
ìl.\'i'ii:.,.\1.\ Í tC_\ iij.\ r.¡, ìr..Ìi:.\.t.ì.tii.l ...i-_\,¡i,l:i::.)i.ìl
lì'i. ì)tit'i'tliil()lì {ìj i)t,t i...\i,i,rì1).{ i\ì.,. : r,:;.\i

i,'\t\''ì¡,L ii', .\rTr.tIqilìl'$l,lr .r] r' ,r, r, ','¡iì llr,i)4;rir, ;i.,ì L ''rr¡)i,,lr,l,r¡.¡;i,:iri:'i I,ilþi,
'i'¡r¡ri' ;[i, :{ r. 1ill]ì1. :1,. i:,¡ :)l

r.)ìf .\ i,li .fri:li r{{.ri,liiljl[)".r, r'r ií i ' . r j { ¡l i'iiüì,ì,,i,ì.t,

S'i lrìi'\), M' .1;
((.lu!- \, LL;0¡¡¡ r

i" itli:'i;lJiltlll'l¡, i'ìti'¡,rzllti'i'i: (.otì{tr,ìtì{,{i,1 ,,r !t¡i,\.-1ri;il llt,,lrll,t,
lL:iriltlì' tt tliiiì:riirtoitr)t()lti(, oir.jeciir'r, f'ultr'liclr :ritrl iirLo¡ii r,¡,:r.ii,:iiriirr, l! iti,
t-lr',:rillt'tlL L'cili('fr'i'lìl ir r¡cttctiilizltii()ts {)l ir(,rìr(, ¡rt¿ì,\-lttìI| ¡-riilitìt,tir.r (,1ìll-,i-
tlci'erL irr ttrt' litcral..lic irr l'ìrii'ir ilrc iilr.jr.r'ljvt, irirrr,ljr)n i\¿ri,r iìrisu!¡'ri,l j i. l i:,.,
lìllr:¡Lt' i , i. litrt.u' l'¡ :lt'1jolt:',1 i61 r;r' polvrxlritilii lirLenr'-i'i'iic,i.ir:lrLrI i1t) l. ':l:
lr shtrlçlt t hlri lt ([iiit.iilÌr1)¡rrrt()trì!' irr',.r.-r'iiri 1,.t0i;Ll'rrt r,i.iiL ill' it'ritrtcri i() ¡"
ílLLiìiil('í)ltt r--.. l)j'o.1l'r'iLintiìilìg 1'r;Ì;ii,li ltltr i¡lt.l ;, lr.lrsi. ?ì.n ol)L ìtiLlLi :roÌtiiirri.
ir.ilit'lI is it t'ci'ir'.'' i,r'titt'l'e¿r:,il¡Leset, \ f irriii.¡[r1r;r'ititr¡r i'lr',.ir1r itrg rJii. ¡rlt,-Jrlt,tl i:r sLllg's': tr'ri,

:1, l'i't;l;lllr¡,olir¡r¡i¿rlir¡rr, Jrr
rìrii\ rìirì ¡tlo lrlurr;
( (J i\l ) i;'irrtl

I irì:i l)ìtl)rj \\'.., ¡,,,,¡¡,¡,'t iiti' ir¡ilr;l,i,t,l'

(:ì.1 ¡

¡Lrirìct,l [],

i-, )i

('r i)

I lt:r\ !¡ìitl ii.,.

. L¡' l" ¡l .,.. i¡

(',r'< i: ,¿')'i,

Í)1¡ :. rl. lt >:- \l

iylrclc. .i .- [i' . .t¡ = [l'! iìi'(' (lccisioll r iLl'ìal11¡' \'('(,Iot's l lt j]t' .1, lj, (.'. l) itrc
ttt . 1,, )t, rl. lttt l), ttt- . (L r:it t'it titill r'¡{,'5 i'r'slri'{,1 ir r,l.r'. l, i,'
{' = fì"',. (.1'= k"'' itte llit-l'lt L'igìr1 llrìttrl sirlr. rct,ii)ts tltì(ì./ ì. lr t¡uir..irr¡)lr(ì[(i]ril
i'trrtt't iriit ()tt i lrt ft,rrsilrlt' :rpI r\ ,.- ti" :. Ii',.

