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1'HIi DUAI, OT' îHD DUÄL IN }[AT}IE}fAî] CAI,PIìOGRÁ.I\{}ITNG IN COMPI-,EX SPACE

DOREL I. DTJCÁ
(Ctuj_Napoca)

Absúraet. Thc form and.prope¡tics of the clnal oI thc dual of aprobÌq'i'c6¡rp¡o* space a'c i"""itigãiã0.^ 
Lr¡s trtrar oI tho dualofa'onli'ca.programnri'gi

"' ; " 
u O',, ; òl e Oil, Int ,S g t,,, antl

nlrÌìrng' problem in coÐ,pier: sIACe.
-lBE lce ñ, ?erf,)

(2) max Ìì,e(tr,, - c) "subìeat 1ut --tLtru, -- Ê.1,u )_ d. e T*, ?, € /S*.

ies of
conlp
and

l'()gta

çLDen cone if lS _l_ B _ B an{ jf r e

for: a, sot I t" oi^i:' Á1": iq e û!.: rìe(ø, 1)>> 0clojqe B. If B is a,,no1g1npty_seû ji "C,, 
flren g* is arìniy mpt-y se1; .,.9 in C,, is-a"closectrìonvex cone jf and
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ttre funotì on .f : l[ =* '

2r¡ comulcr rtiLrnJ:et's
tt,(' t zo)': JI '' Û con-

Point such that

lþ) - /þ\ -: y 
't'ç"¡1,,, - 

øl) + 2:,n'pn¡12' - ãi) +
t-l .j-'t 

j I

-t ll z - øo ll h(z; øo) fol all ø e li. j 
:

If for p: n 4- i,y e l[(n,y eIl"') \\'e ]rarc l@) 
='l!'..!l) 

-:io(?'y.l
[r,"" tH" iLinctiorr i i* itìtdtäntiabie' 

^L 
2o :-'o + ítf^?-Jl{ if rr"ncl-on1¡'-if

the functions r¿ a'cl o'arã c[fferen'¡iable aI (no, ro¡ e Il'2" l.i'¡'t: c'nsirltrr the

f orrnal tliff erential operatcrls

0 L( o . a \ -..' 9--L( 9 a \
', u 

-1 1"-lnlrcl 1' ^ I

02, : \ ar, Tlt¡ ) 02¡ :-i \ ôr; Ù:t¡ )

for all i = {7, .'..1L}, l'c obf iriir tha1' ;

Tiitl ilrrrrciit,,r,/: :iÌ -> û is ¡r:r,ir.l 1,o i¡e tzoi,ce 11'í.fl'ar"ep-t'i,u!¡lr: ,;r¡ -41 ili ii, is
twj,,:e clif l'..1 i'i'.1.ì¿rl;li. lit, i¡lrv z e ll[ .

__(r.iiì 'l'l;r¡ lriirctir)!l ./.: (rJ,\ t tl,ï -, C,,io siaicl to be rfifferenti,øbte ui
øe l{(tt¡. -;í) if 1'¡ri:' rr i,.v /ce {!, ...t1ìL) 1,he functioL g^. iir r',Ífele:r1,ial.le
aL z (oit. tt:l'¡. lt t -. t.t¡,,) : Ì{ -, r1,, is- iliffercntillrle ¿1, ;: t- )i[, t)ien.

TI-IE ÐUAL OIf TIIE DUAL

t;tz, f(ø): G{; (ø)))e t".",

(:fJ: {ò\,) e c"""v!. f(z)

(0
\ az'

{Ò
\- u,

nf g: Ìli --> (,I'il jsj rljfiie.''L'cnti:l]:r-le',¡t ø..= J{, tlten

';i .çilz) : (Y 
"çr(r') 

. . . ¡7 ¿t,,,(e)) € O"""

'ai:íi(.;:)': (V"y,(:) . . . -,/¿lJ ,,,,(z)) e O' ."'

',,',AQ):. Y¿!(ct), \/._(z) =,-- \r:,ç(:")a¡ (aoJ : o.t

oz¡
(øo), ß¡(ro):

, ,, 
a,u

al
02¡

(øo) for zr11 j e {1, . ' ., rr}.

