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_ As usually, for a nonvoicl strbset Y of a nolmed spiìcc rf antl c: e x
denobe liy_d,(n, !) :_1nf{lln - U il : øeY} - tlnecliitan:c¿ from n to y,
and by p (q) :{y'êY: lln -,yll -.-cl(r, 

-Y)} 
- tìre (possil:le yoitl) seú

of n'earest poi.ttts to c in Y (],he elements of Py(n) are cailerl ztrso projeóf,ions
.of ¿c onto Y, ot eletnents o,f bes't ø'ppronintu;tiot¡ of ø b¡. elemenl-i iñ y).

No\\¡, \¡e can state the clLtar,:i,ctelization theorerns :

2.1. ilnnonnrr (1r. l{. likolski lr3l, !J4l. Let r tte a. nonro,itr su,b-
set__oJ _a n.oy.nteil-s\tctce_,Y, I- t fitttd.att¿entu,l sttbset o.f Br,, .u e J\¡y ttttcl t¡o
e Y. f i¿ ortler tlt,ctl 11 oba ct, neorcut Tio,int to n i.n -l ,it it :;u¡^f.icienl ìnd, if'l
is cottr:er, ctlso H,e¡-,esi¡rlri¡ thct.t ,'[cr it,t,er¡1 1 e1 to ct:ist t Jtt.nõiio,tt,at J' : j',r ¿ l,
sttch, t,h,q,t,

(.\l) l.f(:t - yo)i :ü,t _ ,yol:

Ctlt.Cl

( "-r-2 ) I,re l/(¡,,ç Ì/) ;(,r: lu ò 12 0.

2.2. lfltrio¿lì1. (Ll. t\.,\zizt>s, l:)l)" t,el Y !¡e u n,onuoiiL cotL're,n su,ltsel
'oJ a nrtrnrcd^s7ttt,ct: )i, 'l tr, ,f':.ittti,tme':tial s,tl¡set, of B'k ctttíl ar e -r\L -{rø
elnntenl !/oe"Y a"s w ncl"resi ,poí,ni i;t I'L,tf i¡ utrd onty,i.f .for auetj y eY
tltet'e enisl,s u, l,¿;,.t¡ lirtittil. .f =-.[,, stLclt, tltui

ele'ment^11l3.Y is_ct, nen,!'est Tto,itr,tto n in,y 'iJ cutcl onty iJ there erisl,s ct, func-tiona,l .f e ,S'r such that

(G1) lÍ@ - tlòl :lln - yoll
and,

(G2) Re.f(yo-ÐÞ0, Vyey.
),.5. Ilema,t'lc. In this case the characterizjn s notpoint ye y_ancl,.geometrioally, (C2)

hyprerplane 
, II : {z.e X _: _Re J(á sup_

batt B(o,_llc - yoll) anct the iet úio
em. Indeecl

" ,.R"/(f -ø) ç ll-1r-?)/ <ll n-øl <llø-yoll,fol nÌl ø e (r,llu - zoll), and

' " 1_1; -1** 
""',ï',,.-'; 

,:i:;,;''
Re "f(r - y) > ,ttrr -- !/ojì, for. ali ?J e i.

tlthis geonicilic,ai itt.ii'-r'¡rlctatian <;jl ,Salhl'i,s tt:co,,cr::r .l-iìl giyen Ì;5,V. ìT. Brilcv iJl.
Tl;'e foilc-,, ';,1g exltrr¡-ric r,ilí:.,.i,ri i¡ i 1,ìrc cÌ:AiaCterizin¡¡ trincûionai

/' in.!i ;:r..r'eiil il .i, rìiùJ' (rlr{-c,iver]]; cl:p.. -i c¡n ibc pc;ì,ï ll € y anci that|ciücljiicn-< (Åf. 1-r:1 ), :l'iernl lliir,¡reìr,- lì.ll?, rL j.!r1. .,.u.-irà 1):n:t ¡n;s ,¡ n"aresillojiri, io a in Jf.