t.'!. i¡) .\ -= l(,, . ,7/) € !í', >.:. Ii,i : .1,¡ - ll.t¡ ( it,

{',rr .í (,; ,!)1¡ i L ,, ì: l) it >. IJ

\\-r' Lt't'iLl l 1lriLi illt' I'ulrt tjoit I : ll- , 'ìii i; iltrusi,t.r,ttlt,¿ {rtL llr¡ r,lr,-
! i'\ :ìi)l lf '-- /¡tr it [()r' itll 1r'. u," -: ll' irIri [r;r' ltll 1e 10, l: ;

(1r.(j) It(,lt¡" -. ( I /)rr;') s llìtr,N I h.p.u'¡, h\tt:"))



86 S?F,I¡1\N ]'IG.4N

llhc funcl,ion /¿ is strictl,y rlurtsico'nren on Ìtrl if fol'¿ll 'itt', tÐ" elV,
snclr lfiat h(w') - h(tu"), and fol all ¿ e q0, 1) tho inec¡rzrlity (2.t'i) is strictl-1'
satisfied.

'Ihe funcl,ion l¿ is qua,si(:oltcrì1'e on JI¡ 11 _'Ìt, is qnasit:onvtlx on JØ.

'Xlre funct,ion ]¿ js tltl,cr,sim,on,otonic on Ítl if it is both cluasiconr.ex and
quasiconcatte on I'lr.

I¡ol fillthcr discussion lc:gilr'r]ing oplimr',lit¡- corLclitions and tech-
niques frtl soh,ing usuaì qutlsiruonotonjrr plogJatnming pt'oblerrrs rvith
lineal constraint,s, see t'cTelences [2l, L3 i, iJ], l8l, l_9], f111, |121, 1141.

ll'he problern (Q,l,l) js ¿ln erlr'nsion of the lincrrr rnar-min problern
consiclerecl by FzJlc [7] ol of i]re linearrl'lac1 ional nrar-min problcm stucliecl
b.v Cook, I(ilby and }Iehnrìira1,1a [G]. illre poì¡'nonrial linear'-flactional
max-min pt'ol-iletu consirlered b¡' lìtancu-llinasian *tt,1 p21.1<ar [10] is
?{, pàrticulàr' c¡rasirnonotonic ul¿tx-nrin ploblein ioo, lìrom t}te problem
(QM) it can be also obtninerl ìr¡' suitable palticrulalizal jon thc c¡rasitnouo-
tonic mar-rnin ploblerrr l'il,h ioint rrc¡nstlainis (lfigan [13]) ol s'ith inde-
penclent clt¡usltr:r,ilt[, se,ts fol the r.at'jalt]c r-eo1 ct'ri ¿r ârtt'[ y (Rclenki¡. [4]).

\\re in1¡'citluce rìolv as ìn ll,3,l {see, rlsc l6 | antì l7l) .qorne notatioir
ân(l r.clminolop:y lhat rvill be ust¡tl in the l<'lrLliii.ttlcl r.rf the paÌler.

\{ie clencitê lhe plojeclions of ò tln i/'' rrir(i /r'! ìr\':

(2.7) -f : {;u e ll,p: 3I>- 0 .such llirtl -,1 ;'--l },try 4lt, (i;: 1c, Dy <
(rlr.r2ûl

and
(2.8) A =:'rll e ]l'1 : 1:¡:>; 0 -ìuclì thrrl -!.i I I"y < å, C:i: ç e, Ðy <

< (t j.t! > tji,
lespccl,ir,elv.

Ðnr.rxLl'rrix X. A
e,S a,nd t¡' is àn optim

o
ON A. QUASIMONO.|ONIC Ir'iAX-I\,IIN PRoBLEìvf 87

The first theolern is usefui l.o cllaracter,ize ploblcm Ql,,l as Íù pro-
blern invoh'ing the maximiz¿1l;ion of a quasiconve-r fnncl;ioïì. orrer a, linear
polyhedlon.

lurr:orril,r 1. (i131) If the nssttttr,¡t'|iotts 117 anrl I{2 holct,llrcn, tlte !u,rtc-
í,,í,on Il is t¡u,us'íconaen on, .Y

Ploof, In olclcl to shotr- tliaf -I" is zr cluasiccn\¡ex frurcl,ion; J'ol some
points nt, n2 iï\ ll and f e [0,,l], 1t't r7¿ ìtc auy optìutir,l soiulìon of fho
problem:

