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Abstract. Tn Lhis paper we shall give some inequalilies for convex-dominated functions  which
improve the well-known results of Jensen, Fuchs, Jensen — Steffensen, Pecarié, Barlow —
Marshall—Proschan and Vasié—Mijalkovidc.

We shall introduce the following class of functions.

. . ) 1

DemintrioN 1. Tetg: I — R bea given convex function on interva

I from [R. The real function f: I — R is called g-convex-dominated ou
1 if the following condition is satisfied :

1) (@) - (1= ) fly) —fO0@ + (1 — V)| <
< M) 4 (1 — N g(y) — g0 + (1 — r)y)

for all @, y in I and » € [0, 1].
The next simple characterization of convex-dominated functions
is valid.
LEMMA 1. Let g be a convew function on' T and fi+ I - 1IR. Then
the following statements are equivalent :
(i) fis g-convex-dominated on I,
(i) g — fand g 4 f are conves on I ; -

(iii) there ewists two comvew mappings hy Uon I suchthatf=1/2(h —
and g = 1/2(h 4 1). )

Proof. (i) < (ii)". Condition (1) is equivalent to
Mg(@) — f(@) -1 =) (9@) — g@)> 900 + (L~ A)y) —f(ha+ (1 — 1)y)
and
Mg(@) 4 f(@)) +(1 — W(g(y) + f9)) > g + @ — My)+faa-+(1 — 1)y)

for all @, y in I and 2 € [0, 1], ie,g—fand g4 f are convex on ' I iff
(1) holds.

(i) < (iii)”. It’s obvious.
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Now, Jet H(1) e the linear spaceof all real valued functions defined
on [ -mfl J f‘(f » IR he a functional saf, mfymg the properties :
(J1) J(ef + ¢ bg) = wd(f) + pd(g) for all % BeR and [, gelI);
(J 2) J(f) > U for all convex function f on 1.
The following Jenymg, plays a very important role in the sequel.
LA 2. Let g be @ functional satisfying conditions (J1), (J2).

Then for every conve,, Junetion g and Jor _every g-convex-dominaied fmwtw?@
fon I, the followmg tnequality /Lolds

(2) |F()] < J(g).

Proof. Let ¢ be a convex funection and f be g-convex- donunated
on I. By Lemma.j it follows, that g —f and g + f are convex on I.
Then

0 <JG —1) =gy — J(f) and 0 < JI(g L f) =J(g) + J(f)
which gives
— Jo) <) < Jg).
Since J(9) > 0, inequalicy (%) is proven.
COROLLARY 2.1, 7,01 fe C%a, bl, heCla, b], h > 0 and

L) i)y for all tea, b].

Then for all ﬁmcm‘mml F hav ing the properties (J1),(J2), the following
inequalities hold :
z

(3) [ () ] sJ(g(gh(s) ds} dt)

a

and

) ' ( %f\ § 17 (s)] és) dt)-

a

COROLLARY 2.2, Tt f, J be as above and M : — -5, If "l
Lhon the following inequality s valid -
(5) [J(f) <1/2 BMJ(e?)

where ¢(x) = 0% the inteppal [a, b).

The above Coroliaries follow by Lemma 2 observing that :
12

f
%( g h(s) ds ) dt iy convex, f is g( g 176) ds)dt — convex-dominat-
v . :

@ a ' a a
i

%(gl fl GS) di is convex, f is ‘w\é(g 1f7(s)] ds) d¢ — convex —

a a wia
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dominated aund 1/2 Me2is convex and J s 1/2 Me? — convex dominated
on [a, b].

The following improvement of Jensen inequality holds.

Theorem 1. Let g be a given convex Junction on I and f: 1 — R be
q—convew—dommated Then for every wmiel, p, >0 (L < ¢ <n) such that

/2 5‘ Pi >0, we hove the inequality :
1 n l n
6 Dy — D By ] < — i) — {— iy
(6) P ;fj J()) (Pn ;,1 Di ) i) 1_211 + g NP ,2‘1 P >
Lroof. Let us consider the functional :
J(f) P Ep Jx ) j{ E P u), feld
n =1 n (=

Then o/ mtlsfy conditions (J1) and (J2) (by Jensen’s nequality).
Applying Lemma 2, we obtain inequali! v (0).
The proof is finished.

