MATHEMATILA — REVUE ID’ANALYSE NUMERIQUE i
ET DE THLORIE DE CAPPTIONIMATION '

LANALYSE NUMERIQUE 8T LA THEORIE DE }L’APE’ﬁ!ﬁﬁﬁﬁmﬂﬂ'ﬁ'@ﬁf,
Tome 19, N° 1. 1996, B, A5 —48 ' ;

ON THE CONVERGENCE OF A CLASS
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In paper [1], a class of iterative methods for solving the. operatorial
equation '

(1) A j P(z) =0

is given, where P: X - X it a continuous nonlinear operator, X bheing
Fréchet space. : : ‘ ' : : o

"The goal of this paper is the Improving of the rapidity of convergence
of this method. For this purpose, equation (1) will be written =N

(17 Py = o — F(w) = 8
and we consider the method given by the algorithm

(2) 9;I!--Ll e ‘?‘7;; I ok /\ n‘P(mn) iyl /\71([ ﬁi_ aRn)—an-z)(mn)

where a e R, A = [, u, ; P]-1is the inverse of the first order divided

difference of operator £ in the node @, u, — F(z) and
p w7 n 0

Rn: [‘ ‘) /u'n.? Dy 5 P] A nP(“n) A [

having v, = #(u,), (@ 1, v, ;5 Plis the second order divided difference
of P in nodes ,, u,, Yoy Ap=[%,, v,, £]-* the inverse of the first order
divided difference of operator P in nodes U Vs L Dbeing the ideptical
operator of the space, - ,

In what follows, we shall denote by ) |x ,.( the quasinom: of an ele-
ment @ of space Xy defined by & distance d invariant to translation. i.e.
)| #l( = d(a, 0)[2] '

THRORTM. Su_;bpose that nod zoc X and the constants Ny > 1,
B>0, K> 1,M>0and ¥ > 0 ewists, sothat : QUi

L) Plaog) I < g5 i '

2. forany oy ', 5", 2V e §( Ty, 1) the following boundings
(@) ) [# 2"; PI|(< B

(b) Yo', a3 P) (< K
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o

ey o'y, ", 2" P < M ;
(d) ) &'y " 25 P)) — [&7, 2, o™ 5 P1)¢ <
<N o — o,
hold ;
3. Hoh, <1 where
B = {1+ a1+ k) +111—a lho)+% (1 1t-a by} /(1 — | @ |Rg)2-
LN A (A — | e D)RfTR 4 (2 + B2 (1 — | alky)
BMAH(1 — | alho)(1 — | a|hg)?
hg = B MK 7, |alh, < 1,
then, tn the ball S(xy, 7) where r — (L R)ny - K2 L, and
+ (L —]ah, & Byt
1 ——l(lllho ngo( 01]0) ?

equation (1) has in S one and only one solution, which 18 the limit of the
sequence (x,) generated by algorithm (2), the rapidity of convergence
being characterized by the equality

(3) )w, — o |( < (Boho)" 1L,

Proof. We note that w,, v, € 8(%g, 7). Indeed, from the hypothesis
we gel

1

N @o—teo | (=) | 2y — F(we) ) = ) [P(@e) ) < 1y < »
)| @0 — 00 [ (=) B9 — 2(uy) |(=)] w4 B(m) — [, 1, 3] (20 — wo) If <

< (I - D)ny < 7

Based on conditions 1 and 2 we get
) Plaa) | (=) g — Blug) h =
=) [0 %15 B (g — @) [( < K g5
YPo)| (=)] vo— F(w) [ =)} Pug)—Fy) | ( <
< ) [q Vo5 FT](.)] ug — P9} ( < K2,

From conditions 1, 2 and 3 it also results

) eR, | ( < |ath, < 1

so the operator H = (I + aR,)-! exists and

1
YIH | ( S*l'_lal:,ko.

e
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It results that the approximate &, can be computed with the
help of algorithm (2) and that

Bos 0% A Gk -

Ty — 2y |( < g
)| @y — @, |( —-,

50 @, € 8.
We show that, for any x, conditions 1 — 3 of the theorem are satis-
tied. Indeed, taking into account the formula

P(x) = (1 + a)(I + aRy) RyRoP(x,) + (@0, %oy 55 PIA,
[(I 4 aR,)1 RBoP(x,) — [#gy tegy vg3; P | (@ — vg) A 1 Plug)]
Aol I —++aRy)[I + (1 + @) By ] P(w,) - [@,, a,, gy Vg3 L]
(@1 — )@ — uo)(2, — %)
and the evaluations
N @ — @ l(< P[LA (11— |a|h],
)| & — upl) < TI1 - (1 — Jal)hy] )
) |y — v, | < T [hy (2 + B2 (1 — |alhy)],
B Mg
1—|a|h,
N B(2) | (< (Hoho)2 mg = 7, < Mo

so condition 1 is satisfied.

Conditions 2 are, obviously, satisfied.

Condition 3 is verified setting h;, = BMK v, and taking into account
that hy < B2MK 4y = hy, and it results B, < E, and FE)h, < Bgh,.

Using the induction, we show that any approximation w, € S(x,, )
can be built with the help of (2) and we get

) P(@,) (< m,)

where T = we get

(4): | VIP(w,) | (< K, o
N Plo,) | ( < K2,
& Bn,,___ o G :
), X11+1 L ,( < 1 _’ al: h,, [1 _ll (1 ‘ a ")hﬂ]
iy o gy g BN L e ,
(5): N @y = w, (< 1 L [T+ @ —alk,]
B,

) , wh+1 i '015 ,< <

T:W [P 4 (2 -+ B — |a] k)]

with u,, v, € S(@y, 7)and
N P(@yq I < (B, by)? ny =
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Bebanse [ :
T =BHE 4, < %; (Ey To_y)?
it results
(7) . ok, < é—o (B ohy )"
(8) Nosy < (Hy By -1,

We get, then

)

,B“/)O[l ‘l" (1 = l a ')750 (tho)sﬂ_.l

mn+1 — &, l( < T T

_'a,

=

0
and so

By [1 (1 —| a!]zg

9 ) Tysp — CL‘” <
RS ¢ 1—|alh,

»
Boho)™1 §7 (Bylhg)?' 1,
k=1

The space X being complete, it results that there exists

lim @, = #*

I in (9) we put p - co we obtain the inequality (3). The fact that
P(z*)y = 0 results from (6), taking into account (8) and the continuity
of P.

y To prove the uniqueness of w*, suppose that there exists a solution
* # @™ of the equation (1), so P(r) =38, ;

We have, then .
Mzw = @ (=) [#0,@ ; L7 (@ 5P (@ sl @) 111
< B[ P(@,)] (< BHho V" ~14,

s0 lim @, = & and so & —= %,

Bemark. T the case of a Banach space, an analogous theorem has
been proved by G. Goldner [3]. In this case, evaluations even for the third
order of divided differences of P are demanded.
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