(3.2) I(nt¡ :ur.ini/1,r'.'¡¡):.r¡ e f'(¿')l , 'i =:L,'2.
thelefole, ri'c hitve

(.r.,r I

antl

(3,4)

"lvhere
Sinct¡ y(l) :lüt -l- (1 - ¿)tr' ìs ¿r Îe¿rsible sr;lu1;iort fol i,h,e plobl+.rrn
i.e. ry(f) e ?'(r.,11)), it foliorv¡ that :

l'(lnr -i- (l - l);r2) ç./'(tr1 i-(1 - t):t:2, iul -j- (tl - I)1tlr).

,t'(,.t:ì) :f(t:Ì, t¡i), ,i : lt 2¡

I'(tal -: (f. l)r:2) =-.lnin {,i1r:,2'1 1 (L -* l):rr. .!/) | lte f'1r,(l))],

c(J) :/3:t- (1 -l)r2.
(3.4),

(3.5)

pcri,nt r7'is tilrtinral tt'ith les:1tr:ct to ,¡-,' ii (:tt'r t¡') e
al sohrlion of 1;he ploblem:

l3ut fi'orn 1,ìtc tluasiconr-exit¡'o1ìJ'(see (:¿.tì) ) :tutl b¡- i,lrt tkrfirrit,ii¡u
of tlre points yt(,i :1,2) (ser', (:l.li)), l-r'har-c:
(3.6) .f(frrl -i-(1 - l),c', ty'',-(t - l)y') -< rnar./(,r:1, y'), l(r,,'yr) :

: t¿r-¡xII,'(;l'r), -1,r(ar2)l

lL'lien co¡ni.rir.rirg; (ij.õ) arrcl ("ì,6), rvc ge1 tlrtt tr' js t¡ua,tirro11r'e,r.

fl'ltlonll,r 2. lJ ]{l it,ri|is qnri j t:s o quusit¡tont¡tcn¿,ic: u,¡t,tl. si'¡'ictl,U qitasi-
conue$ fmr,ct'ir.ttt ort, igt the n tr, t':s strt'ct!u qLtitst:,ctttt,t^.eu' or¿ ,,!.

Proo,J'. ifho pr.oof ìs ¡i rni-lal to thal, ol] 'l'hcoi'crrr i.
lilriiiirnlr-u 3. Ij tlrc ttssu'itt,ptíott, iI 1, l'12 l¿r¡lti iltt¡t LlLcre ertlsts ait,

o\ttitttttl srthtiir¡n (rr", i") o/'1{-JJ1)-.sru,li tllu,t i.f'ís ,,r,t:et'te.t: of'tlvpo[yhetít'a,l
sel X.

Pt'otti'. l'irc Iiicri:'ern fo] Lrl-¡ jlnrncrÌiateh' ficul l tre c1 Lrasici:irve,ril,.r oT

the fuiLcticil ¡,- (st',.. lìlir-eolorn 1) anr| t,he fnc1. l.'hri ¿r cluasiironvt,.ç fu¡rciioir
z-r,ttains its nlrr.rirnui'r â,i lc¿ìsi.âl ì r'r-'t'tcl uT:r conr-er poi¡'hr.rllorr"

1-lrr:ultr,;,1 1. í.f the assttml;t'ions El, ll 2 l¿olil tlt,en iìt,et'e et¡;isLs ctir ts;;ii-
lnttl, soit(t,i.oti (.r"', !1"\ o.f (Q'11\ thtci i,g u t:ertet- o.i the pol'¡¡hi't,l'¡'ul set Ìt.

Proc'J'. Lc[' (,r ", !!") lre ¿lu oltiiural solutiou Íor (r.J]l). llo;' ',r'ìrjcli, lt;r
Theolo¡l iJ. ;t"' is â reÌ't i':' of i .

