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1 0

2o Preblem Tornedation, Tie this paper we consider the followi

max-min problem :
(N i

2.1 Po=ma o mine f(xy )

subyect Lo

(2.2) Az - By < b,
{2.3) Co g0, 220,
(2.4) Dy <d, 50l

where @ e 7, ye R are decision' variable vectors “while A. 2. G, I are
MK Py WSy X Py XG0 given malrices vespectively, be
Ly 2 R7eave given vight hand side vectors and s i quasiionolonic

s _
faniction on the feasible sel §'c g» o 1e
(2.5 N o= (e )€ B s A 4 By <0,

¥

~
A

<o, Dytddy, w0, iz 0)

=

We recall that the function b 1 =1 ds quosiconves on the con-
vex sel W YOG dor all e w” e W oand Tov all L= (0, '

{2.6) Wit = (L — e’y < omax { h(w’y, M)k,

(Sl
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The function % is stricily quasiconvexr on W if for all w’, w” eWw,
such that k(w’) = k(w'"), and for all ¢ € (0, 1) the inequality (2.6) 1is strlotlv
satisfied.

The function h is quasiconcave on W if —h is quasiconvex on W.

The function A is guasimonotonic on W if it is both quasiconvex and
quasiconcave on W.

For fuwrther discussion regarding optimality conditions and tech-
niques for solving usual quasimonotonic programming problems with
linear constramm, see references [2], [3].115], 18], [9], [11], [12], [14].

The problem (QM) is an extension ui the linear max-min problem
contidered by Falk [7] or of the linear-fractional max-min problem studied
by Cook, Kirby and Mehndiratta [6]. The polynomial linear-fractional
max-min problemn congidered hy Stancu-Minasian and Patkar [10] is
a particular quasimonotonic max-min problemn too. Frem the problem
(QM) it can be also obtained by suitable particulavization the quasimono-
tonic max-min problem with joint constraints (Figan {15]) or with inde-
pendent: constraint sets for the variable vectors x and y (Belenkiy [4]).

We introduce now ag in [13] {see, alsc/ [6] and [7]) somne notation
and terminology that will be used in the remuinder of the paper.

We denote the projections of S on 2% and K% by

(2.7) X =drxeRr: 3y=0 suchthat 40+ By <, O <e¢ Dy <
<d, 2oz 0

and

(28) ¥ ={yeR':3x>0 such that 42+ By <b, Co <¢, Dy <
< (?7 vz 0‘}5

respectively.

Dermveros 1. A point o’ 18 eptimal with respect to @' if (@', y') €

€8 and g’ is an optimal solution of the problem :

(2.9) wming fla’y, y) o ye L.

where

(2.30) Pa') ={yeR: By <b—40, Dy <d, y> 0

Drpisrriory 2. A peint (o, ) i an eptinal solution of (QM) if :
(i) " is rmipnal with respect to a'y!

(}',1') Ha'y yiyz mind fle, ) g€ L), | V.4 X,
. Matn vecufts, I tlis section some properiles for the problem
((}L.T‘, \th ‘b generalize similar results from [6], [7] and [13 jare developed.
\\ e shall assume throughout the remainder of the paper that:
H}X Y ig a nontempty and compact set;
‘I‘, f is a guasimonotonic function on the polyhedral convex set §.
Under the assumptions HL and H2, we can define a function # : X
- 2, by

{3.1) Fia) =nund fla@, ¥) v e Nx)t, Vo e X,

where () ig given by (2.10).

3 ON A QUASIMONOTONIC MAX-MIN PROBLEWM 87

The first theorem is useful to characterize problem QM as a pro-
blem involving the maximization of a quasiconvex function over a linear
polyhedron,

Turorrm 1. ([13]) If the assumptions H1 sad H2 hold, then' the func-
tton 1" 4s m:wmconve on X .

Proof. In order to'show that /iy a quasicenvex function, for some
points !, @* in X and t<[0,1], let ' be any optimal sojution of the
problem :

(3.2) Peaeyies ining et ) Ny e (a0 =1, 8t

Therefore, we have _
(3.3) Pty =fd, ¥, ¢ =1, 2,
and
(3.4)  I'{tat -+ (1 — ha?) =min { ftal 4 (1 — D) oy v e L),

wheré a(l) = e - (i — bz

Since l,/( ) = LJ/ + (1 — &yy? is a feasible solution for the problewm
(3.4), i.e. y(?) ed(21), it follows that : |
(3.

5) Pt 4+ (1 —0a?) < et (1 —tad, ot 30— '-)' ‘3)

But from the guasiconvexity of f (see (2.6) ) and by the definition
of the points y'(i =1, 2) (see, (3.3)), we have :

(3.6) flte' 4-(1 — Br?, Aty {1 — Dy max flaty yh)) (o2 y2) L
= max {I(xh)] F(a:?)}. ‘
Then combining (3.5) and (3.6), we gel that 7' is quasiconvex,
Trirormy 2 Z'j‘ H1 holds and | 1s a quasimonotowic ail sn'voéll/ GHasi-
convew functivn on 3, then 11 4s striclly' ' quasiconves on’' S|
Proof.  The proof is similay to that of Theorem 1.

Buimornmm 3. IS the assumplion HI1, H2 hold ihen lhere ewdists an
optimal solution (2, y'') of (QM) such that & is w vertec of the polyhedral
seb A

Prooj. The thecrem follows immediately from the quasiconvexiby of
the funeticn £ (see Theorem 1) and the fact that a qlldm( onvex function
attaing its maximum at least at a vertex of a convex puﬂruuaun.

