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Abstracf. Iu l"his papcr lvc shaÌI gi\-c somc incqualilics Iol. convcx-clorni'atccl functio's rvhichimprove thc Ncll-kno$'n rcsults _of Jcnsen, Firchs, Jcnsr,rt - si"rf"rr"ìì, peòatié, Ba¡tow-Mar sball - Proschnn aurl \rasió - \Iì j aìÌror.i ó.

\{re sliall introcluce the foro*'ing class of fLr*ctio's.
Dl¡llttr'uttIoN 1._ Tlet g : I --+ IR be a gi\ren convex f¡nction op intcrval1 from IR. illhe rcal funótion /: 1 + -p-is cailed g-coni-ex-clonlin¿-¡tttr on1 if the follorving condiiion js satisfieci , '

(1) ixl@) t- (1 - x)l@ -Í(t.r l_ (1 _ r)y)l <

< Àg(#) + (1 - x) {/la) _ g(),u _l_ (1 _ i,)y)

for all n, g in I and À e i0, 11.
The nert simplc ch¿¡lactet'ization of convex-clorninated fu.nctionsis valicl.

I-.¡nmr¿ 1. Let g be a, cona_en function on I antl f : I __, W.. ?lrcn
tlte following statemenls ctre eguiøa,lení :

(i) f is g-contseø-domina,tad, on. I;
(ii) ø - f and, g I f are coll,Den on I ;

_ (iii) tlt,ere enists üwo conaen ma,,¡tpi,ngs h,, l, ort, I su,clt,th,aff :lltç¡¡ _
,and, g -112(tt,tt). )Proof. ,,(i) o (ii)',. Conclition (1) is equir.alent to

^(s(n) -l@)) + (1 - t,) (s@) * s(v)))s(tæ +(1 - x)y)-f(tnl(l-¡,):¡)
and

^(s(n) 
-f l@)) +(1 - ¡)@ø) 1- Í(s)) > s(^n + (1 _ x)y)*l(Àøf (1 _ r)y)

{9f ?Il_ltUin/and Àe [0, 1],i.e., g-!and {f +f &re conirexon Iiff(1) holds.
('(ii) e (iii)". tr1,'s obvious.
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LDltrrzl' 2. Let, J- I¡c .a .furtctiottul satis.f,yirtg cottd"it,iotls (Ji), (J2).
'Ihen, fot'_eael'il c,Lllter.furtctiotr, (l ;;!d f";; e,er!/ g-contserc_ttorni,natetl Junctionf on, 1., tlu' fott'otuitts t,iiq,i*llti ir;td* i,'
(2) lJ(/)l < r(s).

,Ot:'-:!.,*.1.q l;e a convex funcl,ion a,nd f be y-convex-clorninal,eclo'n r' 51' I''t'rrrÌììft,1 il, folio*,s tha,t; g - i" z.,ritl 1¡ -f ¡ a,re ccrnl-e.x cln I.Then

s <J(s --/) :,r(g) - J(/) anct o < J(s-l /) : ,[kt) -f ,r$)
which gircs

- J(.ç) <./(/) < J(s).
since J(g) ) 0, inequitiii,-v (:ì) is pr.,oven.

conoll,,ffiv 2.r. Let f e c2fu, bl, lr, e (11a, bl, -h, > o a,na,

ll"G,)! < g(f) .for all t e fa, bl.
Then for all functi,J¡al ,/ iraving the pr.opelties (.T1), (J2), thefollowinginequatil,ies hold :

-e. S. DRAGLiI\.IÌIÌ an(i N. n{. IOI{DSCU

lt'(

'1" (t)

s

c'l-s d¿ is conYex) ¡ is 11

domìnat,ccl anci 1/2 Mez is c()n\rey antl / is 1i2 l{ez - conyex clc¡mina1;cclon fct,, bl.
'1'he follo*'i'g imp'o'ernenL of Je.scn i*equaiity riords.
Tlieorer. L. Lel g bc a, giuen con,efi ,f,u,ttctiott, r,¡n I ru¡il ,f : I _> R be

ç1-conuer-dotninated,. ?h,ett, Jor: e,ucry n,e'î, Fi à rJ (1 <; 4"n,) sntch, tltal1'