Sinc,,.. zrn¡. 1;oilb Íu ,! inÌ)- l;tr r-t'itLein iÌ¡:ìJ t',.ììi\-t\: coinl¡it-'¡,fir¡tl u,t

I'lre l.t,i.l ii,i,.; r;t ,\, i,,r :

(3,?) t,:,;",,t1 ') :>, tt\,t", ll'it

(2.9) nriLrf/("4":', lj): y e 1-'(;r')].

tirhcre
(2.10) '1'(n') -,= {ye lJa: I}¡¡ < ü - :lt:'.D1r¡ ( (1,3/> 0] .

lJnrlr;u:L'rox 9. rt ¡loìtti (,t', ll') is iitr cptitti¡rl ;r¡lu1 icrtl of (QM) if :

(i) l,l' ìs olrlirurl ''r'iiit l'cspect trt iir';
(ii) ./(ø', .l')) ruin tr"f(,t, U) t u e ![(t:)], 'í ¿ e X .

Íì. tï[ai¡i r{'=ul1li, ]-rr l lris secl jcr'. sorri(: }i opcliies fol the plobleur
(QI;{), rvllicb genr.i'alize sirnjla,r'lesulls flom [{i], [7] antl [1lJl altr tlcvelopecl.

\\e shtÌJ i:-ìsrru.[ì(] -r,ltt't;ugltr-rri1 lhe t'slnt'rir:]c1e| of 'lhtl lrrr,per that:
Ill ) ,Y ,ts ¿ì riolt,itrptJ, ¿tttti crtrnrplt'í, sci ;
W.) .f is a, quasìrnonotonic funcl,ion on lltt' pol¡.heeilal ct)ll\rL-)i sei; S.'{Inclel 

the assnrrLprjors Fll arrrÌ II2, rve cÍìn det'inc a funcl.ion lt ;.Y
--, 11,, b¡'

(3.1) l!'i;u) : nili.f1.r. .tt') | ll s 1'(ir)l , V:t: e X ,

tvh¡-.r'r¡ l'(,i;) i.,r q^iven b¡' (:l.l0).
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(3.10) nrin {f(,r:, '7)

so th¿lt :

t' i';\' 'l riii 
l'("" 'ttl ì' r¡¡r'r tttiit :" ' ¡t't'

'J'herr, it¡' Lt:ilg ltitt-l|¿Ì\ 1lìc,oì,erì1, \r.ct Jliì.t.e:

(,i,rl ) ,l:lr^ ,lii i(,,.. .¡t) rrlir irrrix ./(r, y) ,

> i'lil, 1'1,)ì, l(.i'. r¡) =-, ¿0,

rvlter,r: thc' la,sf, itrcrl rtrtlii' fttlìrtr,¡s ,1,,1, 1lrr., frl,r:1 illirt :

J,i,y) -.,i,t: e lle: J_.rr < ¿'i - Jì.t¡, (.1 ,¡) <. t.,, ;r,) 0rì c _[,
]r"r;l' rtlt]' f irîrr ,7 e )l .

R
N lra,i, tf 2 r:,,.

scpalal. c¿rsc of thc pl'oblt'tn(Qll) rvì1lt

antl (2. t;,T';ì,o"tt' l]ìecorsl;aints (2';3)

-¡ : {æ e Il,i, : (l¡¿r ( (r, ,r, > 0-,1, I

Í : {t¡ e }l'r : I}.r1 4 1¿, ¡1>, 0) ,

an<l l['(r) =. ], tgr, aìl ¿r ilt _I.
flhen n'. olríai'ilrcr Îoilo*-ilrg r-r:r'siorr ol îllcrlr ei, I.
'J'r'rroRl.r'r 6. I.[ !!! pt'oltlrttr 1r/ il) ltrts selturtrte conslt'u i1í:¡ t,4tJ í]rc

ctssttttr,¡rl/ruts -H I and I12 hLtld,, lltett lhq Jitn.r,tiort, 
-1.' 

rs cluasi. ntrt¡rtf qníc çt¿,.I.
I'ror|f'. Let )'" l¡c tlte sci of ¿ìll e\lr'eltuil l¡oints of f-. 'llhe furrctiollJ' rs (lUt.stcou(.a\'(,r¡tl -\', siil<.r,:

It'(tr:) -- rrrin[,/(;r:, !/): lJ e \ ] =--rrrinl,7,,(,i, .tl): ll e f",], y r,,e ,\..
ihr¡,t is lltc'ltrjrtirnulrt of finite farnil¡. of tlrrzrsjc<,lrca¡'e Tu¡q1i.,¡¡r

