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Abstract. The form and propertics of the dual of the dual of a nonh‘ncarprogramming:
Problem in complex space are investigated.

1. Imtroduction. Let A, Be(rn; ¢cm ; de O Let 8 = " anq
T = C” both be closed convex cones,

The dual of the linear programming problem in complex space

1) min Redz, d) subject to A» + BF-}cel, ze T,
is given by
(2) max Redu, — ¢ subject to — Ay — prg +de T+ gye 8%,

Problem (2) ean he written as
(3) —min Recu, ¢ subject fo (—A4%yy | (=B de ¥ ye g
Then the dual of (3), that is, the dual of the dual of (1), may he formed.
The dual of the dual of (1) is exaetly prohlem (1). Hence, the dual of the
dual of a linear programming problem in complex space coincides with
the primal problem. If the primal problem iz not, linear, does the dual of
the dual coincide with the primal problem ?

In this paper the form and properties of the dual of the dual of a
nonlinear programming problem in the complex Space are investigated.
In the real space the form, properties and computational possibilities
of the dual of the dual of g nonlinear programming problem are inves-
tigated by Unger and Hurter in [6]). L

2. Notation and Preliminaries. Tet (» (") denote the #-dimengional
complex (real) space and O™ M R™*2) the set, of m X n complex (real) matri-
ces. It A is a matrix or a vector, then A", 1, A% denote its transpose,
complex conjugate and conjugate transpose respectively. For z — (%) e
€ (", Rerg-=(Re %) € B" denotes the real part of z. For 2z, v e O - (&, v»
= 0"z denotes the innep product of 2z and v,

A nonempty set 8 in 0" is a conves cone it 8 48 < 8 and if re
€ R, r>0, then »8 = 8.

For any nonempty set 8§ in 0% Jot &% — we 0 Redz v) > ¢
for all ze S} the polar of S. If § is a nonempty set in C", then 8% ig g
closed convex cone. A nonempty set §in 0% ig g cloged convex cone if and
only if (S%)k — &
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:} A s 1.0 : P o . \ ";',
0y et M he an open: set in (% and let 2° € M. {!12' The function f :* M~
", 0 is said to be differentiable at 2° if there exist 2n complex numbers
Ay &)y e Ay(2%), By(2), + - B,(2%) and a funetion A(- 5 2°) : M —» € con-
tinnous at 2 and vanishing at thig point such that

%0

S — 1) = 3 A —) + 5, Bie)E — ) +

g - P s 2 for all ze M.

If for 2= -“iyeM(w yehk') we, have flz) = (@, ¥) -+ (@, y)
then the function f is differentiable at 2° = 2% 4 iy® e M if and only if
the functions « and v are differentiable at (0, y°) € R Tt we consider the
formal differential operators

0 1(‘6 _.6) io1d 1(-0',:6.\:._.-.
Lo L land o = e lms T Yy } i

62']' 2 a.Tr:,- 8‘?/; (’)éj 2 N 3&?]- 0_?/1-

for'all je {1, ....n}, we obtain that

A, (29) :_81 (29), By(z%) = g]:— (20) for all je{i,..u, @}
2y ) 1 186

Itf: M —>I O iy differentiable at 2% e M, then

i VZf(ZO): (5){_ (20)7 T @Af (20)\; I G oL

e B )

'-_4 ,---7 x
0%

The furcbion f: M = Cis said to be differentiable on M if it is differenti-

able at any 20.¢ M . ! "
(#) The function f: M — ¢ is said to be twice differentiable at

s e M if there exists u neighborhood V of 2 such that f is ditferentiable
on V and the functions ; :
of S A —af— il ;Qf— V= 0

e =g Ny ? EAE s ’ a
02y 0%y 0%, 0%,

are differentiable at z. If fis twice difterentiable at z, then

vife = (o (e @ )) 5 0

0%

?f(z) = {»—-—a—(ii (z))) eIgr®,
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v s (-2 @) )e o,

V?:ﬁf(z) = (_a _a,: (z)}) € Qrxn,

1251 - O iy said to De twise differentiable
ne wbany 2e M,

e funetion ¢ = (g,) 1 M —~ O™ is said to be
if oy anv { o 5 i » -
ijL for any ke ihy oo, mp the funetion g, i
Hg=1{(g): M - O"ijs diffeyentiable ot z € I

