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".1.,r-rti.ìì.lt''pcr' 
[1], a cl¿rss of itcr¿r,tive ntctìrorls lol soh.ing flre operator,ial

(1) , Ì,çr¡ :6
is given, nr.hele P : ,Y --+ 'r iir ¿ì cotìti
I¡r3chã;, *;;;. 

r ; ¿- + /! tii ¿ì colìl,lltuous lrorlineat, oller¿r,toi', _{ being
'1'ltc g''ll of ihis plPeI'is tlro il¡r¡ii'or.'iLrg of i lrc ralrir-ìit.t.o.[ corir i]rgurìcoof this mcrrrc¡ri. F.r' t!ris-pi,,,,,o*", *q*tioì,-1i j i,;ùr'rrä'iìii,4 r",,

(1') -p(r) :- ¡p - -Il'(a-) : 8

anci rye con¡icler,il-re nreilrocl gir-en b"_v i;he algoriilrm
(2) c¿*1 : frtr - 11 u],(r,) -- A r( f -,- ctR,,)-LR,,7?(r,)
where r¿' e [R. A - : ['rn, !L,i itl-' is the iru,else of the fi'st orcir,r,¡].i¡.i'e¡lcììfl'ei,eru.c of opc:rr1or.'¡,,,i',,1,],,,,i;;;;; ,,,,'.f i;tï,1'åi,,""

Rr.:-Ifr,,, ,¿t 
L,, L)n; -P] 

^ 
,,P(urr) A ,,.

Iraving D, : l(ur), lnr, Q.rnr,t)n; p] is tire seconcl or:del dividcc{ differencepl-t the invelse of i,he first ordel
cles ,Ltr,, tsn, I. Lteing 1,he jrlelltjcai

"': 
"u 

), tí.1 j,l 
lii,n ï3-'åî;:ì Jiåï îii

- Tsnont,,:t. Stittlrosc -thø¿ u, t¿od, no,e X nncl th,e const,uni.s îo ) fr,,t 0, K2 L,^tt>'l'autt¡i > 0 ,*iiti,iott¿rn;
1. )l P(øo¡ l( < .no ; I

2, .for a,tvr¡ fr',, fr,,r r,,,, "o;r\,'e ñ(ao, r) thefottotuitt,g bottnd,ingt
(a) )l l,ø', n" 1 P1-r l( < B
(,lt) )l r',, u" i X.f l( < 1{ ;
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(c) )l u', fr", fr"' ; P l( < XI ;

(d) )l lø', t", fi"'; lr).1 - Lfr,,, fr,,,, øt';p]l( <
< lDl n'- nr'l(i

ltold,;

3. iloha q7 tohere

E3: {ll} * øl(r + ¿o) + 1l (1- ¡u,ln,¡¡}r(1_f l1_¡øllùol}/(1 _ lølho),*

al)hfilh, (2+k,)(\- alho)
BwrzK(l -lnl ft,0X1 - lûlhò,
ho : Rz MI( -r¡0, 

¡ a lho < I,
Lhen, i,tt, theba,tt B(co, r) uh,eter, : (I f ft).lo -f ltt f,, a,nt|

" 
: Bno+l!- (1- I "'lt¡ æ

t - Ii'^tt E'o(Dott,,)""-"

e lxas ira s, one.ctnil_onr'ry 
_ona sorutio_n, toh,icrt, is the tintit of thes ) senerated. by r,Igorithm, (2), tttí rapíd,iii o¡ ton.reiþriåub teiized by ttrc ineqåa,tí,ty

(3) )irr,, - ø* l( < (Eo'lto¡s"-r¡,.
Proof, \Me note that u,n, tsn e S(rn, r). Incleecì, from 1,he hypothesiswe gel;

)l ns-u,l (:)l æo - F(r) l)( : ) lp(ro)l( < ro < ,
)l *o - øo i (:)l ro - Ìt (us) l(:)¡ ,oa l(no) _ l.no, tr,o;1,f (ao __ Øo) l( <

< (ff +_ 1) no < r,.

-llasecl on conclitions 1 and 2 vre get

)l P(un¡ l(:) i uo - I1(u)l¡ -
:) l[ø0, uol; X,l (wo _ #o) l( < It nn;

) lp(,uo) I (:)l oo_ pØùl(:)l?(,r,ro)_?o) 
I ( <

< ) l[¿¿0, øo jFf I e¡uo __ aol ( ( /c, î0.
tr'rom conditions 1, 2 and B it aìso results

)¡anol( <lalh,o<1,
so the operator -ã: (1 -l aRò t exists and

)lHt( <- 1 
____-1"- 

| øl'ho'

ON'.IIIE CONVEIì,GENCE
4"Ì

rt res.lts lltt 1,-he. r,nl''oxinrate er, ctì,' be co.rputerl with i;hehelp of algorithm (2) ancl 1,hat"

)l*,-øol(< 
=4,0,- tl +( 1- lol)/¿rl< r7-lu,lho'

so øre B.
we show trat, for 

'oy t, concrìl,ions 1 - g of l,he theorem are satis-fiecl. fndeed, taking into aécouïiilie''torm.rla
P(nr): (I -f a,)e * øl?o¡*r RoÐop(co) _l lno, ÌLo, oo; FlAo,
t(/+ a&ò-r Rop(øo) - l.qo, 1t,o) Q)o; p l(ro- ¿ro)/r_, p(øo)l