{!:t i ll e I',.] , rvhet 'e lt ,: t,S -o 1,,, ¿ul (l q,/(it,) _: |e,, ll).
OrL thc tltlrt'r' hlrnti, b¡' 'J'hcolern 1,. J.' is clui,sicollì 3r s¡ -\-. Il<¡1ce Zrtis tprzrsirlonotonio on _l .-
Ì'r'ln illllcr'l'r',r r, ii r'esnJ1¡ thal tht'1;r,oìller, 1()ìi )ca'lre r.rrcluct,elitl tr, tlrtersicon\:e\ pt'o¡¡t'l.r'inrrrirrg 1l'tiltJcl,, .i,ìrììc. Ìrr''1ìÌrcolelr 6. lJtc itr.o-rblt:rrr (Qll) \'i1,h st'Pär;ir1.e t'onsÌr'¿ritrts is etluilaìert'l.jtln,1rra,*j¡r,i¡ti1.elric.r

llluglarnlting plclblerir l.itll ljtrclt, <,clts1ì,¿r,ill1s.
I-'llrfclrl,un¿¡tel¡-r. tr-tr c':rrt, tiot a,ppl¡- llrc linelr.jzirtiorr a,l-e6r,ì1Jr¡r (see

f2/' ll2-l) to soh'e-ihis l.rroblcrn.tlrü:ürir., ilre objecli,,i'1,r,ci;u¡ ./-,. js ¡o1,g:cnelallr. diffcl,c,rLt,ja,Ìrlc oler. t he sei \ .

llt'lr J sllou-s th¡.1 lut optirn:Ll soìu_

ï iilL,iìl i' ï,'îl ìlu i ;,, ìi,'ì;,.:';ìl;î,lf;
l.ilJlrl (sce j l l) 1ll¿i1 r,tnultet'¡.tcs ancl
ilI tltr,. olllrc<lt,on,J.

, ÌIoncr'<.t', J'r'rrtÌì lllher;i,crns L l-lrrrl .1 , 11, ,ai tl,,, l:r.alcjl_illd_
Ir()rln_(i ¡lrrrt,t,rltut'rltrsr.l.ilrt,tl itr 1{i-l rrr,t,. lrìro Irr,t,rlr,lrrlcrl l.ru.tltc
ulr,rblt¡rrr (Qùl). llhis }ror,e<lur.ii j* l¡ns.c,tt ol t.trp1, oÍ ¿r /,._1.Ìr l¡csl,
er1,l'enxt ¡oiirt solut,iot.r arrrl jts l¡,oa<[ rnri ]itr I lìeì,ru..

sjlrcc ¡s" r'out¿u'ns :¡ filrjle rrurll.ier, rrl Prrris. t rLìs
¡¡ i'iiritc itrrrnltei, )\ t.r ilie se1 ,r,,. lJet¡ol .,,,,
l,:.,L,'1 ,...,1,, 1,., . l,:=, 1.,.,....^t, .S"
i'otttzlininrl' e,ìl cl r¡) 1rri. i,llir, jt f (,.t.. ,.r¡i -.. ¿l_sllle /.r-llr J.les1 er ,r¡¡11¡ [:i1¡¡1:: of i]te ì.iunsir

i+.r) riLa:rf/fr.y) ; (,t. rr]E,ç,1 .

No1<'t;ll¿1' llo;'llltr cJ irasìnronotoric lrlor:'r.Ðnrring lrr'olrlcrr> ilrt¡r'e. is
Ð.'1, Iea,s1 lt,n oltiru¿rl solnliorr, llljch ì,, ¡¡ i:1,¡,1 ,,, oj lltcì l,riasil¡le r.r,.r:ion (sr:e,

lvltere (nt, !11), . . ., (ü', y') ar,<,t tlistiltct r.er,1,ices of N antl
hl t,.-l- .,. -F ú" :1, t,i à 0t iel :.{J, 2, ...,s,]

lìr'olr (3.7), I'e lr¿ì\-c:

I 1,,''' atrrl lJ" :-\-, l,.ui
r:l

SiJìct¡ ø" is a r-el,i,e,r oli _I ¿nr,l e¿r,r.h .,,.' e _.\., it fr_rllot,s 1]r¿rt a:¿ : (¡;,,,fu.rrll ¿el.r'rr¡ls,..r¡t e!'(.,,"'¡, r'rr,,ìlr ¡./. Itrri 
'1,.,,1,,',,r,,i7,,rrrirrirrrizcs