(diny 7
ze Mion
at z (on

.»\7.—{;(?.6'”) = (\72:/}'1@,) L 7(7/”(3)) & Qs

2y

Viglz) = (Vag®) - .. Vada(e)) e OF,

AR Tr=1 0t ;. o . "
1e tunction g = (g,) i » C™is said to be fivice differentiable
St 00 08 3

el @ I ﬁﬁ‘r) it for anvy k& { Ly N

Vi I 1OT any e 1}, L. The (f, s .
£ e e o B i1 'y Lt T A WI1CE -
rerel &) i.{, z (b’ﬂ J/Z ) Bl i 5 twice 421‘[

/ If‘1 N S BT -

$Y1 4 eyt . W ral LN il .
i "\1/) }‘le WREEION s BTl " g said to be conver witl
eloredd convexw cone 8 < O™ if

vespect i

A ‘I 1 — - -
(4) Agpe) (T — 2) g(v) — gire - (1 — =y,
foy ] and z,ve M.

ot A A ‘qeon 1 5 S5 %
i addition gis differentiable on #, then frons (4) 3% fallows that
5 LR 210 %y Lilen U

2

e (i) o A i iq ; ;
tnction' g« M — O™ is concave with

- reapset 1o clesed con-
soconvey with ¥ 20 ed ol

vex cone Y il g
(vid) Tl

108 ConNvex

reeh to — 48,

roal part it

b i
de Hackgrovnd. Tiet| I ' o
g e L.zi,'\"i,,gl eunde et M be o wonemply open s et e gn
s DA g i y ope IR G =
and i € (" both be closed: conves cores! Let fo M - O end g: M -
— " hoth bel differentiable fanetions on' 4. ‘ L )

XAT Gl 17 e ' : <
WWe shail consider the following prin

provleic :

®) inf Ref(e) snbject to s i, gla)es, ze
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The dual [1, 4] of this problem is given by
sup Re[f(z) — {(g(2), 2), (u, v))]
subject to

{5)

u

Vf2) + Viflz) — V. (g(e), 2) (v) — Vil(g(2), 2) (:) =

(u, v) e (8 x T)*
Since (8 x T)% = 8% x T* and for any ze M , e C” wve O we have

Valgle)y 2) = (V.y(z) I) e Onxomn,
Vig(2), 2) = (Vzg(z) 0) e Orxowin,

(g(2), 2), (1, 0)> = Lg(2), u) + <z v),
probleni (5) can be wrilten in the form
sup Re[f(z) — Cg(=), u) — (20 v)]
subject to
(6)
Val(e) - Vif(2) — Vgl w — ig(a) § — v = 0
we 8% ve T,

We solve the equality constrainls for v, substitute directly for », and
obtain the problem

sup Re [f(z) — <gle), ) — <& V.J03) |-

+ Vifle) — Ve glam — Viglz) wy]
subject to
(D) !
(zyu)e M x CO»

Val(2) 4 Vif(2) — Vogl2) u — Vigle) @ ¢ T*
w e S*
that is, the dual of problem (P).

TuwortM 1. (Weak duality theovem). Let M be a nonemply open
oonvew set in C". Let S < O™ and T < C" both be closed convex cones. Let
J:M — C be differentiable on M having the real part convex. Let ¢: M —
— O™ be differentiable on M and concave with respect 1o 8. Then '

it in (P) > supin (S).

The proof is given in [4].

——
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4. Formulation of the dual of the dual. Let M be a nonempty open
set in O Let § = C™ and T < C" both be closed convex cones. Let f:
M — Cand g: M — C™boih be differentiable on M. It follows that the
functions F': M x 0" — C and G: M x O™ — C" defined by

F(zy u) = — f(z) + {g(2), u) -+

(") 4 e, Vo fl2) 4 Vif(e) — g —
[ Vzg(Z) ’if-‘/>7 for all (Z’ ’u,) c M X Om,

(8) Gz u) = V.f(2) + Viflz) — V.g(2) v — Vzg(2)u, for
all (z,u)e M x O,

are differentiable on M x O™. Then, the problem (D) can be written as
9) —inf Re F(z, u) subject to (2, u) e M x C", G(z,u)ec T*, u e S¥,

and, hence,” the dual of (D), that is, the dual of the dual of (P), may
‘be formed. Following the process which yielded the dual (6) of (P), we
wobtain the dual of (9) in the form

int Ro[—I(z, ) - (G2, w), 1y -+ Cuy )]
subject to
(z, %, t,8)e M x O™ x 0" x O™

B S R S U Bl t
1(10) V(Z.u)lﬂ(z’ ’U/) -Ir‘ v(éﬁi)ﬁv(zr ?,L) ™ v(z,u)(G(z? ’M), u)(S )_

