+ | 12J¡1r¡z ! 32f ¡*r¡+ f /i*r)/90,
,{ll lhcsc [olrrrnlao are _rvell_kuou,n. Fl; clcnotes t,he lrrr,pezoidrr,, r,rrle, Hi
rle;1otes lhe simpson lule, -ã; denotcs ilrc \lcrvton-côtes inlc, aud Irj', and
-8."5 clenote the appropriate- composite lules.

The last prob
mate r-alues of the
values of /. Yarious
,criterion. the usecl
the tLse of lorver orclel forrnula does nof leatl to significantly better r.esnl¡s.
Tor all needecl interpolations the Newton folrvarrl rule ancl the Nelvton
hackwarcl lule of the ?-th ordel ryele used.

fn Ta,l¡le 1 'n'e cornpare the maxirnum of absolute el't'ots for all cor-¡:r-
ponents- of the solution fol both testetl ploblerus. The cornputations si;ar-
iûed u'ith 1001 mesh-points (i.e.nt,: 1000).

Tctbl¿ 1

u:axinru¡n of absoltrtc clt.r¡t' irr

Ut ll¿ !t.¿ ll,x

lìte filst
problcnr
thc scct¡nd
problerrr

1 . 10-r3

3 . lf)-11

7.10-r4

.4.10-r1

1 . i ()-1¡

7 .10-12

1(i-ri 10-1 0

5 . 10-r3

7 .10-72

In Table 2 yort can find tho nurnt¡et of iterations and. the numbor of
radded po+!ñ which rvas necded to achieve the requcsted accuracy fof
ôhe second bounclary value problem r,vhich is strong*non-1int¡ir.l",

!Ì'abLe z

.¿\l¡soluto
acclrracy

nurnber of
itclations
num]:cr of
added ltesh-
¡r oints

10-û

13

t 5

I,/

19

1J

43
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ll'itliriì1', ì'\ () ('tìiì ri?ì\ i,lì¿tr,i; tlie ,.t.'¡p'.t¡erÍ lrlr:Ijrçeì
ÍrOlrìlltlt¿ìl-rioltSl bul, iû .lr-tilr!¡ iO ilrt $11(:(,(,¡iiiirrl .Í'itish.

I'cíiìiesi,s r lot, oll

\ì.\'J'l¡lrì1.\'l l(1.\ jì1.-\, t'lj l).\)..,1..\.r.r ..ì.,i;_ìir(.ìi 
I

1,,'l t)j') 1.Ìl¡:.{}tìllÌ i)t.ì 1..\,ì,1,¡li}.. I,r,!I ilr....
i;'i,;, : i,.:'| Ìr\., :.ì,,:,i,. .xi,ÍrllìïÈl¡{}"[]lt iiilli j{,-å.,1.[tij(¡flliì

. 'f.a¡ll¡¡ ill. iu i " lt filliÌ. r:iì,,

lì;. I ii,irlií,i,iÍi.',i'¡0N"|':
I í --{!?Ì'

iì. ll lr l:l lì lì \ (l ii S

1. 1-errLìnì, Ì\1. Pclc¡'tl. \., :\uruirtbitottlcrl'ittilt:iill'tratLcr:mcllLotlfoitto¡lin¿ar
tttullipoitt( itrttirLtiutt¡ Dri!itc ¡ttoltlrnt. \iath. (ìct|1t lÌll(197 j), No. 1i2lì, g8l --10C:.J.

,'l. OlLcga, J. ìì.hoinl¡oltll,,'\\',(',., ltct al ii solLttionof non-litrctírcrlttcLtiort,si¡scuetrLl
uoriables, ;_\catlcnric irlcss. Ncn. \'or,1;. I î70-'ì, -I'o ir á r',-. J., ,ln ttl¡1or itluí ior st:lointL iltt: Ll¡tr: t¡o,L¡tl ho¡uttlrLt.r¡ tLth.te pt oltlcttt iot, 0.D,8.r\ct¿r l\'leiir. (iu pt'oss).

