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Abslract. Sornc propertics of the boundetl coìrvex sequences ol orclcl nt ) 2 a,*e considercd
in this paper'. As it is shorvu, these properties are in clirect connection n'ith the convergence
of a ccltain class oi series,

1. Introduction. When studying convergence conditions, summabi-
lil,y and other properties of series the knowledge of sequence properties
js of a decisive importance. Due to their specific nâture, different õIasses
of sequences, for example classes of ltounded convprgent, convex, star-
shaped and. other sequences (see for exarnple t1l - [16]) are stutlied.
haldly. fn this paper some properties of bounded conrrex sequences rvith
oïd"er of convexity m(> 2) and their relation with a certa,in class of real
series is consid.ered.

L¡et us first introtluce some nrtation and definitions. T)enote by
,S," tlre class of real sequences (ø,), n e No, rvith 1,he follorving propertie^s

(1.1) Mr{a S Jf' n:0,1,... (M' Mr:const.),
and
(r.2)
where

lt'a,,r2- 0, r : 2¡ . . ,) n'ù (nt ) 2); n: Or7,

V'ctr,: (-I)tLran, (L,ao: &n+t - &nt L,a,n: A(A'-1ø,,)).

Let (s),:s(sf 1) ...(s*p-1) anrl VT,: n+r
't'

for each p -
:Ir2¡
knorvn

....r,s _.0, 1, ...¡ rx: 0, 1, ... We shall also cluote some results,
in the litelature rvhich are in relation to those obtainecl in this

paper.
tr'ol sequences belonging to S, class, the following resull, is pror-ecl in

paper [13 ] :

Trrnor¡nm A.. 'Ilta se{luence (ao), tt, e No, helongs to B" class i.f and,
onl1tr if there is & sequence (b), n, e No, such, tltat

1'

{t- \("-k+7)bt,,
À:0

btÞo fork)2,

tr, ) 0,
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Consider fro : c)r
h^ve no e Z" and

+
EO

'..lnn ancl yo:U7+..,
€ À7". tr'rom (17) we obtain

.. + An, à Oo, AUo : Ay, I

f y1'. Obviously, 'we

(18) Ano: An' i I Ay": 0,,,

tr'orall ie{I, , ?) rve have (Ar, #o) + y!:(A,, r,)I yi*É (rr, frr> +
li-l

þ* L u!2 (a,, n'> -l lti >0. rlence
hti

þ+,

(19) Ano*1/ot1,.
As ø0 e 2", lf e 1y'2, relations (18)and (1g)show ürat r0 is a solution

of the_system (I), y0 a solution of 1,he system (II), and A*o + Eo> O.
L,ikewise we ca,n prove:
Tnnonnu 2' lor -any gioe+a mutri,r A e fuIpr,(Q), the system (I,) and,(II') possess sohttion no ancl uo sa;tisfying Auo * yo ) 0o.
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As (¿,,), rtt, c ìy'n, be V,&, Þ_ 0 lrolds for- r. : 2, . .t ffi,then, taking into a provc- ilre lett inequalil,.y in (2.1).l.he right side of rhe hãrilp;,;"u;;ä;ä"s or maurema_tjcal incluction. Fol

(1v, _ Mr)V],: (luIt _ Mr)(n, _F 1) :

: tt[tþl r1) - n[rþt, f_Ð > Ë a*_ ]þrr(n,+1) :

: tr ( Í; -.l1)Vø, -F @ .l_ 7) &u,r7- )t[r(tt _l r) 2 v n,yØ i 1): ViiV a,,

Let ns "suppose Lhat (2.7) is r.alicl for some 1. : p(1 S p S ø¡ _ 2), i.e

(2-4) o ( ¡/zø,, S (/1, - lw)li- 
[r?1'

,{ccorcling to equalitvÉ.r.t: Z.ì.-Fr ancl the inductir.e assumpl,ion (2.4,)

1\'e have

(M,, _ xr2)v.1,+1 : Qt[1_ tr,) È ,r 2i rnr'yoo^,:
.{-=o t-0

1.e.