Tt f : Jl:t -, C is tlilfercntial¡le at øo e M' thon

v ,f(zo):( ! (e,), ..., f/ tr'lJ'' u cn'\' / I 0;1 ô1, )

r r1-o)- ( #(eo), 
", :!.1^o¡)'' 

c"'

"Ilhe funcLio n f : llÍ -* Û is ¡rtrid to be cl,iff erentiq'bla on' l[ if it is cliflerenti-

aJ¡le at au)r zo e 711 '
lrìrl\ ,ì.lro ¡rruct,iol / : :l[ - C is said to bc ttoiao. di.fle.ren'tíable.ul

n . fW''it ti;" ;..ìrii",i Äci--irbolhooù V oÌ z susn ihaii ,i' is ditloÌcnÛrahle

qn l¡ ancl tho funcbiort;',

-qL Y +û
0Zo

(lr') -:ììro fLincl,ion g = ({it),: )lI --, C"'is ¡:ij11 1;o I;e jru¿,;r; ,ÌiîTerur"tiabte
Çt .: ,.--.i.i i;rir ii.f ) ii' il:tr'_¿.rt',. i'; e {1 , . . ., r¿.rì I,jrc fui.ic,tjitn gr, ìi "tli.ico 

clif-
fe::cl!;l:i.rìc .tt, e (ol ll[).

(tt) '1'he Írilotion g: Ìil --, (J,u ' i ¡lâjd to be aotL.ùarJ -;i-r1tr i,os¡tecl, i,3
clcserì ,Jon\-eri cone B c- O'o iÎ
(4) Igt,3) -l- (l - ))g{u) -- r¡}.2 -r- ft i,),ll 

=.,1.

¡Ïo¡' ali ? e Iiì, i. ] ¿r,l-¡-cl er p e. f,tl .

iíl ;l itlriil-ioir y iii cliffel,enij¿-,lilr: cn l!',ltei: fl<,.,t (,i ) .i ,lcjjo.,r,s iha.t

g(:)) -- ,,j('r'i - - l:) ,fl(a))1 (::) - t)\; - ,.r-.,¡(,u¡)t (: r.) = I
foi' ¿rli ::, ü e ,ilí.

iuli T.lii,-' ltnciion g: ìlt - r t"',s co,itrL[Ì,te.,i'ii.Jt ittir;;,:ci;'it; iric¡;cri co¡-
1,:C:i CLilìCr ,9 tJ' g '::, (lOlir oìi rr'i1 Ji t'CllltcCt irt - B,

(rii 'lilt jlLuti;iiitn !: )íi -> t js ¡,;¡r.iä to lt,^ ,¿ui,ilt ::ar).i.,,),t,: ir:r,¿i, pcr,rl jf-
i'¡ l¡ cot.ì., ,\: ii'ith resrltitci l-r.; tll<l ccnc {,u e û: ;ìc u > rii.

0,f
-oz1 I

'òí af) ^_dzt

aredifferentiableatø.If/istrvicedifterential¡leatø,1,lren
_ .lì. Ilt'.ortrrgl'crtl¡rì" l,e,'t,, tli.j;0 :¡ ¡cllrelrlpl,r.. ()llen seri. in (1,. i,i:.i; f! = 

(1,"
ancl j:'c (.1" Ìtrr1-lt btt clo¡lerl cjuu'tr cor;cil. t,r.i, 7 t ,li --> ú ¿titc1 g t )lf -,
-, ()t'¡L i.lr;1.11 i-,o cÌiÍferetrtiai¡lc fulr.cticns on t),J.

ï-s rjii;r.ii consiclei: tlio ,1lol1orr'jlrg, ,.rlini-i.i pr,rrÐ.lcii,. :

(F) iuf lìci{ø) srl:je¿L tt' a e LrÍ, g(.2) e. .Ë" : e ,I,.
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'Ihe dual 11, 4 | of bhis problern is given by
;sup Iìe[/(ø) - ((g(z), ø), (u,, u))l
subject to

(5)

v "l@) I Y z lþ) - .,7 J-.J(stã

(tt, u) e (,,S ¡ ?'¡*
Since (iS' >1 ?¡*' : 

^S'* X ?,r antl tor. z.u¡, z e ni[, u, e C,,,, .D e C,, tve have

V,(g(a)r Ê') : (V 
"g@) 

I) e C,,x(1n+r!,,

Yz(g(z), s) : (V ¿g(ø) 0) € Cnx(rÈrtrr,

(ktk), z), (nr, ?,)) : (g(ø), nt) I (e, a),

trl'oblenr (5) can be rvr,it.ten in ilrc. llorrtr

sup lìci/(z) -- Qt@), u.) - (:_,, t:)l
sntrject 1,o

(6)

V".f(r¿) -l y",;lþ) 
- iü,g(") tt - V;g(z){i _ o:0

t,r e rS¿., t: e lI*.
llle solYe the eqtralii,), constr'¿lilrt,s fol t, suì.rstituLe tlirectly for,u, andoìttain the itroì:Iern

sup .[ìe Ll@ -- (ç¡(z), t+) _ (2, y 
"1'(z) 

j_

)- vzÍ(ø) - v 
" 

g(z)1¿ - Y ¿g(z) tr,)l

srr b.jetrl lrr
{D)

(2, u,) e Jl[ y C,o

v "l7l i v J'þ) - v "g(r) 
u, -- | ¿s(ø) rt, e T*

1'lerS*,

that is, the ilual of prtrblem (J").