Í(¡'", J/) tr\,cr. 'I'(,,'")ì, u,, i,,,, ,', ,

(3.8) J'(:t", .r¡") ( /'(,r,,, .r¡,), ),tn, all r. e 1.

g,r,, 
t)^ llte o1 Itel'lta'nd, sitlr-rtl ./'ìs it r¡rrirsi rrr.loloric fnn.i jorr o, ñ, \.e

(3.!t)!(r". ,U") = ,(.r",Ð,,,;,,) r trrin ,, 1(.t.,,. 1/i\;i= tl - fç.t,,,, r¡i,¡.

f,clr' .*olre l' e /.
'l'hert,l'or't,, l'r.orrr (3.S) it¡trl (jj.f )) ii lirl l¡u s llrll I l.\.r,,, .r¡,,) l(,t:,,.l/r'), i.o., f,lre lcl'1r'r (,r'. .ry'\ , (t,,'. .t¡; j r l. ,i; is rìr (,lri irr ;tl srrlrrlirlrr l,gi.t.lt<rplol"rlern (QII).
\¡¡11r, âs in tlrt'lilrr.lu.r,:ìsc. f , i. llre l)l,oj)(,r,1ì- fll¿tt ¡trarl_n.tìr.t 

'pc_i,âtot,
tna,v licìtl alriglrel rrr.lue oi'.lrrr,,11ìriì¡rrrr rir ru,l rl¡,ii, ,t,ì"*¡,,ìì,_,,,,,\ rr¡rr,ì,íìr¡r.is lLlso 1r'¡r' l'ol, (l¡lì.si¡fìutìr,f,,llir,,,1,*t,.

f['ucon¡r,r ii. t.f I:! I ut¡tÍ Il ,2 i¿oltl,. lltrtt :

r)o : rna\ nin [](.t", 'u)
r! (rt,

fr

_ Ì)rooJ'. Fot' ¿ì,nt, Jljxr:d .r') 0, ilre sei, ?'(,1,) iswt, Jl¿t|e :

(,t'¡ !l) e,\'] ) ?:o =-. ¡11i11 trrr.r,r i/(n,, ;i7)
ì, 1

i¿ subsc't of Y

a e 1'(l')l2rrrin t¡,1(.rt;, .r¡): .r¡ e J-1, V.¡ e _i-.

./) e /srì.

Ìì.cinctt,
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[B'l)' lìascri ¡¡l¡ 1;]li;i '[irc{, i":¡' {l;¡",' lri'r)J)l¡,rrlri, s,rrrc sirr.;lir:-x iirrca,l,izl.¡,,i,¡¡¿'I echiritJrrcs ìv\'Írr c{in\i{1..,1.,,'1. r.:e.,, 1 
,:,j', 

1,1 .1, ll2l).
,,upu ït'" 

ii-t h ile i¿rt,ju;, r,J' 
'iti"'rir".,',i';rl'ñ,,l,i 

l;üi'.orsist, oi- ilre forìorvin¡4

(-i.1).tl 
' r'iltiì i;ìlo sir:i ?';l .ll ,7,'-th ì'¡':; r; s;¡¡1'r'1¡e poinü sol,lit,,rs o1 i,he llrobit*i

2.(¡) li ilr,,¡,r

:;'ffiru].,,i',lilJ:,'Ìii.'ìllì'itil',!l''ìhÍl ø, '¡|']ïiì,1':ï',,[;ì SÌlii;:{

,,,,".,itiì,,1'..il;t;,r1;' ;ï,*,;ì,: itt'i¿iìolL. ,Lr¡'i,i,iur,nirrg ro iLrc -.icir i,
'Itt .¡'r'r '''' "' ",'ì't'.j ,,r, ,r'iiIri,i, 1,rrr, folrrlrt,iilg ir,trritrt,lrì, (¡rr:,., 1-jtt()tirjlorril irlr;:l,.rtirririiirg.¡;r i,,ìi_, l,¡r.solvctl

(4,3) mu-ri jl.r, .t¡): .I'r :_ Jirit __ s .._þr, ",:) 0t ,!/ >.) {J,.r} 0] ,
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