Tueorey L, If the assumptions H1, 712 hold then ihere exisis ai opit-
mal soluiion (.1"', B of (QADY that s a verteax of the polyhedral set S,

D)ocj et (a7, #’") be an opiimal solution for (@M. for which, by
Theorem 3, 2" is a veriex o3 A

Since any point in & may be vrittern as a convex combination of
the vertices of &, let .

~.~)

1) (27 n7)y =%, Wy i),

1=l
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where (2%, #1), ..., (9°, ¥°) are distinet vertices of S and
e Bt PR A A S TSI T

From (3.7), we have :

s 5

P ~ L ‘ e NI TA

T Y hetandy gt = 1 g,
= =

Since 2" is a vertex of X and each o X, it follows that gf —Liprr
Loap b & = Y S . T i e
for all iel. Thus ¥'e Ty, for all i el . Bul because ¥’ minimizes

S, gy over T(x"), we have :
(3.8) J@y") < f0r i, tor all iel.,
On the other hand, since 7 is a quasimonotonic function on S. we
got ’
(=3
(3.9) fta"!, y") /(‘ )2 f) > min {f y e 1) -, g,
i=1 :

for somne {''e . .

- Therefore, from 53.8) and (3.9) it follows that HESt kel Rl
it . T -l L N i / — 1t 5 o . N i 3
y" ), Le., the vertex (@', ') = (z", yo) el S s an optinal solution for the
problem (QM).

"\.TOW’ as in the }inom: case [T, the property that max ihin op‘él'ator

may vield a higher value of the optimal value than does min-max’ operator:
18 also true for quasimonotonic case. '

Tueorem 5. If HT and H2 lold, then

o° =max min {f(x, ¥): (@, ) €N > v, = 1min max W, y) e (zy09) e S,
X ’I\F v a ' N

Proof. For any fixed 430, the set L) dsaysubset of V.. Hence
we have : ‘ 7
(3.10)  wmin {f(w, y): y e T} =min { f(a, )y e ¥ Varex,

so that:
¢ ==Inax. in SO 0 = max min e, u).
FEN . ve ) e XN Leche gm0
Fhen, by vsing min-max theoreny, we have:

(3.11) Max N (2, 4) = 1min max Tl ) >
FEXN | ey Mera ey iy Vi

2 i anax f(o, i) =,
veY  aeliy " . '
where the last meguality follows from tle fact that .

Liy)y = weR¥: 40 <l — By, Co <, > Ok cly

/

for any given y el .
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But from (3.10) and (3.11) it vesults thai «° B .

Now, let us consider (he particular case of the problem { QM) with,
separate eonstraints, that s, the case when only the. constraints (2.3)
and (2.4) are present, In this case, we have :

X e RO Lo, Ve S 0}, Ll

Y= {y'e Rk ("Dy < dyogs Ohig
and T(x) ==Y, for all  in V.
Then we obtain the following version of Theorem 1.

]
PreorEM 6. If the problem (QM) has separateiconstrainis and the
asswmptions H 1 and H2 hold, then the function [ is quasi monofonic on X,

Proof. Let Y, be the sot of all’dxtienial points o ¥ The  function
B8 gquasiconeave on V', since :
F(x) =min{ f(z, y) : y € YL == min e gy e Yol VYaeld,
that is the minimum of finite family of quasiconcave functions
1 ) [ w
i, 2y € X}, where Jo i S, £ and g,(x) = f(x, ).

On the other hand, by Theorem L0 s quasiconvex on V. Hence 17
s quasimonotonic on, Y.

From Theorem 1,"it results that the prohlem (QAM) can be reduced
to a guasiconvex programming problemy while, by Theorem 6, the pro-
blem (QM) with separate constraints is equivalent with a guasimonotonic
programming probleim with linear constraints,

Unfortunately, we can tiot apply the lineayizition algorithm (see
(2], [127]) to solve'{his problemn, because the objectiVve function 2 is not
generally differentiable over the set V. H

4. Algorithm development. Theorem 4 shows that an optimal solu-
tion of (QM) occurs al an exireme point of the feasible set . Since the
seti ¢ of all extreme points of {he polyhedral set S is finite, the problem
(QM) could besolved by a finite algorithm (see 1)) that enwnerates and .
compares all basic feasible solutions in the convex polvhedron 8. i

~However, from Théorems 1 and’ L follaws that the branch-and-
bound procedure described in [G] (see, also |10]) ean be extended for the
problem (QM). This procedure is based on {le concept of ali-th best
extreme point solution and its Lroad outline is given: helow,

Sinee S contains a finite nuimber of puinis, the Tunetion f ASSTIIes
a finite nwmber of values over the sot. &7 Deniote tlese values, by Vo,
B2y Ln ey where Feso i maih==, 2, 1. L 10— Ly (Phesubsetef 154
containing all elements (x,' y) for which Sl =1 will e referred as
the k-th best oxf'i'enm Poini solutions of the quasimonatonic problein :

N

M

) naNy fla, ) e i) <

\

Note that for the guasimonotonic progranining  probleins here i3
at least an optimal solution vhich is o vertex of the feasible region (see,
1 m, A
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(4.2) masy fle, o)

(4.3} fmax {7l g Ay - By 4 % =t

| k [ 11 : %)
20, =0, 2z 0, Ly b= 12,
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L y ¥ 1 »i )
Aye - By 5 = by @z 0, y=0, 22 0},
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