Trruonlm¡ 1. . (.\,veaìr thrality _1,heorem). Let Ì! Lte ø n,onent,Ttty open
aonvefr set in, C,,. .Let,S c ¿¡,, anã I, e C,, botlt, be cl,osed, con,ueû còies.-LetI , 4 : C_. ly d,i.fJeretúiøhte on t[ rt au,iis it,i ii¿t- ,p*,'i, iorirr*. Let' s' ;' M- :-, C"' bc d,i.f ferantíable ott M uncl conca,uä uith resltäctl,o B. Tha,n

ir.rf in (P) ) sup in (S).

Tlrc Ttroo;f is given in l4l.
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4. Forrnulation of tlic dual of the tlual. Let llI be a nonempúy open
set in C",I:et ¡S c C* antl I' c C" both be closed couvex cones. Int f :

M -> C and g : XI --+ C'o bolli be úifft renti¿tbie on M. It follows l,hat the
functions n' : ll[ x C"' --, (i alLd. G : ]lI x Cn' -, C,, ctefincd by

l(ø, u) : - l@) Í (s(z), u) *
'(7) * (2, y"lþ) * Vzl@) - y,s(z)u -

- V ¿g(ø) ú), fol all (2, u) e M y C"',

{8) G(z, tt) : V "l@) t Vzf(z) - V,g(z) nt, - t¿g(ø),ä, for
all (ø,u)eMx0"i,

*re'differentiable on LI x C". flhen, the problern (D) can be u'r'itten as

(9) -inf Iìe n'þ, u) subject to (ø, u,) e l,I x C"', G(2, u) e 7Ë, rr, e rS*,

and,hence,"the clual of (D), that is, the clual of the dùal of (P), may
be formecl. Iro[owing the process'which yieltlect the ctual (6) of (P), we
,ot¡tain the clual of (9) in the fofm

inf Rel-7(z,w) -f (G(z,u),1) f (ø, s)l
subject to
(zrntrt,s)e M X C," X Cß v Ctft
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(
t

u
,t)

1t.- V z(g(z), ø) :Û

r(10) V ç,u¡7'(ø, u) -¡ V ¡;*¡tr'(s, u) - Y ¿,¡(G(2, n)r tt) t
s

- V,", (G(2, tr,), 
", (J ) 

: t

teT, seS,

because (?* X S*)*: ?'** X rS**: I'X ,8,

Xf g: (gr, ..,,9,,,) and, tt,: (wr, ...,x{,r), then problern (10) can lle
w,ritten in the form

inf Iìe ll@) - (g(z), u,) - (V,f1z¡ -l V,/(p') -

- V"g(ø)t+ - Yzg(z)ii',ø - t) f (s, ø)l
subjecl, to
(2, tt, t, s) e -tJ'f x C''' x C' x C*

(11) Lvz"l@) -'. v?rf@\ - tt' v"*g(ø¡ -
- u,I{ y?¡s(z))(ã - 1¡ t- ¡r/;,¡çz) + v2,:f(z) -
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4t

il, __--_ ll|'LLrY7, g(r) : A u,, i"-.gr(à), urf{.¡g{i): *u1 t,..-,--!,.%(r),
.1- r í, ,t,

u¡u'v?, g(¿) : 5.).n,,v?,g,,(à¡, r/"¡z sk) : yi t,,y..,.,,1r¡,
À .- I i'':,

for all (2,,,u,) e JI x 0,,.
. Soir'ìng Lhe secolrl.l:9t of. ec¡uaJitios in (11)ful, s ancr iriir;s1,ií¡-Ljrig ¡risresult fol s thi'oughoni, (J1) ¡-iclcis ilre Íomr,:

If the mal,l'jx (Ðt',1,- Ð; ls nons)ngular, 1,ìren -ihe c.luai crf tlte clnal isetltrivalent to pr,ìnral 1,r,u[,i.r,J-" 
"'u

Il,em,arh 2. Tf fot, ÀD¡r 1¡ e C,,,, the sy.rter¡

fvTîGl -l v?uÍþ) -- tt, =,,,ï,tA) - ?t,,.i:o!þ)l (" _ l) +
-l-l:ir.fø+ ,vi"/.e) _ t,.ifii¡_,r,t:,s(.)l(e: Í) :0