- IJ 
r?,tllttt+to^, -l- lzo+ty'tty,+t 2 V1,rta,,,l/r,,r+z ,

i.€.,

Vr,t,tn > (,iIL- ll ,)VX*'-,'' l-zP+= '

rvhich hacl to be proved.
using Abel's remma we cri.ectly obtain the folrowing resuli; :

Iity 
rruutlt¿ 2' Por eaclt, se{[t('ence o.f recù nmtbers (u,), n € Àro , tlre eqtr,-

(2.r,) e,, -- (to 
Zr!,_,,Otcr,,,_¡, -"f-t1,¡y,,,r,,,., I Ë : o) ,ft ,L 

-,i 
(É, I

holds, where It { n.
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I

" Ðour - o' ')?' + cÐ t

f frr+1)ào*.-F1<* oo.

The follou,i.r*,."urrtr*'"lo u",o
. 'IJrnoRnlr B. Let the sequ,cnce

ltertiesr lg n, : O anct y-z-o_')" O

lim r¿V u,,: e
æ

and I (n,
z-J ,

l.O

@
Vzct,r: I Vn, : oo

11 :O

1tlØ I

Trrnont¡,r C. Fot, û,n-tt conoet,gerú rertrri,&,¡ Lve h*ae ncr,,, _0,itt,the seruse 
'Årfri?;r rc¡surt is g,ir.e' in monograrrìr, ,

'InnonnM D. ff cL sequance (.,,), n e No, helongs to S, class, tlten :(a) the seque,nce (ct,,), n . No'"'is cleu.eusitlg 
1(b) 

,]:'l nt u,,, : s 1

(c) the trri^ i,^{n -l I)v 2a,,, is ct correr,ç¡e*t otte antl its su,m is
&s - li,,- ø.,r, ,:o

1l->æ

-o"u TiJl3tlst"';ï,ïtls;^*roÌe 
presenting t4e main resulrs of rhis pàper, rve

úñs.'í;; ;""ï;'å;l*Tmas giving speciric propertiàs' ol tn",{"qr,.á.r*
'l:DjvtnlA l. If q,_sep(nce (rr,,,), n e No, [telt,ttgs üo S,,,(nt,> 2) class lhenlltc fottotoino ùter¡'rtntü,i" " L .uil t, tb ç r

(2.1) o s V'r¿,, s (/r, _ iltr),t::. __ (rt, _ mr¡__J?!) I- l',,,' - - "' r,! (n ¡ t,¡¡ '

holtls Jor r:7, ..., ttr _ 7,

Proof. t\s l'u,, ) 0, f.ot t, :2, ...t lu, the inecluzr,liL¡,

(2.2) V,-7&,,2 y,-7rtu.r, (n: o,j, ...).

T^l:i-litl Acco'tlitrg to Theorem /) rve concl'cre flrat the folro.rving irnpli-
ca,trolì

(2.3) (øn) e S, =- y a, 2 0
holc'ls.
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F.om paper' [14] rve crirecily obtain útre folrowing resurr.
ITEMMA 4. The of teal yymbers.,(ao)¡ rL < No, lrüs the 1no_

lii'{, Y,'i" f;,1;,,;{,::f,, i" í'- à 
"q"'n"' 1ì,,i,"n; t; , so trùatb,,-}z o

(2.s) au: (_r), i ,i,_tr or

ltokls.

lesult
According to flre gi.r-en lemmas we immecliately obtain flre follorving

",,r, #ii;7ä!',Ì;,f"2;,:,'(o;:,î;'.(#,1,, lullnå,;,,0,,,o,,s, 
to s,n ct,,ss if a,nct

(2.70)

(2.11)

(2.r2)

(2.73)

antl

Q.r4)

(-r¡'*rt
¿-0

7l

Vf,-r2,
t-0

a,: (_r)nb ,,i:_tr rr
Á=.0

Vi':oi-t bn 2 0 for j:2, ...¡flx _ I; n ) j

br >-_ O for It; ) tn ,

Y"-\]br;à o, forlc:1, ...tffi-r¡

Ë rr-t b¡,*,o is conaergent.
h:o

sequence of reaL numbers_(.øn), n e Nn, høs tha fot_
, Jor r : Z, . . . , rn and, tim"a* :-Oï if"ä"'i:;;;
n e No, su,ch thal Ttropriiü, (2.10) _ (2:r8) antt
isfied.
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,ffi-7,

lim
1tèØ

Iim V*_r, Vha,n_,, : ¡ ,

ancl

rlren,L:ffiîtfr;r"t' the sequence (a), n e Na, belon,g to ttre cta,ss s*(nz, ) 2)

4

(2.6)

for k:7,

(2.7)

lt olil .