P,: : f, It, > 0, tur: ltaue th,e i,neqrru,liL¡¡ :

t1 ,,(6) 
I t; E, tt, f('v) - , (+,,þ, r,,,,,)i * ; É, 

¡,, s(,u¿) t{+,q, o, ,,).
L't'ooJ'" I¡et us cr;nsicler. ilte frLlctional :

.t(,h' -+ É 7t¡J(r,) - J{+ i /,,,ì,,1, ,f e L,(t).
r ¡ti--l \f'u¿l ).'irc. J szr,tisfy conrliti.oris (J1)-a'tt..(J2) (by Jense*7s inctl'ality).Appl¡'ing l,cIìilr.ìa,2, we obtain inecFrili{y (ä). '

lllrt' }l'ool' is I'irrislictl.
Renturlt, 1o. TreL /, /i ì:e as irr co'ollar¡- 2.1. Ther-L \\,rì car p't in (6)g : II ot g - lr' ii'he¡e

2 INEQUALITIES

cls r1t, r-' e lu,bl

2". Tt .1. Ct lø, bl ancL .ùI : : s'p.. ll,,(t)i, the* t,e Í.ollori.i'g
ineqrralitl, is vairrl . ¿e[4' t)]

il(.r,) : : If I ii(s) ri.s,) nr, r.,1e,¡ , = [f (J\J j j\j ô'Í'

r(.f) . '( 5 {5 
,,,, r'ls dtì

)
anil
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,^rr,
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i:l \ r:.--l
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Conolr,iltv 2.2, Lcl f, J be cús G,boae a,nd, M: - str1} ll,, U)l
'Ihen the fatto'wùng ineEmtity is aalitt. 

teta'bl

iJ(/) < )12 _t[,1(e2)

.:fr_:n .il¿e 
intet\&r l,t, bl.

above corsllaries foiiow by Lernma 2 oJ¡serving ürat :

tts dü is convex, ,f is

rvlrete_r,. e lu, bl ancl p, (1 < ? ( n) arc as âJ_.'.ve (sc.c 21n" Theo'ern 1from [1,]).
Nor', we sbali give ,,-n,_i.o]]-lq.-ernenl, of I¡uchs .qcnel.alization:oI tbcMaþrization tlteoreur (see fill). illhis result can l:ciri'tdrì'ìn the rouãrvi's,,

llrcorer¡t 2. [,et, 6r) ... ) a,, bt Þ ... Þ b, a,nrl qr, ..., Q., l¡e t.eølnurnbers s,¿tcÌt t'l¿r.r,t ;

k

Xq,n,<
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Hqrt,r(1 -<Ì;<s 1), 2) tt' nu: n t,1,r.i:t Ë-'r
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d.s dú - eonvex-tlom.inat-

I d.s dd --- convex -

r,f g'is cott'efr o'n, r und, ! i.s g-cott,uen-dotninu,ted, ott r, then, the Jottowitr,gin cquet l,i,t'y h,oltls :

slr

\,.u,U(b,) -l@,))l* X fuþ,) -.s(cl¿)).7: r I j._.1
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Proof . Let consicler the lunctional :

r$), : Y,qf/L¡ -l@u)), f en'(I).

T'hen J sat,isfies .on¡litions (Jl)_and (J2) (by Fuchs' inequalitS- see also.Theorern B fro'r f al). applying Le^rma z, ìve decluce ineqäalit'i tsj.
Rentarlrs 3"f'e,I,J, g, Ít, II , ã?, be ¿¡s in Iìernarli 1", then in (g) rve canPutg:IIor {t :ì.
4o. Let, ,f e û, lø, ltf anet ly, :.u_rlp,- ll,, $)1, lJreri the follorving

ineq'alit;' holcls : tei(t'bt

ls ì s

I L q,(/(¿,,i - "/(,,,)) I < -ilrl2 Y', (r,(b? - c4.),
I'-l I ¡,:i

conaer .ftntetion g : I --+ R. aryd, for euer¡¡ g-cotîaeü .d,oy¡in:ated, J,uu,ctiop, f :.'t -- IR, rue l¿a,ue :

(11) s(+,, 
,,!, 

,, ',)-;,E,u,rr{*,) 1, (ïu,'p, *,)- },,n,tc,t!