(z,t)eJÍy;!,,

lå'lt'',-.,3',l,'f11]ïï';,J't.;i."i .1, ,iïir,;.e rrn¿rr r-rr r¡r,c r1,rirr, j.c. (Ð'?)i is

lr'leilL ,'i.i^ :rol .líirins ,,1 ;': illr; i ¡-'¡'r,-
let .,, s,i)ic .,jl rìu¡¡l _¡.ri,oi.;là;.,i tD) ãnd
-, Û iclls

l¡r'clr '(Ð2)' 
Let q) : i;)< ('j'^Y" -u

<Þ(z, tt,, r) : i(t) - <il 
" Í(")-i 

-r," 
,i'(ø), c - f) t'cr alt (;, u,, t) = ,it ;1 g,,,r,

-L''iO i.úilr¡11'lirtl.ilteur,r.iu i,i rllr;,tUll.Cliii i,¡ iitl,irL,crtr t.
.)iìì
(-lr. c(' tÌ ollrtl, (:()n t:olr s ¡= (rt
ice :o:! : JI *: ()! ¡¡ ' '"'i;*
h,a .;, t.tt t¡, I : -t ;(. le¡¡_
tu,í, liio (i : ,l[ ;i g,, 1.t.,; i,S¡

(t.?) ì 
s,r1,, in (1)) < rrl i;r i L-,2).

ilr.,or,,l-rt.tiL¿iÍ, 
rr.'ii-r'¡i'rl.'l l,lre inti irr:t i¡i li_r) .'ii ,il 2) iit g,i r,r.' iri iir.r, 1i.ìJtrvilg

fillr¡tolto_rl ,l. [.r.i .lN (), lt,, t: ¡t,_,¡,,)r,tJ:' ,]rÌn t,,,t ..t,,,; ii.í1. _tcl rÇ c:

(llj) ;n|,rir (Dz) < 1ir1 l (ì.).

.'.1'r'itl'. \'t;o rÌ is,r.i:.it;u-ilrì. l' ¡l: t, c:ìsc,. .

, . , ì \ 
ii) ii'ho pr iilrai pi;titll,, ,,, ì,, - ,,,, ti.¿Lsil.rjctIn 1P) =- I c,¡ :¡ilr.i_ hetr,e i-

(1,1) j;rl jl (t): ) ,, iiir irr (J,).

- ,"'J!us(,)l (ä -- ¿l - iV?Jl¿ _i v?" llz) _

tt\) - L'7,:j(.:¿)l:|(¿ *- ¿) -.- l-,¡g(,;)lt' (ø -- l¡ e g
l,e'1'.
-[?ett¿ct¡'],:1. rf lrIoì;rcrn .(r-) r:i i¡ q,Lilriratic pro¡ii,ar-rrurilg lrrorrlenr incorr¡l,lcr. sj Ì:r( (r ( f t iic ioli,ii.viiì,,1 t,n,l',,' 

'

irf lìe J'(.,2) == (.1 i2);trÐ:.: ',- (ci, :.)
sttìJ i¿s[ ¡,,,'| 

l

gi¿) ::42-),, IJ|J- c¿S 
t

--ut-e -L q

wltet,e f) e CDxn is ìleurLili:ln: ¡l .. (J,,. 1 .!-, I) _ ç,,,,^, i ce C,,, e,,nd B c û/¿anrl ? ç c''both- a'e erosed co;rre. co'ci, '¡rren ùe duar o:r the duar, i.e.(-D2), ìs

inf Re l(712)tlt D; ', (il:Ð(t ._ r)H(Ð!.__ jJ)" _l (i:, d,)l
¡ubjcr:l 1u(l),+Ð)e- t) =0
,+t+I3i.,l-ce,S'
te T.

Since r'0 e -ï. ii lollorr;r rJ: t. (:, tt, i\ == q:.c. (,ì, .:0) irr e, le:r,sible ¡roluli'tr for
11ä' 

ori tlrt¡ oihor'luriirì,- i¡."'..i,'1f,,,' ':o): lì'"'.d;iii1:ììì,,t, .ouro,artì¿rs

¡rci' ,1. .: iJ. ii-ltcl irf
'enf r,\ itì'O\ Cd,
eiì trì /ìl)' iirtl' ; rtoJ,r1.i<l'

l

ii

i

I
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Proof' rn the conditions of tjreorcn r\¡e har.e inf in (Dr) :
- Fg Q.(20,_uc, {'l 

= 
Fnlfl øo) - &)fãl l- Vz,f(zo), zo - to)f > 7?"e f(to) >

^Ì,iîl in (P),.rvhich, in:vierv of theôrern s, sriòrvl tirab ro'i,s ," oi,ìirir"i
solutron ol pr'ìmrl pr.oblem (P) and ß,e /(tD) : Re rÞ(zo,ui,to).