N\
teld, sef,

because (T x S*)F — Tax » S — T x 8, ,
If 9=1{(9y .-y 9n) and ¥ = (uy, ..., u,), then problem (10) can be
written in the form

inf Re [f(2) — <g(2), ud> — (V. fl2) + Vifle) —

— Vs (@2, W), u)(

I

0

@

R Vzg‘(z)u i VEg(z)Q—’i’; 2=t + <Sv 'U/>]
subject to
(25 ity 8, 8) e M x O™ x C* x O™

(11) [VEf(2) + V2 f(z) — uT V7 g(2) —

—w V2R (F — D) - [VE ) + V2 fe) —
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— WV (e) il v 2.4 z)](z—t) 0,

4114) 1 biamnd l . l _‘
'z'-)—-[ gu e fembity g()-] @) o IS
’cS ’
Where ! A i
WIVE 9(R) = ¥ e V,,00(2), 07V Eg(s) — 5 4V E0:(2),

. k-:..l Vi

5

for all (2, u)e M % Om. v »
Solving the second set of cqu Jities in (11) for
result for s ﬂﬂrouOhout (11) yields the Lorm -k N
i 7 f 8l iy il L WE'Y W olel 1 I

inf Re [f( — (V. f(8) - ‘_,J(/

and su J.>L1w ting this

H
suchcu to
b1 oole u, ) e X OF > G bt 0 0E) Yo dmok add oouesil  Bis
i, ) BIy and wniwol L IRMRELTOL 6
(Dz) [v{Z’(r@) I ggf(z) e | | {104
' ! e L il b
T ”66‘77?;5/(”)] (2"; ol i’\ T [\Vi: j(Z) i 3 ?z j;(%') Tene 1
~ TG — wr -
\ - \ i)

= 1 \
e L j
Remark 1. If problem (P) is OVlL»LU['QJ{](/ programiing
complex space of the following form

nroblem in

hy - tR I
it Re fle) = (1/2):"Dz 4~ (d, ) l |
f Blll]J'j?Qt‘|{70 2 e ‘ W) == wp Btp o | il
9(2) = 424+~ BE f-ce 8 ML ok
zel,

ce 0" gnd § < g

where D e 0rxn g hermitia Wl de gy A;u Be {u/»’z :

and ' < 0" hoth are closed contex cones 5 then the duql of the dual, i.e.
(D), i ol s
inf Re [(1/2):"Dz - (L/2)(1 — =) (D4 - D)-z »|—_ {3 d>].
subject Lo ’
(DT - DYz — t) = ¢ ( \ ar
At Bl J-ce &
te 1. U ¥ : 0

~1

T the matrix (D* 1 D
equivalent to primal probieni.

D) s nonsingular,
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then the dual of the dual ig

Remark 2. 1t for any u e €™, , the Witem

[VETR) o V2 f(2) — uf TEgg

[ VE fle) + w2
(2,8) € M x %,

hasponlyrsotations avith ' L &, tHen the
tqm\(alﬂut, to primal probler m, Le, (P)
5. Pmpum-‘a. Lot X be the 4t of fea

blem (P), let ¥ be the set of: fen
let YD be the set of fo

Doy wy 0) = flz) — <7, flz) -
The following theorem i an

.JPT H[
= bnt.”s he f‘foar’(? CoRve s

T!TTI‘(JR"‘M
and 1T <

13 . Coneave with- respeet to I, thew
:\12) : : U

A vesulb relating
theorens .

Tomoriny 3.
e gL (t,L.Z T < g

both  he ( o& df?

ndn (I
9"*()/ We distingu
‘1) 'Mhe primal i
in (k) == =- co ang ]JU‘(P the ::;'i Taent

- Agsume, by « contradiction,, that,

(34) _ infin

Al e
Binee 20 e ‘x it follows i liat (zy0, 1)
(H2), 0 L the other h(uuv Fe %

(14).