""ll:";t:iJ,1l),"'],!i,!],::,,iol',oiffiì¿inrrepi.ooror
t!_u p sin!;' i,trc lesuti of''J. rr'1.'Ìj;ða,;ì¿¡14]. Ttreär'ern f .
\4¡e o

By lheor:em 2 fl'orn f4] rve also t¡b1aìn :

în¡ori,;crrr õ. J'ei n aryil p itc Ttto tt-t,uiiLe of reat nttin,l¡e¡'s s,utlt, tltøt*uSI. (1 <'t ( zt), øì eI, P,,2 0. !!'tten, tltb .foi,iotui,rtg se:tleltces tne cqrci-
aalent :

(i) inerputl,tlu .(1 1'1 .l¿rtlr'ls. for crery (,lt,t)ett' .þtttcl,ion g : I - R, y'o,,,
eaeï'y g-cotlte,o.'-ilo'm,inu,t,etl J'tL,n,at,io,tr,,f : I n ll ctnrJ Jor uLi ¡rit¡í¿r,lt¡t¿ic n-ttí1tie
n;

(1i) therc er,ists nt, e ('1, 2, . . .,.)x) sttt/t ilttrL-p,r < 0 (t; < tit)
(72) cnttl ,lj,; < 0 (/,'')- ttt), wltcrc -p,,: p,, - p,,_;.

lluenr:r,r'li iro. l,cb 7' be as in Cololiar¡- 2.tl . r1 p, n saiisfr- confliliorrr.
(10) ol r is a rnr¡rrolonic r-|uple ant{ 2 r crifjes (tz), th',n tire follos'ing
inequality lrol-ci¡ :

(rB) ttl t:t [í 
"i 

¿i 
,,, ,,). - i,, ,ij ,,, 

,'l,r"ti I l, ;1, .t,,t ,) - i; ;'r], 
r,/r,,,r 

| 

.

Nctn', wc slta,ll q'içe atL ìrnplcr-[:¡r-rerri. of I]¿l,r'1ol-:\[alsir:¡ll-Prosci,.an
Jnequal i1¡.

llrlr¡tot¿tc.rt 6.L9t, r.; ( .,. (2'n, <0 <J,,r_r ( ... çr,,fu,e (tr,......,n).),.r,eI (1 <,t ( l, 0 e I) cr,ntl ¡tisritul,n-tti1sle,
( i) Inequrfl.ilt¡

(14)
11

T
'i= I

where ü¿t b¿t Çi (.t < i < s) are as iûbolrc.
Norv, rve shdì, give an improveinent of Jensel-Sbeflen:,ien inerquality.
THoonnlr 3. r,c¡i e; a,nd ,p l¡a tma n-ttl1ties a.f real n,u,mbers sucit, tlt ut u¿ e r(1 < i f ry,Iis q,n,inl,ert:,tl jrr'¡,¡ li:\ an,tt'i.u->-'t). ?hent'lte/oitnoing in"lrïrl,

o,re ec1u,iøalen,i;:

" .Ji) lor cuerg c_olu)en Jr.tltctian ¡¡ : r_.rf;R, ./or el()r'y q-co1?,,uer-elon¿i,nated,
Jtr,nctiotr, J an,t' Jot' ull n¡..ono[ott,ic r,-tu,plc :v the,i,;tegu,ttlifT 6) itol,Ít;

(ii) 0 ( P,, 4 P,.for o,lll:, :!,2, ..., n - tr.
ProoJ. "(i) -- (ii)". I'o's ol;v,:r-ri¿s 

.l:¡r 
,rensen-steffonse* theorein.

"(ii) => (i)t'. I_:e1, ur colLstelcl 1,he fu¡:ciiona,l :

lt,/,:(j'), : * :_i r', j(t,\ - i'f n;::.i \

t¿\'Ìl p¿ rct i, .i e 1'Q)
i =.1

ti

Ì)l¡l

il'iien J i'eriÍies c.rntiition¡r (J1)arrci (,]2) (by ,fonsen-Êicffensen in-
eqttality; see fc;.: example [4], 1'ìreoreu -,{). Apliyinö'r¡o!].)r}lâ,2, x,e obtain (6).