^ 
o( I |-øRo¡-t tI _l_ (I _f a)Rol p(æò I Lnu n)¡1 lt,s,: ttr;pl

(nr-uo)@t-u,)(nr_%)
and 1,he evaluations

)l*r- øol(< nÚ)-(r- lalhol,
)l n, - r¿o l) < Tlr + (j _ k,l)hol,

)lr,- ro j( ? Lhoie+kr)(r_ la,lhò1,

where 7- 9no
7 - la, U 

rve set

)l P(æS I ( < (Ðobo), \o: îr ( îo
so aondition 1 is satisfiecl.

isfied.
into account
Illhl < Eoho.
ro e B(uo, r)

)l P(n,,¡ l( < tl,,)
(4);t )lp(u,)l (,< Kl,

)lP(r:,)l{ <K'4,,

)lxu*,- %l(ç--ë-?".,.- tl I (1 *Ial)t¿,1
1 -l al ito

(5) )l *n-,, - u,l, * __13-fo- tl + (1 _ l ol)n,,1I - l,ølh"
Bno)ln*,-rrnl(<

7 -l* Itn
Lk",+ (2 -t k?)(L - l øl to)^f

tvilth un, nsn e ñ(a¡, r) and

)l P(u,nrl( < (¿'" hn)" \n: tc+l

I -l- (1-
+-
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; ,. The Pu'pose of this papel is to establish some fund.amental flreoremsfor liiear integ'er ancr linôarì rational inequalities. r;-this p;Ë;"il;ilî
use the following symbols :

l[ : the set of natural numbers ; ly'* : ¡f \{O} ;Z : tbe set of integer nurnbers ; Z* : Z \{OÍ ;
Ç : the set of rational numbers ) e* :0\{O} ;
Q+ : the set of nonnegative ulS; 0T : 0*\i¡Ì. ,

- . _ 
I-,gt n'ù, n e fI. ny XÍn,,,(Z) et of m .X n matriceswhich elements are integer numbers ), th; *Lt of ,mxmm¿._

brices rvhich elements ãre;r,ational
ÎnnoRnlr l. Fm' any giaen matrin A e Mp*,,(Z), the systents

(r)

a,nd,

(II)

J
t

An Þ- O,

fr€7t"

a'u : oo

yeN'
poss¿ss solutions n0 and,yo søtisfying (At, oo> + gl ) 0, whet.eAT :Urn,.,.
' ' ''t øn).

._!roof. The proof is by induction on p. For p == 1r two cases atepossible : , 
l

. I.) Ar j -0,. Then ,ø0.: 0_o is. a solution of the system (I), llo 
.- |

a solution of the system (II)and. (A' d) * lA :0 + i"- 1 > 0.
2) At * On. Because .Al * 0,,, we have . (Ar, Ar) :,i o?,

Sincs A, 1 Z.',, wgg,et ünat m;:,-'{.is a solution àt tn" .V*tud1T),
- 0, a solution of the system (II) ãnd (A, d) * øî > ó.

therefore, tor p :1 the conclusion of'the theorem is true.

>0.
E!=

.t;
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Ilt-,,.1i tst-

It., -Bz )IIt .a,, ç { iøo tr"_r)g" - 
iroit results

(7) ¡,.,, < å (Doh,)s'
l!'o

?1,+r ( (Eo h,o)stt+1 -t "ro(8)
fi'e get, then

)lnr*, - r,,l( <
Brloll -l- (1 - I nDho

(Eoho¡s"-t
7 -lølho

ancl so

(9) ')l n,*n - #,,1 ( < B'r,o l1 -+_ (1-løliro .Þ
( lù oh o¡s" --t [, (D olr,)t" tsr 

"t -- t :.
L 

-1
1 - | allto

The spz-ice .l ì:eing complete, it 
'esults 'ra1, 

t;het,e exists

l'tf- fru : 6|N

r{ i. (o) *'e rur p --+ cc *'e ol¡taìu lrre i*cquatity (B). îhe facb thaL
:r(.;!: 

0 i'esrrits'flom (6), rrLi;inl'ü'tu o".nr"t (8i"i*î r¡c conrinujûv
To pro_ve the .'iqueness of c*, s,ppose th¡,b ilrere exists a sorutio'l I aÅ< of Urc cqrLrr,lJorì (L), so pg,ii¡ : $.

"tVe ]rave, then

)ln,- r, l(:)lln,,,tt; plTl:t:,,,L:;pl(fi,_rr) l( <
< B)lP(n,,)l (< B(øol¿o)."-rIo,

so iim 0u : i': r,¡nc-[ so ã; : n\'.
Rent,,rlt:' r. fire case of a rian¿ch space, an anarogous theorem hasbeen proved.Þl'-G, Golclner !3], 

-Irr 
ttiis ãase, er.¿l,luations er.en for the thirclortler of itir'ìded clifferences of p are clcrnandecl.
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