
I.IT\TI IEI,Í ^¡\T I(ìA - IìEVUD D']INALYSE N UMÉRI Q UE
El' DE 1'IIÉOIÌIi' DD T,,.\1'PP.OXI['IA'1'ION

L',ÂNALYSp NUMI1RIQUII îT r,rt THilORIE ¡ìH L'AIIF[tOXfll',ilATION,
lornc 19, No 1, 199û, pp" 15-19
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1. n[. Ilossztl l*] has provecl that (#, 9) is an (ø ] l)-gt'oup iff there
is a binar¡' operation "." clefinecl on the sarle set, G, a cert'ain autolnol-
phism a: G -- # of (G,.) ancl an elelnent øe G such tiiab

(1.1) (G,,)is a gloup;
(7.2) a (a ): r¿ ancl ø" is ârì inirel automol'phistn of (G.r) clefined

by ø, i.e. ø."(n) : a n tt-r fo¡ anY n e G;
(1 .3) ?(tu nz, ..., fr,ut) : rt a(rr) . .. a"(,Ø,*t) a for any rt 1ìz

..,, fr1t+7eG.
If (G, et et ø) satisfies the l{osszri conclitions, then the n + f-

group (G, 9) is rleirotecl b¡. Ilxt]," (G,,) and" it is called L]ne 11, -þ 1-ary
extension of l,be group (G.,) rvith lespect, to (ø, a) anil (0,,, a, ru) is called
a reduce of tho (G, ç).

W.A. DucLeli antl f . l{ichalshi [31 irai'e generalizecl t]re Eloszíi theo-
,rem sucl-L: l\n r¿ f l-¡;roupoicl (G, tÞ) is an za f l-grorLp il ancl only if
'<Þ is of the fonrr

(1.41) rl)("rr, . . .,ffi,,; an+t) : p,+r(rr, \@.¿), . .., ^("(tu+.t), û1,), n :ms
where (G, q) is arr r¿ -r. l-grottp rntìi 1' an aul.ornt¡r'phism of (G, g) such
h}l.at.

(7.5) -¡(Co) :Q,, i :1, 2, ...¡Ìtr
(1.6) g(r"(r), C'i') : p(Oi',0), V¿ e #.

'I}ae m f l-grorip (G, <ir¡ is clenoteri l¡:f Ext:)cr, . . ., c,,(G,g) and iû is
called- tho n | 1-ar'1' ewtension of the ri¿ -f 1-group (G, .9) u'ith respect bo
('(, cr, . . ., c,,,),

Note that I'x1:!,, ci"(G, <p) is tìre s¿-¡me rvith Ðelf, ci' (Cl, ç) fi'orn l3],
\Ye denoted zr,n r¿ J- l-gioiLp ir;r (t, ?).

fn an ø,2 f l-groutl (G, p) lo evel'¡. ¿ e l¡ ¡hcre t:ri,;ts a rinicl¡e sftety ele-
'menli ee eG such thab

li;", ,,,"';,'t n¡ : q1*,t';" , r,,'"';n'¡ : *
for any u e G,'i :2, . . ,t frù .



RELATIONS BETWEEN IiOMOMORPHISMS

Since/(e) is the unit of (G',.), frorn Theorem 1 rve obtainIn l2l \\re ha,r7e ploved the follou,'ing :

Tr¡non ;iu t. Il G, 9) is att, nt, l- I-grottp then, (G, O) : EØt\,",n (G, ç)
iff thera enists ott, G the sa,me sttnctu,re of ç¡rou,trt (G,.) ond, enist a, b eG, a,
B e Aut(G,.) suclt, tltctt.

(1.7) (G, q) :Ext?,.(G,.), (G' o) :lìxlã,¿(G,")
ønd;

(1.8) ø" . þ : p' æ, a(b) :6, P(c¿) : &.

. .Let (G, <q) alnd (G', ,i,) 
.l¡e tn'o rzz f 1-groups ancl (G,., d,a,) and (G'r.,

a!,, ctl') some of theils reduces. fn'ohe sequel rve will need the follorving
resulb (see [1]).

Tsnoncln 2. A muryt f : G -- G' is a honzontorph,ism oJ nt ! t-grougt s
iff it enists a hotnom,orph,ism of bitta,rtl {Jr'olrp g : G --+ G' sttcli that

(L.e) .f(r) :fF) s@)

(1.10) 9( ø(ø)) o.'(/(1)) : a' (Í(L)) æ' (s(t:))

(1.11) Í(a) :,1,(/(1), lQ), .. .,"f(1)

where 1 is tlte u,nit ele,Ìtl,etl,i of (G,.).