Remarlis -1" ancl 2" ang ai¡o vaiir'L i'tit¿(i < i < ra) satisfies conclition(ii) of the al:ovc the,rrem"
Ncr_v-, rve shall give a,rother ::csult n'hjch irnproves peðariérs theorem(see [4], ll'heororn tr) :

ffl¡¡nor¡p¡¿ /!- T'ct n be n,c¡ct,imcreasing n-tuple of real, mumbet,s, nrer
(1 < i 4 n)r? rea'l,tt.ùu.,psle aï¡,ei enists j =(i,2, ..., n) su,clt,that:

7s

\ Fo(nn -- ø¡) ( t for eaery lt such that n,, Þ ã :
,i-=,r

(10)

h,old,s Jor etie )',tl r/)ìt'tvl.futrcliott. g: I - P, a,ttil. .fot' euer¡t it-crtt¿t)e;¡.-ù,rtnt,inated,
Jtutction, .l t I -, R. i1" wu,d onty iJ

(15) 0(l'r<t(1 (/:=nt);0 {1,r,(7(,mt1 <hçø),
1!

(ii ) t'et \ p,;r:t e I. Thct, Jctlloluitt¡t tJtr 'i,neuulí,tr¡ hr,ltts

t,, -. r) rtor -.,(,å,,,)-å,,

i o, i );tol .,-.f ( T, Ì,, r,\ - i, n,"[,*,:l / \,= ) ã

it
1

2¿" l'¡ - t s(0) >

)\_', prlkxt) - ,T
{ ün,,,) -(Ér'-r)rru,l

Lil
; E P¿n¿
Lni:l

'jj, f n(nt - ¡cò Þ 0 for atserg 
'k, such that nr 4 ñ,

¿:1'

þf ar._< û -t!n: J'ir.sÉ a.ond,ition in (10) is ts,lrcn to be aacuous, if n, >- fr tlte
second' conrl'i,lion i,n, (1.0) is taken to'be q)acuous). rf fre r,'then,'Íor eaerE

,(74',) (É

'l(

g c],
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if a,nil onlg d,f the¡'a enists j < m suclt, t,lt¿¡,t

(16) l'¿ (0(i <.ù; P, >l(y < i <m,)i f i ( 0 (i >nt,-lI);
ot' cn,ì,sls j 2 m, sr¡,clt tltct,t :

(1?) -F, ç0(ø ( nr,); P¿ìzl(i >-i,2 rn,t- l); P, <0(r; ;i).
lhe proo! follou's by 'Ih.eolern of ll¿¡llor.-ìtfarshall-Proschan (sce

l2l or i4l Corollar')'l)anrl ìty Lemnrr 2 for.tlte functional

INEQI-lÀI,ITIES

'Iu¡:Onr,l¡vt 7. Let g lte a, g,íøen, catn;st: fu,rtci,ior.t, ort la, bl antl f :

ó] -* tll l;e g-conwr-dct'tninateiì. llltctt J'or eret'y :ùr. e l.a,bl, ¡¡tr> {) (1,: e 11 u
tue ltatte Lhe i'nequ,øllil,y :

(27) F(TI tJ L)g) -7'(H,g) - !.(L,9)>>lll(tIr t)l) -î(it,Í) -n'6,,r)1.
The ploof follol-s 1:¡' i.',.0.,,-r'tiLv (;,i0) a,nrl b¡- Lernrua ?.

I-ìornarlr T'. If / e C2lu, bl, ]Í : ñup i.f"(t)", 8r.¿ (a, '¡t)
l' ú'ltl

-[-'il P r,

76 27

la,
L),

(Ar(r, p) - A;(t, ,p))2 rvirele tr',, i

obtain the ineqrLalitl :

l, P, ancl Au \:'
2t
¡¿H

i
D

7'in u t.

'Pi r¿ we

J(/) ,:î,p,1(*¡
i:l

JMe omii, the t'letails.
1ìemarle G'. Let .f e C2[ct,b], llt : srr¡,rjl"(l)l anrl ruo e I (t ç içra)

be as ill¡ove. If ¡,, (1 ç t ç r.r,) velifics (15) ri'e hnr-c:

(1e)
ril /,1

LII i2 | Y, /,, ,,'¡ -- f F' Lî,' \í

(22) lX'Gt u L,l) - i'(H,:f) - !(1,,.f)l E ,lf i.rl Ð,,,,.,(rl, 1,)

(see also 11l, Tlreolern 2),
Iìernalk 8', ft i¡ Iìcm¿ri'lis 2", -tr', 5o, î" u.'e cclnsitfu,,r' la, bl <- (0, o..-,),

Í(t) , -ln tt lI -.1 u2 ol in lì,emnr'lçs 2' -- ?'', \ie put .l(l¡ : c\p tt tr[ -.:exP b ot'lrL, b'l c (0, co) antl./l¿) r :t',ce!'.2, co), 111 :'c(c --'I)l¡'-z
rve can obt¿-¡ìrL sonre jntelestin¡¡ incclrttlilics fol le¿il tritnrl¡cls (sei'rtl.*o
l1l). \4''o ornil the clctails.

