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Abstraet. Some propertics of the bounded convex sequences of order m 2= 2 are considered
in this paper. As it is shown, these properties are in direct connection with lhe convergence
of a certain class of series.

1. Introduction. When studying convergence conditions, summabi-
lity and other properties of series the knowledge of sequence properties
is of a 'decisive importance. Due to their specifi¢c nature, different classes
of sequences, for example classes of bounded convergent, convex, star-
shaped and other sequences (see for example [1] — [16]) are studied
hardly. In this paper some properties of bounded convex sequences with
order of convexity m(z 2) and their relation with a certain class of real
series ' iy considered. - '

Let us first introduce some notation and definitions. Denote by
S, the class of real sequences (a,), n € N, with the following properties

(1.1) My, sa £ M, n=0,1,...(My, M, = const.),
and &
(1.2) Via,z 0, r=2,....,mmz2); n=0,1,... '
where ' YR '

Uity = (—1) "N, (80, = 0,y — a,, N, = A(A™1a,)).

Let (8),=8(s4+1)...(s4+p —1) and V= (" T for each ‘p ==
»

=12 ...,8=0,1, ..., =0,1, ... We shall also quote some results,

known in the literature which are in relation to those obtained in this

paper.

For sequences belonging to 8, class, the following result is proved in
paper [13]:

THEOREM A. The sequence (a,), n e N,, belongs to S, class if and
only if there s a sequence (b,), n € Ny, such that

¢, =% (w—-k+1)b,y, nzo,
£=0

by >0  for k= 2,
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»
¥ b =0, n-co,
k==0 d

0

B+ 1)bey, 1< -+ oo,

£=0

EThe following results can be found$ for example in the

THEOREM B. Let the sequence (IE&) nelN satisfy Iziig-é ol 4
perties : lim o, — 0  and Via, =2 0 }‘o;- W :0[,), 1, ﬁ{ Tk]lo?il.ov

N=200

lim 2vVe, =0 ang Y (n1)Via, = g‘ Ve, = q ,

7
e =0 21-=0

_ e | ARG NOOE
TukoREM €. Fop any conrvergent series Y @ we hbve g
i it ."I:j: 9

n=]

the sense of Cesiro.
The following resu_lt is given in monograph [3]:" hoainf

THEOREM D.. [ f @ sequence (), m e N, belongs to S, élass, tben p

(a) the sequence (@,)y nelNy s decreasing ;
(b) lim ava, —=lg; *\ [ f birg

Hinsbion / (U S SURRTTER |
-

| (4} SRLAS f Koo [ 3 / r P [
(c) the series Y1)V, s o convergent one and iis rs“;'( Ol

L ) { n=0 | l L
a4y — lim a,, ' e
=00

2. Main results. Before presenting the main results of this papery
shall prove several lemmas giving specific properties of the sequences

belonging to 8. class.

|
¥ . ) = |
LEmya 1. If o sequence (a,), n e N, belongs to S,,(m > 2) clas;s;

the followi@gl inequality

1 ' !

@D 0S Via < (M~ My 2n g, a0

1 - ’ 1 (-frsed ),
holds for p — 1, iy .I, m, — 1. : P R e | s

Proofl. As V'a, = 0, for r — 2, ..., m the inequality ] :
l. s o r_ i I‘I I
(Z'-._\l)) _ . v la, z V'la,,, (n=0,1,...). .
¥ 3] - ! P oo

is valid. According to Theorem D we conclude that the folloii’fiﬂ[ﬁ‘y it
cation !
(2.3) (@) e8,= v a, 20
holds.

ot
<
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As (@), ne N, belongs to 8, class V'a, 2 0 holds for r =2, ..., m,
then, taking into account (2.3), we prove the left inequality in (2.1).
The right side of the inequality (2.1) shal be proved by means of mathema-
tical induction. For » — 1 we have S

(M, — Mo)V}= (M, — Myn 4 1) —

= Mi(n -+ 1) — Myn +1) = é ty — ]lfz(;z + 1) =
k=0
Ry i Y t 1 " ]
ey E( f “F 1)vak -!_ (n ‘|‘ 1) “IL‘FI_“ J|12(" ¥|—' 1) 2 vanz (k 7i_ J—):: Vﬁ%v%n
k=0 = )

k=0

i.e.