2. Oul aim is to g;ive sufficient conditions in ol<ler ahomornoiphisrn of
mr, -|- l-groups to be a h_ornoinoLphism cf their ra -f 1-extensions ancl con-
versely. Then 'we rvili esl,ablish some relations betu'een sorne homomor-
phisms of poi¡r¿¡]is groupri sirnultaneous rcclucible.

I'ab (G, O) :Exti,'? (G, <,:)be anrl (G', Y:') -Ilx'a'r,,,i," (G', l¿).

]lemarit. Ilrorn Theorem l- foilorvs l-l:.at 1;here er:ists on G the same
bìnary group operation, the elements cr,, beG andl- a, p e-{tr-t(G,.) such
that (1.7) ancl (1-.8) are r.erifiecl. Aga,in fr-'orn same thcorem it folio.,vs that
r\re can choose forbhe recluction or. (G', 5L)the element e' :,f(e) rvhich wilJ.
be tire unil, eiemerrt in (G',.).

The pairs-of polyadic gi:cups'(#, Ð u.,r'iå,] a);'(ä|, qr) anrl i'å), q,l
are recluce to the sarne binary operation b¡' 

nL_2
(2.L), u . ?l : p@, e, e,p, !j) and, u.,ù =.. þ(u,, e', eL,.,ts)te,spectivdy. 'f,here-

fore, we have (1.7), (1.8) ancl

(G', *) :ExL'J,,o'(G',.) (G', \") : "úxl:ff,p, (()',.)

rvhel'e
m1-7

a:Q( e )t
', 1

1 l)' :V(e')
anrl
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(2"3) y"q 
=eoy 

:p; yo s' :d'oy' :þ'

or.m, ol:";;:#:"1;:1,{,,;r:r,"r) ;,}i,; rì,:T,;,råi::;3;fly;ü
relali

(2.4)l"a:q.'"lt
1n'r7 M 17

(2.5) l@( e )) :Y'( e').
OonorJ,AaY 2.. lle multltittg :f , !?, Q) . ((Ì', V) is ø hontont,orgth,isrnof n' lL-qroups i;ff f is ø liintr,inöt'phis7,,'a¡ ttt,rítr11'grorr,ltr a,nd" we^ rlul)e
(2.6) l"g : g'"1,

,t+l ,t ll
{2.7) J(Þ @)) : þ(e')

'fLlrio*n:rr r. II !: (G,.<7) * (G,, þ\ is a, lrct,ontttrpiri.:;;t of nt, _l l_ql'oups qnd, tlrc followí.rtg cuntlitions qrc ìel¡.ifieti,

(2.8) .ï""¡ .-T'"J

(2.S) 3 eeG strclt, thrtt f(9þ, ,,, .^...,c,u)) - *(í(a), ci, ., ., ci,) then
.{ is u'Ìtarrornorplr,inn of +r I i -'gi;u?|s (0, r.i')"å'ítf 6,,\!1.'

Proo.f..\trre .define on G a binary operation by (2.1) anctr we canclefine olt G' Ð" hinar¡, o¡er,atio-u, too, sucii thab e, :7Q¡ is ühe iclenüicatrelemeni.of (Ê1,:). 'Ihen ä' :Y!(Í(e), ...,.f(n)). r\-'
ïi, js rvell knonn (see t2l) îháî

(l.i-O) b : g@, c7t ...tc,,) fr'nt and å, :þ(e,, ci,, . , .,c!,,) cís+r

Ilorv 'we x'ill prove that cor,olla,r\, 2 is ,".ue.

. _ siirce /(c) is i,lre unÍt elenrcnb in (G',.) from (r.g) rru oJ¡Lair LhnL.fis a, hcrnomorphism of Ìrinary groups, an¿ îr.órn (l.lò) ;e hâve

J" qa : cr,,nf .

I'roil this eo,uali|y, (Z"B) and (2.8) we can wlite

f,þ :f"y"¿¿ -=y,o;foa :!,oø.o:f : p,..f
Hence (2.6) yield.

N^g¡v, we will show.thaL (z.r) is 1,rue. rncleed, f¡om our hypoilresesit is sufficient to prove tha'o

Í(b) :Y(f(e),.f(a), . . ., lþ))

åtfr.ri#r) 
:¿'is the unit element in (G,,.) and using i(1"4) anrt (1.8), w*

Y(r"(ø)' 

""''. . .',,;rr{'?' 