Ë
'(Ð,0''')-(

,, ,a,) 
.J

p 1 /(0).
ìj

2', P 'l(':,)

.r_J .¿l l/,--l /(û)
7-- \I TlEI''Illìh:N()lìS

t!

T.,et ! ']t¿t)ie 1 rr,ncl t;¿ (1- ( i ç rr) s¿-¡,tj"qfy (tG) or' (17). then

(re') rrl2l(N r,,r,')'* X p,r,?f >l{ y,r,, - 1l/(0) i-L\ñ ; ::i J l\r';- )"

-J /i É ¡,, ,,ì'- f, r,,/{,,r l.\,î ) î::t I

Iiow, let II llc;2, finjtc nt¡ueinpt¡" set uf pcLiiir-eintegels. If p,> 0,
no e let,, å] atrt't / is :l leal lunction clefinccl on fn, ü]. lct us clenol,e :

. X ¿,,,,, ,

t,itr. {t. .,.ärj, ,,,,/ 
i 

'. ,1, 

,,, 
,;_ 

,poi,,1,",,¡., ¡ê¡t

L:).If. \'asÍú ¿nd j,j. iljjalkor,i¿ liar¡e Dl.or,¡d ln [5] thai, if H, f, ate
fiuits rroneurpt¡'- ¡ret of prtsitile intc'qc'r,sr î,t r. L -Í Ø, ,jit ) 0, citr. é fa, bl,
h, e E U l, a,llcl/ is cúìu\¡er. ori l-n,, l,l], then

(20) I(H u L,J') Þ Ì.(H,l) + l.(J,,i).

We give ihr¡ foilorl'iltr¡ ìrr,provemcul of llti-< fact,.

l.Ândr.ìcâ,I). ¿urtiIìa;;a. I., 'l'lrcJe¡¡sc¡tinrqun!ìltl :tcfitrcittcttísatLtí upplicnliatrs,
L',\nal¡-su Nrttt.tétic¡uc ct la'l'Ìtóolic dc ì'.'rppt'oxiltnl"iorr, 14(198ó), 10¡-108,

2,flatìorv, Iì. Iì., llalshall .\. \\-, ancl l)r'oschat-., lr. SonLe ittctlttctlilics for
sluLslnpecl tttttl co¡toc:L ftttrr:lirttts,l)acific ,l . ltatìt., iì5(1111ì9), 1l) 'l:2'

3. Fnchs, L., ,lnetu proof ol cut irrcqualilll ol Ilattlg-I,illltu¡oor[--Pol,rla, l\IaL.'I'idsskr'., 1-ì

(1047),53-54.
4. P e ðe l i ó, J. E., /rrucr.sc of Jctt:;ctt-,S/c/fcrrselr's ittequulily, filà-snik l\Ial-ettraliclii, l{i(3G)

(1981), 229-.2:'13.
5. Vrsió,1). nI. ¿rntÌ llijalkor'-i c, Z.,iOttanttttlc:t:sclfLULc! Ì"r'!(ottnccl(dtuilÌt,letnett

i¡aqur-tlily¡,1,ìrir'. Ji'roglacì, t)trl:ì.. I:ìckLlo[t:chn, illk. Sct'. ,\ìaL. .l 
'j2., ]io. ¡44-ò.o.õ7G.

(l 976), I to 1rii..

r)'c'.cir'¡rr' 1l) \:I 1'tìs9 
$xrtltt o"^:'tr Lit ];tirc II t tLtrLt¡,t,

I tit)0 liù.il¡: ![trculo¡, :
J Lul. (iu¡ r,:;-Í)totri:'.

,Scot, I rt G tttc t ulu ;\ [cltrul tct-

16 1:: ) [c]ttiLlir¡
J Lt-tl. ( r¿r ¿rs-S¿,ircli¿¿