.9

m (D) < n

(#) —

Let 3 < (7"’ (’Jr’ G 90

18300035 T

sible s
wible golutions of! dual proll
sible solutions of problem (D2), Let @ .
= O be the objective function of problem (D2, i.e.

< bea z.r,r.a,cw,fm; 0PN Convay
cones. Let [ .
hath be twice differentioble on M, L thefunetion F.o 3f -
ned by (7) has eonvew redl part and tz_u frnetion ¢

41353 1R
o (2

the intima in (Y 'and' (1

(871 :ht Ull'ul CDI
(€2) The primal l‘lﬂ]ﬂ( m (I} is eonsistent and nas an optime]

wl ofthe ' dual, je.

solutions of

seb. Lel 8 & CI“,”
n/.rr? g Mo
EM e (P/’L—
QU7 Y €“ def md hip (8 )

M@

i ] A%

£, Then inf
$ proved

solution

wsible solution rfor
Re f(2°) which  contradicts
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(1%) The primal problem (P) is consistent and inf in (P) = — oo,
Let (2*)ren be a sequence of feasible solution of problem (P), such that
lim Re f(z*) = — oo.
k—--co

Since for each ke N, we have »f e M, g(z*)eS. 0 T, it follows that
the point (z u, #) = (2*, 0, 2%) is a feasible solution for problem (D?2).
Moreover
lim Re ®(z%, 0, 5) = lim Re f(Z") = — oo.
koo ko too
Now, if we assume that (14) holds, a contradiction avises. Hence inequa-
lity (13) holds.
(20) The primal problem (P) is consistent but has no optimal solution.
Let (2*)ren be a sequence of feasible solution of problem (P) such that
lim Re f(z*) = inf in (P)> — co.
k> +-00
Since for each ke N, we have ot ¢ M, g(z*) c S, 0e T, it follows that
the point (z, u,t) — (2% 0, 2*) is a feasible solution for problem (D?).
Moreover
lim Re (2, 0, 2°) = lim Re f(z*)
ko0 k- 00
Now, if we assume that (14) holds, then a contradiction arises, hence ine-
quality (13) holds.

CororrAry 1. Lot M < O be nonempty open convexr set. Let S <
S O™ and T < C" both be closed convex cones. Let f+ M - O be twice
differentiable function on M y With convex real part and g : M — O™ be twice
differentiable function on M s coneave with respectto S suchthatF : M x O™
= O defined by (7) has conver real partand G 2 M x O™ — O defined by
(8) 18 coneave with respect to 1%, Then

sup in (D) < inf in (D?) < inf in (P).
Proof. Apply theorems 2 and 3.

Trworum 4. Let M < " be an nonempty open set and let S = O™,
T = € both be closed convex cones. Let f: M — € and g9: M — C™ both
be twice differentiable on M AIf (2%, w®, 2°) is an optimal solution of problem
(D3), 2 is a feasidle solution of primal problem (P) and

(15) Re <V, f(%) 4 Vs f(2°) 20, — ) < ¢,
then 20 is an optimal solution of primal problem (P) and
(16), Re f(z9) = Re ®(z0, 9, 19).

Proof. In view of theorem 3 and from (15) we have inf in (P) <
< Re f(2) < Re[f(2) — (V,f(#) + Vafle?), 20 — #93] = Re B(20, uf, 10) —
=inf in (D2?) <inf in (P), hence 2° is an optimal solution of problem
() and (16) holds.
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TaroruM 5. Let M be an open nonemply set and let S < o, T'con
both be closed convew comes. Let f: M — ¢ and g M — O™ be twice dif-
ferentiable on B. If (20, wd, 1°) 18 an optimal solution of problem (D?),
e M, Re[f(%) — f(#)] > Re {V, f(0) - Vz f(2), 22 — 03, then © is an
optimal solution of primal problem (P) and Re /(1) — Re B2, ul, 19).

Proof. In the conditions of theorem we have inf in (D? =
= Re 0", u’, 1°) = Re[f(z°) — (V. f(&) - V:if(z), 2° — 1951 > Re f(1% >
Zz inf in (P), which, in view of theorem 3, shows that * is an optimal
solution of primal problem (P) and Re S(E") = Re D(°, u°, 1),
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