^rr\:'!!,:'',r,'.'"1,u):,,,,*,,',,'' 

r'" t (e)' cí' ' ' 

"

n-1-1:þ(e'){t

n)¡l
(2.2) b:@(e)

2 - c,2179
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l3erause / is homomotphism of binary groups, frorn (2'10), (2'5)

anc.l (2.9) tl'€ 1ìàt'e

/(¿) :/(q(0t ctt .'., c,o)ü'*L) :l@þ, cr¡ "', c,n))J(au+t) :
: .þ(,f(¿), cí, . . ., clu)cü"*t

Using(2.10)lyeobtainl(b):l¡,.T]rereforc(2'7)yielcl^anclfromCorol-
lrrft *" frã-t'" inrf,¡i* 

" 
t ò-o-o"phisrn of ,-l-1-grolps (G, iÞ) and (G','F)'

T¡rnonnuIT.Iff:(G,Qt)-(G',V)isahomomorph'isnt'ofnl-l-
g,o*s and, rala,tiott, 12"'S\ noLas ctnd tl¿ere enists e e G such tlt'at

.f(ç(e, ..', e)) : þ(l@), "',1@))

then f is ct, ltottt'omorltlr,is'ttz oi nt' ¡ l-gt'ou¡ts'

s in '{heorern I. Since / is a homo-
'oni lireolern 2 tliat / is a homomor'-
s (2'6) ancl (2.?) are verifiecl. Using

?*rli;t 
is t'ue'

f"a. :J"y;\.9 : Y'-t"/'Ê : T'-1' 9'"1 : a''"1

'Ihus proofs of Theol'em 2 is complete'
È.om Theorem 1 follows Lernrna '1 ft'otn [3]'

Color,y,¡rny 3. Il l : G .- G, is ct lt,r'lttl,ottt,ol',p.lt'isrn, of m t 1 -uy,u1''
onarrlit¡'il(i's¡ n"a ¡g¡ :a;,'í :1' 2' ' ")'tr tL't'e tru'e th'enf 'ís a'hotno-

ntot''¡tlt'isnt' oJ' n, i- I-gt"ottps.

3. l)¡-rrrrNt'l:roN t. ?he poi¡'¡r,¿iic gloüps (G, ?), (G, tÞ) al'e calletl simul-

tanucils ,et{ncìble if tlic,r'd "iistt :i snÑe binir'r'y gloup operationonG
such that

(il, ç) e E:<t (Ú1,.) anc'L (#, cÞ) e Itrxl'(G'')

¡; is lino-¡,u tl-Lat the polyaclic gr'oup.s (T', g)r"¿ täl,pla'e simult,a-

neous-rc.clucible if t thel'e eiists an eletnent e e G stcl-L 1,hat

NDLATIONS BI]TWEEN IJOMOI\IORPHISMS

\4/e can. choose in (3.2) z --.f(e) : e'.

Iìrom oul hypol,hesir¡ rve c,an u'r'ite that

4 5 1$r

tr-l 1

(G, Õ) : IJxt $
fln- 1

(G, ,'t) a,ntl (Éì' , uI'') : Ðx1,.1.,,,,_r(G, tJl)

u'hele
u-s s-i 1 ,rr- 2

n¡-Z 1t-2

(3.1) q(n, e, eç, A) : <Þ(rr, e, ea, ?l), Vnrye,G

Suppose that the potr.vatlic g1-q3ps ((1, ?) ?1d lGl lI'ì"^a-r'e 
sr'multaneous

,u¿oãi-Ëin'- *oo 1tÌ', .1ri arlt (#','l')-are simultaneo¡s reclucible 1'oo and.

relabion (3.1) is verificd.. nt1,r n+r

ft is known that if the Bolyaclic groups ( G" Ü) and ( G" v') r'erif¡' ¿¡1

anaLogous rel'ation witir {3'1) tÌrcn lve }rave

ttt -2 
tL-2

(3,2) þ(n,"'2," z'v, y¡ :\Y(n, z, ?v,'!Jl ' Y r' 7¡' ø e G'

D : g( e) e*) t -f : @@, g(eç, e , r, e), e, e,¡)

and

o' :þó;)'àï; ^(' :\f'(a', þ1rn,-ì] a,e'¡,"d'e,r¡.
Oor¿or,r,.lnv 4._ IJ' the nta,plti,ng f : G -, (]' is u h,otn,om,orphism of

rn, | L-¡¡roups a,nd, tlte rela,tiom

f"1' :7''f
,i,s aer-iJied, Øtn.f is h,ontom,orltltisnz of n | l-ç¡rou,pts (6, <Þ) arcd, (G'ry).

l'lom Theorern 1 is suffiaient {,o shou' 1,hal, l2.g) is true. I{,cla,tion-(2.9)
becomes

Ù(e', . . ., c', Í(a)) : þ(e', . . ., o', D')

Therefo'e Í'(o) :o'or tl., ("r:,.flrlrn : 4,(;;,;:ij

-B\t,lQò : ¿{r'. frrdeed, since./ is a iromornorphism af +n -l l-groups
we ot¡tain l@@, a¡ ...¡ e, cq)) :l@) : þ(f(n)e', ...

. . ., a'l(e,)) : *(,1@), a', . . ., e', eí,).

Ilence l@ò : ø[. 'Ihis completes the proof.
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