2 v'i-t vt"{r,¡. : øo - lim ao
h:O ,r-@

Proof. For øz - ? L"r:pq p il proved in îheorem A (i.e. Ttreorem
3¿",ff;i:"rfl:,_,::-ma 3 hords i"i^r: ¡ :-::";* ä i""o,,iioe-rã

1il-2a,,,: &o- 
.f."v*_ro^,o^_r 

! f'v7,-"yu,_r*r,h:l t:o
ancl by the inductir.e assumption

lim l/*_^.VÀct,_¡ : e

for k : 7,..., m -2.On flris basis, rve conclude ilrat the series f, V,I_, V,,_L a t
is a con'ergent onc. .-aqcrLrding 1,o Theorem c ,u" oulÃi â, sequence
9:V|1,,'V"'-tø,_¡,i.e. (V,i-r-y^-o:l i"ni"i, f,cnds to ze'o in Ctesàro sense.ln other words the equalily

+æ

tooJ- ...-l V,,1'-ty,"-(2.8)
ffnt-l- n-

lirn to v t*r,

11.+@
:0,

,that l,he sequence (V,;-r|^-raò tencls torvarcl ze¡o.
t, true..Then, there woulcl be a'óonstant C(t Ð ;;hsome index ø the inequality Vä-tl*-ro,,l i ír;lñ.r each k S ø the folowing iLequality

L*-'o,,2 Ynt t Cat, à 
,*

holds. On 1,he other hantl, the relation
'Vl-rYn'-too 

*

n,!I

+ V',i-'Y"t-L(t,n
tr,lI +0

C.

1t?,

is in opposition rvith ntrad.icts the assurnption that thesequcnce (V7-t Y.-t
evon for k : rm _ I 

zero.It also means that (2.6) holds
? : -T'- [ in (2.5), the assump-tion (2.7) is directly ôqualitr, - --- \-'-l

,¿_7¡t ø_1

,Ìr^ v'i'-'v"'e,7- : ao - Zr/l- ry ,ar-r, - øn.
/'-0 

'Þ':1
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JOSIP E, PEÕ,ARIE AIrtì SEVER S. DIIAGO}IIIì
(ZagreÌ:) (Bàile l-Ierculanc)

Le! a 7 (arr,..., ú*), _b :(br, ...,b,) ancl p :(þr, ..., ?,) be n-tuples of real numbels an¿'¿enotò :'

rn (a, b, ?) : f o, i p¿a¿bi _ yr,o,U puu,.
i:\ i:r i.--1 i-:l

rt is well knorvn flrat i-f p, > o (i,= w-l and. ø, b are similar,ryordered, i.e., (g, - e¡,)\b, - b,)') 
-o 

iorì an l,'i?-i;..*.', ír, tn"n rhe fot_lowing inecluality hokis :

(1) T,,(a, b, p) > t't.

- fn lhe sequel rve shall give an improvernent
results rvhich contain refinerãents of ÕäbyÈ;il;--
rvhere further references are given.

<¡f this fact. I¡or other
inequality see [1 - 5]

T¡rnonnrr 1. Ler, ø, b be similarru orilered, n-tupres ønit It be an n-ruqtreof re.c1.t ntunb-ers. If ue itenote lpl : (l:p,|, : .-:lt'p"\íil;r"'ää ¡ru"*i;;;:";_çr,ølí,ty holcJs :

(2) I,,(a, b, lp)> I to@,b,p)l > o .

ProoJ.IMe shall use the following sirnple identity :

'I,,(ø,b, *¡ -* þ¡n,n,tr, - 
a,)(b, - b,)

Then we have:
1tL

I it*(a, b, þ)l* * I I 
p,ptll @, - a)(b, - bùl :

L i'i-1

:*Ð,rp¿ll?rl @, - ei(bo - b¡): Tn(a, b, lpl)

ancl the statement is proven.
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