Lemark 1°. Let f, b Dbe as in Corollary 2.1, Then we can pub in (6)
¢ = H or g = F where
X ! X 3

H(ala :g( S h(s) as} &, ¥(a) : = S( g 7 (s)] ds) dt, w e [a, b1,

E
@ o

A feC? (o, b} and M = sap  [f(t)i, then the iollowing
1€ (a, b]
inequahty is valid :

2l i! =3 { .f\ . \%2
M z”}“]lﬁi &y — ( X Py -’/Uz)

14 g S W S [ = =
f(p 2, B B Pl | S P2

7 t=1 7 1=1 wt

(M)

where ;e [a, b]and p, (1 < 4 < n) are as above (see also Theorem 1
from [17).

Now, we shall give an 1mprox ement of Tuchs generalization” of the
\Iagon/a,tmn theorem (zee [3]). This result can be written in the following
form :

Theorem 2. Let ¢;> ... > a,, by2 ... > byand ¢, ..., q, be real
numbers sueh that ;

& k 5 5
G < Y b (1 < ko< s — 1), 3 o = 3400
= o

=1 f=1 =1

If g is convex on I and f is g-convex-dominated on T s then the following
tmequality holds :

®) 3, /00— fad)| < 300 00 e,
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Proof. Let consider the functional :

P

S ="% a:(f(8:) — f(a0), feB(I),

i=1

Then J sasisties conditions (J1) and (J2) (by Fuchs’ inequality see also:
Theorem B from [4]). Applying Lemma 2, we deduce inequality (8).
Remarks 3°. Let f, g, b, H, ?F e as in Remark 1°, then in (8) we can
put g =Hor g =1
4°. Let fe 0% ey, b] and M : = sup |f" (t)], then the following
teia,b]
inequality holds :

(9) o Glf(0) — flan) | < M)2 % a,b} — af),

, i=1 =1

where a;, b;, ¢, (1 <t <s) are as above.

Now, we shall give an improvement of Jensen-Steffensen j nequality.

TreorEN 3. Lt @ and p be two n-tuples of real numbers such that x, e I
(1 <1 <'m, Iisaninterval from [R) and P, >0. Then the Jollowing sentences
are equivalent :

(1) For every comves function ¢: I—IR, for every g-conven-dominated
Junction f end for all monotonic n-tuple x the tnequality (6) holds ;

i) 0< P, <P,forall!=1,2, .0, n_1,

Proof. (1) = (i1)”. It’s obvicus by JYensen-Steffonsen theorem.

(1) = (i)”. Lot us consider the funciional ;

HEAR 1 /-\ £ ,[ i -{L—w } £ o= R
S = b)) — i % peml, feR(T).
A gy el ANE P | /

Then J verifies condifions (J1) and (J2) (by Jensen-Steffensen in-
equality; see for example [4], Theorem A). Apliying Lemma 2, we obtain (8).

Remarks 1% and 2° are also valid if - i < ) satisfies condition
(ii) of the above theorem.

Now, we shall give another vesult which improves Petarié’s theorem
(see [4], Theorem 1) :

Tanorem 4. Lot « be nonincreasing n-tuple of real numbers, ®; €I
@ < < n), preal n-tuple and exisis je (1, 2, ..., n) such that :

ﬁ
Ry
=)
A
=
-
"
/N

% 7
3 2w — @) < O for every k such that @, > & = — 3 P

P Pn =
(10)
"
YR @ — @) >0 for every k such that @, < 7,
i=1

(if @, <& the firsi condition in (10) is taken to be vacuous, tf @, > & the
second condition in (10) is taken to be vacuous). If T e I, then Jor every
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convex function g: I — R and for every g-convew dominated, Junction . f
I — [R, we have :

1 3 1 ] "
(11 — N P& | Dy g\ ;) =
()!}(I)ZI ) 5 % Pig(m)

n i=1 nt=1

f(_z P arz-)-_- —pif(@) |-
\ I)nwi::l / i)n | .
If the inverse inequalities in (10) hold, then (6) hoids.
The proof follows by a similar argument to that in the proof of
the previous theorem using the result of J. 1, Pecarié{[4], Theorem 1},
We omit the details.
By Theorem 2 from [4] we also oblain :

Tuwornm 5. Let @ and p be two n-tuple of real nwmbers such that
voel (1 <3 <), Tcl, P, >0, Then the Joilowing sentences are equi-
valent : '

(i) ineguality (11) holds for every conver funclion g: L =R, for
every g-convea-dominated funclion f: I — & and' for all monotonic n-tuple
@

