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; ,. The Pu'pose of this papel is to establish some fund.amental flreoremsfor liiear integ'er ancr linôarì rational inequalities. r;-this p;Ë;"il;ilî
use the following symbols :

l[ : the set of natural numbers ; ly'* : ¡f \{O} ;Z : tbe set of integer nurnbers ; Z* : Z \{OÍ ;
Ç : the set of rational numbers ) e* :0\{O} ;
Q+ : the set of nonnegative ulS; 0T : 0*\i¡Ì. ,

- . _ 
I-,gt n'ù, n e fI. ny XÍn,,,(Z) et of m .X n matriceswhich elements are integer numbers ), th; *Lt of ,mxmm¿._

brices rvhich elements ãre;r,ational
ÎnnoRnlr l. Fm' any giaen matrin A e Mp*,,(Z), the systents

(r)

a,nd,

(II)

J
t

An Þ- O,

fr€7t"

a'u : oo

yeN'
poss¿ss solutions n0 and,yo søtisfying (At, oo> + gl ) 0, whet.eAT :Urn,.,.
' ' ''t øn).

._!roof. The proof is by induction on p. For p == 1r two cases atepossible : , 
l

. I.) Ar j -0,. Then ,ø0.: 0_o is. a solution of the system (I), llo 
.- |

a solution of the system (II)and. (A' d) * lA :0 + i"- 1 > 0.
2) At * On. Because .Al * 0,,, we have . (Ar, Ar) :,i o?,

Sincs A, 1 Z.',, wgg,et ünat m;:,-'{.is a solution àt tn" .V*tud1T),
- 0, a solution of the system (II) ãnd (A, d) * øî > ó.

therefore, tor p :1 the conclusion of'the theorem is true.
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.t;

,18 SEVER GROZE
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Ilt-,,.1i tst-

It., -Bz )IIt .a,, ç { iøo tr"_r)g" - 
iroit results

(7) ¡,.,, < å (Doh,)s'
l!'o

?1,+r ( (Eo h,o)stt+1 -t "ro(8)
fi'e get, then

)lnr*, - r,,l( <
Brloll -l- (1 - I nDho

(Eoho¡s"-t
7 -lølho

ancl so

(9) ')l n,*n - #,,1 ( < B'r,o l1 -+_ (1-løliro .Þ
( lù oh o¡s" --t [, (D olr,)t" tsr 

"t -- t :.
L 

-1
1 - | allto

The spz-ice .l ì:eing complete, it 
'esults 'ra1, 

t;het,e exists

l'tf- fru : 6|N

r{ i. (o) *'e rur p --+ cc *'e ol¡taìu lrre i*cquatity (B). îhe facb thaL
:r(.;!: 

0 i'esrrits'flom (6), rrLi;inl'ü'tu o".nr"t (8i"i*î r¡c conrinujûv
To pro_ve the .'iqueness of c*, s,ppose th¡,b ilrere exists a sorutio'l I aÅ< of Urc cqrLrr,lJorì (L), so pg,ii¡ : $.

"tVe ]rave, then

)ln,- r, l(:)lln,,,tt; plTl:t:,,,L:;pl(fi,_rr) l( <
< B)lP(n,,)l (< B(øol¿o)."-rIo,

so iim 0u : i': r,¡nc-[ so ã; : n\'.
Rent,,rlt:' r. fire case of a rian¿ch space, an anarogous theorem hasbeen proved.Þl'-G, Golclner !3], 

-Irr 
ttiis ãase, er.¿l,luations er.en for the thirclortler of itir'ìded clifferences of p are clcrnandecl.
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*"l"äo;_ri *r,nn*r, a).u0. Because f e -rV*, n € 2,,, A,,*t e Zn and no e 2,,,

(12) u) e 2,,.

We have

(13 )

and

(At'+t¡ u) : t(Ap+t¡ a) I (Ar.r, D)(A.r*r, fio) : (Ap+tt,u)(l-f) :g

(At,u): t(A¡, a) | (Ar.+t, ø)(At, fro): t(A¡, a) i qi(Ar*r, t:)
From (5) rve ger ,4, :-l t, -9A,.r(j- 1, . ..,n).tt"

Tfence

(14.) (A¡, w)- ,(+ B¡, u) - tT (a,n'D> + qr<ap*t, D):4,8¡,o)
forall j:I, ...,rt
tr'rorn (14) and (JB) it results lLat

(15) Ã* :l Á* I
L (r1,,-, ,, u) J: [-'#] 2 or,,

tr'inally, from (14) ancl (g) we have
(16) (Ãr, w) I u, - (Bt, a) f z, )0.
Rclation,s (19ì, !]t), (I2), (1b) anrì (16) state l,he theorern for, ,4-.trlKeWlS€ \ve CAn l)roÌe :

'Irrnonn,rr 1'.I,rot,anu gi,Den nznttin A e J[pr,,(e), tl.tc sr¡stem

Àu)0,,
û€8u

at !/ : 0,,

lt €Q'
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I

possess solutions ø0 and 370 satisfying (1r, ao> )_ U? ) O, r.vhere AT :: (&n, . ' .t en).