4. 1' c li í r .í,. ().jt:rittt,i lrir:r.it: uirtot iittloD ¡)t (: t ia!;t:t¡it, 1Ì.trriouji¡l¡ (tl¡h. pt c nclit¡ctir¡u: obt¡l.u.jtti
rLilct c n r: i úIt Lc ¡ o¡¡ n i c c. Sis.,r,.- \r è t.cr', ¡ Si(l f)ö5), _1 t)tj - í ()9.

t¡tclhorls lor ltottttritLit¡ utrhrt otrlittrtt¡ t[illettttiirrt t.rlLtnliotrs. ]ìiì'ì1il (l0lJil), 38jl- 332,

ï'Ììr'l¡lìilltl$ (].ir' i l,,\.t,ir (.:i. ¡"Ìl Ìrl..r'i' r ,,.:.

iil i,'lÌOU'i:'i¡i. -,ì' -ii(ìììíìi ,:

I J.(.. iì.\ rl
ii..i,trr rlli::)

i:ìccìci-!'o(l :l:2.\.1L 1 llfru i:t¡ti. tti ;i¡ ¡tiat itttl cLttti O¡tlinti:itt1.1 littliads
i.t¡¡Le.niLts U trior:t'.s i i ¡¡

']1'1. iõ i;t alisl(ùe
(,:r tI¡o::!atttl,il

.1:'i :t,illill,isl iri ilt. e,il'l:r-ri¡'i ì,1:ìiì (rl,r.i, -,1 L.:i : : :.,.ì;:¡r;,¡¡it.t, i,:.¡,¡,.:ri:i:',til.l,lr: ill;.f- iili,0iti,.ìl lì iì{;;.,1)-ii::i iiti,t,iit¡¡ I,ì1,,:,1 ,; r '.,.:,:t,...: 
.:1..i., j;.::' ,.;, ,...ir., i::i,..;i:.:l.jt-(, ,,,,,,, ,, ,1, , , , ... .' ,. ,',. l',, l,''';: r ,,i:t.,t .. i',,llj.l: .(.tjl:: r.r íl ; ,,'" , i,: , 'iir: , ,i1,,.,,',:, "j... .tt.l,r,,ir;.. . . . ,' ,i .tt. .,;i .'lit'ri ii¡:' \::.:.i¡l¡.: \;tr¡ ¡,1 r,; .r.

;.1.r'ft(i,ri':irl1;. ¡,, 
I 

(.r,,t .\a:1, r,r..,i:.r... t;t . r:, t:;.. : . ..i .. ,1,,,;r
,.',r. 

: ;il(' i;' rì)r;:r ¡,,.:,l.,,lil i,r¡,,.i.. r ¡,i :,, .. 1.,,, .1,,, .,'., . ìì,.r'llr: ,"i rri i:;Ì'tlr".lr I rr rili¡,: rrllrJ .r 1,,,.. ,. . : .. ..: ,: : ¡ , ,i..,li;,¡,*i, :..'; i ire,r,¡;,, , ,-,,,,,. ,,.,::1 ,1,i,, j, ¿,:,tì ,i ;, .,' 
I

.,:,:iil,':¡.1..,,:'1,:ì.,;i.:ll r.:ril,:,i.Ì;r.,,trir,;.:,, ,...,,r,.-,,. .olt.. ,.i:.j iri¡''i' .íir. '.,. illi.ì,r. i'ì:.\ì r;:.r i.li iiriji:¡i,. r r, i:,,.,- , , ,,,, ,,i,,, , t.. ;1. ,.:,¡r1.1,.l'i.r,¡¡1r.;.ri.::l,t.il)ti, ,;; r;íi i::l ,,,,íi', :r,,ti.,,'.li'.',,' ,, .', i , :... .,,,,r..,íi.:":: 't,;,, r:i'i1,.¡ r,,¡riri,,,íii,,r ¡Í,,i fi,,,,,,,,,,,, .: .,.,..r ¡.i:,.. ,. .:, .: ,.,: , t:ìi{ii,t[

l;t i';ìlc fi''l;o ¡;i;i:c',¿i,t-¡l iìii,.ì ,,1:rr.:llll lr.ir iL,,r-1rg r. i.i; thl 1,{,i i;rolìj ,ìlr,aci;,,r,.
l*llnt¡lc i,,rl¡i¿iti,'i,Ìt c,[ 

',r¡.¿lÍ:.q¡n" 
lJ,,]le b:.t,r,c r-11ì:1,,i_..,r;: r-,,:;, r,..,,i1.ii,¡, :rt]ri,_,.itlt.i:si*sc'1. i.jir i,'rrrl;ìi,¡n ,,,1.¿

V ,'( li..= 0, 1, " J' .-.. {}

T',l .--,r fJ, i ;1,,y'x¡i v'9 J >: it
1. , e1¿,e

Ij
d#-,,:' i Ø.

j
V) t1 ,,, - - V¡r l. vy,,!/ j g!:i:l'_ 'i,o) , ir, ,i. X !"1pp

/ì \ A'-]" 7.I (q'v)i' . /' yr,.',,¡ !-{or¡, t !t'7, 'i'
pc ,, llc, \ã,t,. ôr,, j

1,1 T- tu'ùl