(ii) there exists me (1, 2, ..., n) such thal P, < 9 (k< )

(12) and Py < 0 (k>'m), where Py P, — P,

Remark 5°. Let f be as in Covollaty 2.2, If p, o satisfy conditions
(10) or 2 'is a monotonic n-tuple and p verifies (12), then the following
inequality holds :

7 /1 = \)2 1 o ) : C | et \ 1 *

4 /€ oY il - 1 Y N - W 3 N
(13) /2 [(1; ¥ e Py o P ] Zi./'ji 20 Pee | —— 3 P fl2)

n t=l Vi Ly fa=d i v A =l J < i=1

Now, we shall give an improvement of Barlow-Marshall-Proschan
inequality. ‘ :

TrrorEy 6. Let, o < . ST <0 <2y < 0L € rime(d, ..,

s ), @ el (1 <d < on, 0l and pis real n-tuple,
(i) Inequalily

(14) ﬁpwmo*g<ﬁpﬁﬂ—(§nfﬂ>MM>
f

i=:1

=] Y=l /

fl ‘mwﬂ_(éyn—i)ﬂmf

holds for every conver function g: I — R and for every g-conver-dominated
Junction  : 1 - R f ond only if

(15) 0SSP <11 <h<sm; 0P, <1(m-4-1 <k <al

(ii) Let Z prxg L. Then  following the tnevality holds

=1

(147) ( E Pi - 1) 9(0) + g( S, an)— }J Pig(e) >
i=1 g=1

4(% Dy — 1)f(0) Jrf([g Py

\ =1

=

)= 3 pose|

J =
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if and ‘only if there ecxists j < m such that

(16) Py <00t <j); Pzl <i<m); P, <0 (i >m+1);
or exists j > m such that :

(17) P,<0( <m); Py I(feism41); P, <03@=j).

) The proof follows by Theorem of Barlow-Marshall-Proschan (S(‘I(*
2] or [4] Corollary 1) and by Lemma 2 for the functional

)t % pfte) — 1 3 b Vc)—( ¥ pi— l}ﬂm.

i=1 \ =1 \ =1
We omit the details. ,
Remark 6°. Let fe C%a, b), M = sup |f"(1)]

and @, e f (1 <1<m)
1€1a,b]

be as above, If p;, (1 <4 < n) verifies (15) we have

] n N2 | 3 |
(19) M2 [)j Dy — ( 3, P J ' > | % pfle) —

i=1 i=1

Let Z‘ prag el and p (1 <@ < w) satisfy (16) or (17), then

(19 M2 [( WEALR, ;or] > { S i — 1)/‘(0) -
7=1 / =1 N i=1

(g pie) - g

Now, let H be & finite nonempty set of positive integers. If p, > 0,
v, € [a, b] and Jis areal function defined on [«, b], Iet us denote :

B(H, fY: =(}3, p.f)f{ 5 S g fles).
felf i, Z [L / ieH

- P.ML Vasic and %0 Mijalkovié have proved in [5] that if H, L are
finite nonempty set of positive integers, I n I # @, pp >0, o, € [a, b],
keH U L and fis conveyx on [a, b], then '

(20) FH U L f) > PH, f) + B, f).

We give the following improvement of this fact.
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TumoruM 7, Let g be « given convex funciion on [a, b] and f: [a,
b] — R be g-conver-dominated. Then for every wy € {a,b], py> 0 (ke il U L),
we have the inequallity :
(21) F(H U L, g) — P(U, ) — 8(L, g) > | IHU L, f) — F(H, f) — P(L, ).

The proof follows by inequality (20) and by Lemina 2.

Py P
Remark 7°. 1T fe 0?[a, ], M =sup [, Sy (%, p): = Z—]—{--— 2.
1€ L.y Luyr
| A
(Aulw, p)y — Ag(a, p))? where P :ky‘i prand Ay = I },JH’P;- r; We
te y €
obtain the inequality :
(22) B U L f)y — F(H, f) — ', Hl < W2 3, (2, p)

(see also [1], Theorem 2).

Remark 8§8°, If in Remarks 2°, 47, 5%, 7° we consider [a, b < (0, oo0),
f)y: =Int, H =1/e® or in Remarks 2° — 7°, we pul f{1) =expt, ¥ =
=exp b or [, ] < (0,c0) and f(t): =1, ce ld, co), M ==c{e — 1) b2
we can obtain some interesting inequ:ﬂiium for real numbers (re¢ also
[17). We omit the details.
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