'Irrnonnu 2. Ior^a,y_gitsett, nzatrir 
,A 5 M1,,r,(Z) the srlstents (I) and,(II) possess solutions ro øñd,þo satisfying À*i I'ii'i'0;"" "

Proo.f. rn rheo'em 1 the ron' zI , prayed a special 
'ole. By renum-bering the rows of A, any.other row, *v -ri, """"pffiit'å *ànr" rore. rlence,by thcorcm I, fo' all i e- {l ) . . .) 4' thär,e exist'ø¿ ë i; 

""d^"U,; 
¡f;;;;ith.at

(17) A*' à an, At'y, :0,,, A1frÍ 1- yi> a.

(r')

and

(II)'

J
I
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(1)

(2)

(3)

*")>
(Au

4)

tve have

(5)

Let

Now assurne that the theorem is true for a rnatr ix A of 7t ïo1vsand proceecl to prove it for a matrix

a1

Ap

Ar*,

LIANA LUPSA

A_

Ano) 0o,

aollo : oo,

(A'N)*yî>o
l" ; \A,*r, *i> z Qor (/.r.u ?o)(0. I1 <ap+r,
Y: , h"u,g Ano>- 0o, ù é ño*t,' Ãg :0,' ;;äsfates the conclusion of the theól,em 'tor Ã.0. Then taking

t

1,.,f

of P +1 roì\'ß, tvhere A¡ : (%t¡,.., a¿,)re?n for all ig {f, ...rp * lIBy applying the theorem bo'Å','*" irr..u ûo e Zn, lJo e Ne satisfying

t - - (Ae*1, üo), Çt: (A¡, no) (j: I, ...r?),

f elI* ancl g¡eìI (i:1, ...r?).

(6) o:lu.',. I : \',o,.:.aÁon I

t ;; J L,o, + qoA,*,]
For all j e {1 , . , ., p} rve have
(7) (B¡, uo) : qt$ )- q¡Ao*t, no) - tqt {I¡t:0.
B¡' applying the theorern to B, we get a:(ar, ..., on) e 2,,, LL: (,trtt. . ., %n), u e Np sat,isfying :

(8) Ba ) oo, BrrL : }nt Bra * ø, ) 0.
Let

(9) û,:(tu,g&t-1...+ epuo).
Because te N8, e¡ e N (i = 1, ...,?) and ø e-tr[2, rvehave
(10) e, ç f{r+t
and

A1't1-¿4r w { A!*,
þ

l, Q'ut.
j:1

'Ihen
(11). Ã,û,:B"qL-0,.
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PROPÉRTIES OF' BOUNDI}D CONVDX STìQUÐNCES
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Abslract. Sornc propertics of the boundetl coìrvex sequences ol orclcl nt ) 2 a,*e considercd
in this paper'. As it is shorvu, these properties are in clirect connection n'ith the convergence
of a ccltain class oi series,

1. Introduction. When studying convergence conditions, summabi-
lil,y and other properties of series the knowledge of sequence properties
js of a decisive importance. Due to their specific nâture, different õIasses
of sequences, for example classes of ltounded convprgent, convex, star-
shaped and. other sequences (see for exarnple t1l - [16]) are stutlied.
haldly. fn this paper some properties of bounded conrrex sequences rvith
oïd"er of convexity m(> 2) and their relation with a certa,in class of real
series is consid.ered.

L¡et us first introtluce some nrtation and definitions. T)enote by
,S," tlre class of real sequences (ø,), n e No, rvith 1,he follorving propertie^s

(1.1) Mr{a S Jf' n:0,1,... (M' Mr:const.),
and
(r.2)
where

lt'a,,r2- 0, r : 2¡ . . ,) n'ù (nt ) 2); n: Or7,

V'ctr,: (-I)tLran, (L,ao: &n+t - &nt L,a,n: A(A'-1ø,,)).

Let (s),:s(sf 1) ...(s*p-1) anrl VT,: n+r
't'

for each p -
:Ir2¡
knorvn

....r,s _.0, 1, ...¡ rx: 0, 1, ... We shall also cluote some results,
in the litelature rvhich are in relation to those obtainecl in this

paper.
tr'ol sequences belonging to S, class, the following resull, is pror-ecl in

paper [13 ] :

Trrnor¡nm A.. 'Ilta se{luence (ao), tt, e No, helongs to B" class i.f and,
onl1tr if there is & sequence (b), n, e No, such, tltat

1'

{t- \("-k+7)bt,,
À:0

btÞo fork)2,

tr, ) 0,
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Consider fro : c)r
h^ve no e Z" and

+
EO

'..lnn ancl yo:U7+..,
€ À7". tr'rom (17) we obtain

.. + An, à Oo, AUo : Ay, I

f y1'. Obviously, 'we

(18) Ano: An' i I Ay": 0,,,

tr'orall ie{I, , ?) rve have (Ar, #o) + y!:(A,, r,)I yi*É (rr, frr> +
li-l

þ* L u!2 (a,, n'> -l lti >0. rlence
hti

þ+,

(19) Ano*1/ot1,.
As ø0 e 2", lf e 1y'2, relations (18)and (1g)show ürat r0 is a solution

of the_system (I), y0 a solution of 1,he system (II), and A*o + Eo> O.
L,ikewise we ca,n prove:
Tnnonnu 2' lor -any gioe+a mutri,r A e fuIpr,(Q), the system (I,) and,(II') possess sohttion no ancl uo sa;tisfying Auo * yo ) 0o.
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