:).(,). i'.).':(.tìitt;¡¿; i:ì \'1,rr-..:liZli COlrl,iiJ:_L,tlte t:r,rirÊ Cf Ieil,i f,,.i¿i-rLl¡1. s6 ;1 ,rfi,le', r:or',;t;.g¡l,roi-r. l;ii;.'rtti.l ri:t: ¡ivnrl:c-l .le i-,r,,r.1. ,l,, ,rr""rir.,-"¿lnt: rrri]i be c,ltrij,-¡et1 cle.r'l'tr,ltc,.t ¡..

l!l'¿i,,, ,T __,'r,,, ,.ujiii i,be i1 lirtinì" ji ;i, ii ,:1,,,ri--1_ lr,L fol, ,i, _.(1,t,
,:rr.,,) e ,L. y -rrl: ,Li: ¡.; :(t-,i, ;cr). ,,;r.r ¡_,:l;, + ;, <'iI", ,¡o _( .1, rj)a,t;el J; : (C!, 0) i:r.r ri,ppror:iiraiclri' eir,;,r,,¡i1,.

,, 1ll:rl'-" j' -.f,i,fj ivlir;','/ :,(i, r) rnr. q ...("-1,_-i). Âr iy'i, __ 3io)l _'- l]:.' -.¿i,,ii iirr'ì lyl,; -- r/o)i - lln - in¡l , coirclii'ictr (r r; is arriornaiicurìy
r¡c-,rifìoú.

(Àl ) i.lú -- tiu)l : ii¡r - yoll
ûll,d,

j,

l

,l

(À2) Iìe[/(r * g).l'(t' - ]/o)l>0
îìre f,¡Ilori'ing ,oroposiiion rltol'.s tlr¿l,i Lhe ltecessif.). iralL of \zizor"s

l,heorer-n is ¿rn immetlial,e consoquencrJ ol Niìiolskits bhrrr'¡r'ern. The Exilrnple
2.6.b) shon's tirat oonclitioirs (AL), (,!11), :n'r uri[ ¿lri'ays sutficient i1 ,.rr,der
Llo'e,t ryo bc :¡ ntzllosr lloini, tcl .,r.r in [-.

2.3. l]rlolosritroN. f,et,,Yl¡ennor¡netl, {ipc[ce. ]Jo¡.i.1 =I r:,¡¡tl re -l-\.{y6
UI. II lhe.f trncliottal.f e t\'t'reri.fies conrli,iiot¿s (if1), (N:), tlten;f ueriJí.es also
co'tt clition s i t\ 1), ( A:l ) .

Proof'. Suppose .f =,S* i erifies conclitjons (Nl), (ì{2). r\s conrlìtion
(41)is bhe same as (-N1), il, rellains to ptot,e that/ r.elifies al¡o corrdition
(Àlì), rvhich follo.,r's florn the follon-inr¡ calculatjons :

Relf(n - y)l@ - 3/o)l :]ìe[(/(r - to) * l(uo - y))lØ; - !/,)]:
: lfl;r - uo)|" f Tìef/(;rys - ry):f(n - ãJl 5t'lir - yoil, +

+ lùc[/(zo - t/) J(n - -,tll'Ë' ,'r' - yo jl, > 0.

f.,et's ¿l,lso merrtion lhe fclllolr.ing result :

2.{ lnoonnu. (*\. L. Ga,r'l<avi lCl) G. Sh. Ruirin"strieín 110l), trcú
X be ct nortned sp(LletY u, tton'aoid, cottuen su,l¡set oJ,Y u,nd, oe ,(\Y. áæ