1
L"_

P
‘[711

0 § v an §(]lll - ZIIZ)

Let us suppose that (2.1) is valid for some 7 — pASpEm— 2), i.e,

7
(2-4) O § vpa'n'§ (‘Z}IJ % JIIZ) %,;7; .

i ‘' }f ) | §
According to equalityz Vi="V§" and the inductive assumption (2.4)
i=0 !

we have

K n
(M — M)Vt = (M, — My) Y Vi 2 Y Virvre, =
| k=0 k=0 Has
I n
T p2pl i 1571 - pt2
T Vkp v1)+1al? *|A [7%p+ vpa"m-l 2, V.2 H%L ‘V%p 27
k=0

P+l
V™iie, = (M, — ]l[o)~z’3~
n = 1 2 T2pts )

n

Which had to be proved.
Using Abel’s lemma we directly obtain the following result :

LuvmA 2. For each sequence of real numbers (a,), n e Ny, the equa-

Lity, i

IR " nlp1 ! 0
R T R )
k=1 £=0 £

holds, where p < n.
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LEMMA 3. Let the sequence (@,); n € Ny, belong to the class Sa(m = 2).
Then, equalities ! '

(2.6) Lm' Vi_, Va,_, — 0,
e e o)
Jfor k=1, coom — 1, ond
(2.7) lim Vitt V™, = a, — lim a,
n=300 k=0 n—co
hold.

Proof. For m = 2 Lemma 3 is proved in Theorem A (i.e. Theorem
D). Assume that Lemma 3 holds for % — 1, ..., m —'2. According to
Lemma 2 we have :

m—2 H—int1
k : 1—2 7 m—1
ty, = Qp — Z me,-V““,rk - 2 V;: \Vad A,y
k=1

k=0
and by the inductive assumptbion

lim VE_,Vta,_, = 0

nH—00

(2]
for k= 1,...,m—2. On this basis, we conclude that the seriesz Vit ym-1g,
k=0
IS a convergent one. According to Theorem C we obtain a sequence
(nVy-2v"1a,), i.e. (V2-lv™la,) which tends to zero in Cesaro sense.
In other words the equality

n—1 m—1 - V;;i—l m—1 n
(2.8) lim V" o VTV
n-rc0 w4+ 1

:0,

holds. Let us prove that the sequence (V3'"'v™-1a.) tends toward zero.
Assume that it is not true. Then, there would be a constant C(z 0) such
that beginning from some index # the inequality Vitiv™la,z C holds.
Aceording to (2.2) for each % S n the following inequality

m— 0
A #la’h Z V lan 2 ’17;:1_1
holds. On the other hand, the relation
Y7m—~1 m-1 wm—1 m—1 w
VoL VI ok o £ V3 l_“’fzo L > "L,
n+ 1 ; (n 1) Vil ime gy

i8 in opposition with equality (2.8). It contradicts the assumption that the
sequence (V=1 V"-1g, ) does not tend to zero. It also means that (2.6) holds
even for k= m — 1. If we substitute P = m — 1in (2.5), the assump-
tion (2.7) iy directly obtained from the equality ¥

n—m m—1 o P
V};‘_lvmak = ) — Z ¥ n—kvba’n*k - a,.
k

k=0 =1
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From paper [14] we directly obtain the follo wing resull.
LEMMA 4, The sequence of real numbers (@), ne N, has the pro-

perty Ve, = 0, ifand only if there is a sequence (bu), ne Ny, sothat b,z 0
Jorn = v forwhich equality

(2'9) an = (__l)r Z V;L:I{ bk
k=0
holds.
According to the given lemmag we immediately obtain the following
result :

TAaEOREM 1. The sequence (a,), ne N, belongs to S, class if and
only if there is a sequence (b,), n e N,, such that :

(2.10) & = (—=1)"y, Vi b,
k=0

AL (=)™ Vi b, 2 0 for j— 9, com—1; >
k=0

(2.12) bp 20 for k =z m,
(2.13) VE_ ,go | it bi’:g 0, for k=1, ...,m— 1,
and

(2.14) Vi-tby,, is convergent.

s

k=0

. UOROLLARY 1. The sequence of real numbers (@), n e Ny, has the fol-
lowing properties V&, z0, for r=2, ..., mand lim % = 0, if and only

.
if there is a sequence (b,), ne Ny such that propemﬁ:s (2.10) — (2.13) and .
oo S

3 Vit b = @y are satisfied.

R=0
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