REITIììììI]NCì]iSi

titr¡¡ itt t:ont¡;leJ: spa(c: strl'Iicicni co]tdiliorti entl
11,619 632

inetlLtüliL¡es ott Iinilc tlittt¿nsiotLaI, rea! or c¿ttn_
r. ¡\nal. i\ppt., 9Z(1U69; :, LtOZ---lrúO

'itt itt ¡tottlit¡cur prorlrututritt¡¡ irt contpÍc.t. spacc
cltLc ol la ilréolicr tìo l,a1t¡l.oxirrratìorr, g(1gg0)

4. Dncâ, D. f ., ìIa
of Cluj-Napoca, Cl 

e'I" s?ace' L)octolll thcsis' UrriYcrsity

5. f) u.-c a , l). I., Lual ín con?;Ict: s¡tttce. Cortuerse llteorctnsL,r\nalysc nuurór,iq on, r3 (i9s4) i,tn_z.z'6' U n g c r' , P' S' allil- tlíes ol"lhc díruL of tttc r]ual ìn ¡tonlitrcar
ltrogtarntnírry, (l¿rhicr.s du Ct.I:ì.1ì.O., l4(79i2) S, 16U_176

lìccciyecl 1.\Il.-1989 U tùuersily of Llr1i-Napocu
ItactLlly oj lVlctthenrutics,

3,100 Oluj -Napocr)
Ilon¡ît¡tin
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(zid) ltre Ðrimal probiem (p) is consistent ând inf in (p) : _-oo.Let (ae)r,e^ be a seq*enõe oI fe¿¡sìbÍe sol*tiìri "i;,orrl";lp¡, sucrr that

'liå 
nu 'f(2") : - *'

Since for each /ce rY,. _rve h¿ìr.e ::N e flI , g(.J,) e ¡S. 0 e I,, iL follows that
irT""åitårl 

@,u,,t): (zþ,0, s') is a, fe.i,si"¡'ru'Àoiotioi iå" ir"outu,,, (D¡,

lim A,t O(a¡,,0, .8,.) : lim Re f(zt)=: - oo.**+æ ¡rr++æ

r\ow, if we a,ssume that (r4) rrolds, a contratliction arises. tlence ineclua-lity (18) trotds.

, ^* ,^\,io) 
The primal PloþIe1¡¡ (P) is cor-rsi"rtent but has no olitimal solution.r,€r (2')¿E1r De a' sequencc of fe¿ùsible solution of ploblem (Þ) sLrch that

linr Re/(:¡,) : int in (p) ) _ co.
,tt+ l_æ

Since for each heÀ-,_x.e har.e { e nf , g(d') eiS, 0 e ?, it foliows flratthe point (ø,*,t): (21,0, ør) is a teasibîò sol*tio. toJ, 
'roblenr 

(Dà).Horeor.'er

Iim Ile O(?r', 0, zt) : lim Re /(a¡,)

T9y,ir'ï:g..,j*1",1;ìiî,.n, ìrotls,,1r",, -;;;rrarticrion rì,r.ises, he^ce i'e-quality (18) hotcls.

,'::,"i:f,:;r. "1,:i f,* ií*_,"å {,f"f,oî,
en real, pctl't üÍùd, g I M --, C* l¡e tw,i,ce
ith, resptectto S suclt thatl : M y C,,, --
art u,ntl, G : I,I x C,,, --, C" ctef ined, by

sup in (D) o' inf in (Dz) < inf in (p).
Proof, ;lppl¡, flreolems 2 ancl B.

q1 - !; ' l¡e a et and, let B c C*,r L clo ona.s. d, g t M --, C," ltotlt,
be tu¡ io,b (ø0, tt, sõlu,t,it¡n of problem(D'), ble rímnL

(15) nc <VJG'I + V. l¿o) ¿0, _ ro) < 6,

th,en ø0 i,s cr,n optirnal, solttt.icnt, of prim,øt problern (p) ønd,

(16). Re./(øo) : I-ie <Þ(zo, u,o, to).

Proof. fn vierv of theorem B and flom (15) rve have inf in (p) <
< Fg,{(r'l_<-ll,ej,flao).- (Vjtl F Vfiao¡, Bo - fo).1 : Jìc <ft(øo,u,o1'to):

=¡"f 
in (D') ( inf in (P),- rìenr'c ,"o is riiì olrrirnii sol'riorioi 1ri.olíu-(I') and (10) holtls.