tsilt y e Y pui, i]U. : {lr, e. r-' : /¿(.,,r,,r -- y) í(ã - Eo)í\,r) -l]to)-.-(!Ì , {.,'cr',1,,, ,i :(u,, ,.,", , ,, _l_ ¿u-^: _t}
${î) - l(y¡) .,0} . [æ c ]ìz, ¡, --1nr,- âr)) ,t,.,"¡ r.='ç :. l, 2 rlc'nc¡1 r-: iltc i:orrespcnciing' ctlosöri s"rr,ispa"äs.
==1 a,r¡d î(ñ :.rù) -- --1, jt fòilorv¡ ttat i1rr""*,. j'\go - U)> A.:-" y ç'¡1,

an rl

> 0j, Er: {u e }12 :
anci ,Ë1* =- {n e lì2 :--1]. Ilet tíi,fí["
Sìnce y"(ø -- !/n)-
v)J'@ -- lJò Þ o =>

ç'@o - U)fi@ __ tio)Þ 0 .,> {j(/o__ y) < A <_+ y eH{
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, lherefore, 1\'e ha\re t,o considcr i,he following thr.ee situations :

(i) iÎ 1¡ e Y n III ¡ II.f tìren l, : {L ø} : l;
(ii) if y eY ¡ EI l]ren l, : {g};
(iii) iÎ y eI ¡ I:I;' then ìì, :{ll,

s'hich shos' that the characl;elizing fr,rnctional effecbively ctepends on tlte
point y eY.

b) The hypotheses are the sarne as in case a. \Ye shall shorv that
tlrere exists apoin1, llteY, y, # yo such thai; conclitions (At), (A2) from
Theorem 2.2 are satisfierl. As ?o : (-1, 0) is the onl,v element of besb
approximation for ñ :(0,0) by elernents inY it, follows that conclitions
(.4.1), (-{2), do not chalactcrize the elements of best, approximation.

Take y. :(c¿, p), ryhere a: -2 ¡1tzi¡2, p:[ã72. lL'nen u -,!Jt:: (- a, - p). itlhe funrlarnenbal set 1' : If , gj is as al¡ove, so thal, contlit'ion
(41) is ag:lin automaticall¡. r.erifietl.

ll¿rlie apoint y :1E, "ùeI, 1:-21p cos f,'4 : p sinÍ,0 ç
<p<7,tel0,2nl.

ft follou's that

.f(ã-,y) f\r-A):Q - p co"qi- psinÍ) (- o.- 9) :

anct 
:Q - Pcosf - Psinf)'2 > 0

g(ñ- y) {/(ñ - t/):(- 2 -l- p cos ¿ - p sinú)(ø - iil)

:(-2 f pcos f - psìnd)(-2) -;.0,

sr¡ ilrat conrlition (;\2) is verifietl ì.l¡. bo1fi of / ancl g for all lt e y.

ll. ?lac *as¡,' oÌ 1.r-co!rvcx scts" 'I'hele ale rÌral-r]r extcnsions of thc no-
i:iol-L ol colì\-i.)\itlr. fn 19G7 J. Ponstein 114] courted seven ancl, since then,
ver;,. pro.baltì;' that lheil nurnbc¡l has consiclelabl;Ì gro\\'n, bLrt it, is not
oul intonl,ion io g¡ire z¡ cletailed accoun't; of thc plesent-day situatiorr il
conrrexibJ' 1,heor¡,. In 1,iris paper, rve shail J¡e concelned ivith one of this
extension, narnel.\' ryith the so-called p-convex sets : I'ot a fixetl ?, 0 1
< ? < 1, a, subsei l-'of a vector sllace is callecl p-co1xuefr Lf. 1tT -l-- (1 -
- p)y c --f . 'l'he norion of p-conl'ex set is a particular case of the rnole
general nol'ic¡n oli cluasi-conve,x seb consjdelecl by J.1,\r. (ìreen ancl IV. Gns-
tin [8] : A snbsel. Y of a vectol space is calletl quasi-conuer if togel,her
rvitlr an¡- of iis points n, y il. contains also all l,he poinl,s rlivicling i;he
segmenl, Ln,lll into a ratio J:elonging to a presclibecl set A c 1 0,1 [(i.e.
ur l(.1 - a)y e Y,for:¡ll ae A).Obviousl¡',thal,forA :{p}oneobtains
the noi;ion of p-convex sei,. Sorne topological ancl support properties oll
fi-conr.ex sots rvele sl,ucliecl itt f1l ancl i111. Applications to p-conrrex
plogra,lnming ancl to <luali1,¡' theory for besb approximzr,tion by p-cot\.ye-K
sebs were given in i12l ancl [4].

Thc rnain lesult ¿r,bout 2-convox scts we shall use is 1,he foilo'lving
lernma, rvhich can be easily proved by an induction argument :

3.1. I.¡nttnß. Íf T,is 6, 'p-cotluerc set and fr¡ !/eY l,l¿en p" n I (L --
- p") !/ e Y, lor aLl r¿ e -¿fr.

3.2. Ploof of Nikolski's {Xrc¡rrem fou p-conl,ex sel,s. , ,,

ose that Y
and I' is a e'

space I*. :
thal, thcre

(3.1) If@ - eo)l <,ll n - yotl
OT

(3.2¡ Re [,f(lio - yr) l@ - n)J < o,
for every.f e I.. Itor z¿ e _l/ let
(3.3) A,,+t:Fu!/t+(1 -Jt,,),!o

We shall show that there exists ./?0 e À,, such that

(3.4) ff@ - !i,"*,)j < l!,i - E,ll

for all .f .l, whencre, by _(2.2,) it follorl,s lltr: _,.t¡,,".,.,11 < ll ,r _ !lot,l¡, ineonl,radiction to the rrypótÈesis ilrat r7o is a'eao.eo;L 1rôii-r,¡ 1;o ,t,írL y.Consicler the follówing three sets :

ð/: ¡¡e [.: lÌe il'(,vo __,/,],1T" ,n) i ..- 0]

¿\. : t-'\¿i : [./. i.: Rcf./(i7, ._ 3A; 7iìr __ r¡^¡ ¡ 6r
a'ntl

.rr : {/ e l' : lJ'þ: - r}o)l --. iirj - 7o lil.

l,'oic_.r: rr f/r (r,critlilir.riis (.1 Z))Â c i; u1 ¡ iaoìllr¡-.llo-.rr,li:Lti th
]: :,, ,, rvlrerr nÀ ,i*i it ;* ,ii" cr.rs a sril:set s ilr¿ri; A l¡:ili the pl(11.5) t;h<l st¿t Á ilr eu*-cornpact,
¿rnd

(3.6) V /eÂ, lÍ@ --rïo)1.- il,i; - ,,,0¡,.

Lho,f 
lly the.p'F-cont,i'riii;.v of ihe applical,lor¡ f _,,1J'@ _- t/o)1, ít folkrrvs

(3.7) nl,: --srip[]Í(n *y,,)l , .fe 4,.: l!r: -- lEoll
llla,ïreei0suctrthat
(3.8) ã,: =:,n -l u ,<.lla -.Uoll
ancl le,t Ø be clefinctl hy ,i

(g.U) Ir : {l e Sr : l:fe, __ l¡o) i < ø}.
ll, fu'J-lor','s iha,i, i1 ir¡ arelalivelyeux-6rpen su-b¡et of gÌF and a c v.
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(3.13)
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V t eIY, Il,e LlØo - y)

impl¡'r'ng, llø - lfrll <it follou s ll ø - lfn ll <
is completely pror-ed.
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l[orv, tzr,hìng into account clefinition (B.B) of Unal\ye obtain

Il@ - y,,t) I < p"ll@ - yt)l+ (1 _ p\ lî@ - uò {
< p" lln _ lttli + (1 _ ?") ct < Iln _ roll,

for all ,n, Þ ,n,t¡ where n, e N is chosen such that

(8.10) o <p,,,._JJr_JdL_ n_ * 1.

rt :tollo.rvs flra1, lln - ytll - "
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.!y¿r,s arbitlarily chosen
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