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c5

mìn{¡-Lr, . . ., tr"} (etç¡ai,n,, see sectio?r, 2), l,lten, a í,s itt, I[r,
ct lxc'|,

2) Jor ee,clL k - 1, . . .1,tx1 llt,cre ,is a¡ in, Mpo such that for eaclt L i+t,
1t

ll', a(I) - ,\ o.,(,1),
k:1

N'orv, in oul ploof in [7] of t]re ¿ìbove theolem, llor each I;:7t .t'ìu
ancl -if in f', ø¡(1) is cit,her ø(l ) or' {rt1 , so that if e; is in the rang^e urrion of
ø¡ a,rtttnot,intherangeun.ion oI ø, tlien fr : 0. the questionthat le tleat
in this pa,pel is hos' to have a sonervir¿rt rnorc pa,rticular nreasrtlabilii¡-
clecomposition characterization -i,lieolern in rvliich tìle range unions of the
c{,rs zùr'e subsets of the lange union of a, excepb lior possibl¡' onc closure
elemerrt. \\'e prove the follorving ('zlpproximatc" aunalogue of 'lheorem
1.4.1., again lelying heavily on zeÌ'o-one set functions:

Trrnonnlr 4.1. Asunne tlte lt,qptothesis ".f 'f'lter¡retn 7.r1.1, uitlr q

as ind,iccúetl. f'ú W clettot,e tlte ru"u,gc ttn'iun, oJ a, I'h,e J'ollotoitt,g stcr,tent'ents
ure true.

1) Su,pTtose tltu,t 14r i,s ltound'ed,. 'Il¿en' lhe followittg sta,tentents e"t'e

equ,iaalent
a) ø 'ris 'ín, I[n, r,r.ncl

b) th,ere is u, corLti'ìLuous Jtutctiort, .f Jrom, R" into IR suclt, tltat
/([Il/u {s'Lrpllr¡]") - 1'Ír u {srrpï'l¡} anil far lt,:1, .t n a,n alement a, of
Mu.r(W u {str,p}I/}) s'uch thØt o : Í(ot, . . ., qu).
*-"nl 

Bu,ppose th,at Il' is not botmd,ecl. 'Ih,en, ttte jotlouitrn stcrtent'ents ot'e
erluiualent

ct) a is in M.n, unrl,
b) il 0 { c, then' tltere is ct co'nt'itt'uotts futr'ctiort, J' Jront R ittl'o R. suclt'

that' J$r") c llr cnt,d, for k:1, ...,tt, cttt' clen'¿en't a¡oJ' I'I$ì.(}V) sttclr,that if
þ is tlrc fu,nclion uith clont,aitr, tr' gícen, by

p(1) : 0 iJ' o-(I) ç f(ø"'(I),
1 otl¿eruise

' 
o,(/))

th,en

'l'rrnonnn l.À. 1. srtpltose-'t,lt,rl, a is in, t(!), n is ct, Ttositiae integer
a,t¿d |,t,,)i!:, is tt, se.quence of e'l,emur,l,s o/ -all(R)(?)+. 'fhe' Joltawinl ituo
sttttt:t¡tcnts ttre eclui,uu'Lent :

The staternent trat z' is a'efinerne't, of D, clenotecl J:r. r,/ 4 D,rnerns f,hal l'or sor,rrc I of y'', crctr ,t ¿ Jrntì Lr i* ;'*;,i,;r'rsron o. r. rLntleaclr element of H is a sultsi:t ot-sor",r" elernent of D.

ll.!, ¿r¿ll _ r(! < c;

If is uniquc anr'[ is clt¡notcc'r variousrJ- tr¡, Io1r¡, Iu, "t.. lA.e rrfer flreit,

3. ,^f¡sol'úc e.onti'*it;r and set fnuctio' , rne*s'ral¡irity. rf n. ( D,tlren l'e let lø ; til : i" , i, ì i, < í1.
we state a l,rreorern *,rricrr is ín accurn.ration of sor'e absolutecon fìn ui t'r,ru r.rra r sinsrr:r.ii r' ¿rru r ir r i;s, ;ilili;,' ii;;åñ;-. Fi'sb r cr crin i_

.Dcfùñti,on,ì.;\.1 (see tsll .li eactr of €3'ri .4 is i. utU(fR)(l,r),-, 1,trtn)'(1,r) clenotes the fuàctio"'iiiù"ãàmain'¡¡ g.,"!n b; 
-' 

l

),(1, n)0/) - r",,{,!min{[iI¡, r{ q(r)). n * r}
Y

l'rrnonr¡lr S._A.J (se_c_ 1,2,g]). Suppos.e, tlt,ctt ectc',1t uJ \ rrncl p is in,48(RXt),f . ?h,en; ilte'Jottoìaiirg' rtit'rií.uts cu.e ttue

¡, ¿r,'),1!'tclt' 
r'f l(6, i') øn'cl l- ),(1, '¿') is itr,I-B(Rxn')+ untr )i(\; s)

I) IÍ ",t -

t
I

I'(þr,)(I) < c,

U

ulte,re L is ltLe sllrn su?t'ettt,tttt"t, lun<:t,irtneil" (see sectiort' 2)

2. Prelimiltiìr\¡ rotn-rhs. i\''e begin rrith a ll'ief cliscrissiorr of sonre
basic notions.

Tf Iz is in.Ir', then i,hc statement tha1, -D is a subilivision oi / rncals
that D is a finil,e collection of mutually exclusive sets of ? whose union is I/.

a) min{{(I) - À(8, p.)(1), ,u(1)} - 0
U

3) ry p- rnin{{, U.-}, tltert À(€, tr) == À(1, p)



a) I.f æ is in' r(tr.),.tllelt,I,tt'e-Jotl,olt,ing sl,a'temen,l,s a¡'e true (øctuølly, eaclt'

is Ttari ii' u cttaracterizatiott' tlt'eot'crtt') 
"y"ttiott, a - [0 ; M ], ,c is itt Au,

(I) eaists a'n'd is o'

t,ion a s l- 1l; ill' L is iw A* an'd'

8

\\'c nolt. gir,c, rvit,h lhe aitl of' z,ero-one scl l.ultclJiottn, tt, stlmewhat

mole conclense,l ¿eiinif,iãn of set frurct'ion rnoâsltr'lbility than that givett

ir [4]. Irirst, some preliminary definitions

De'Ji'n'itiott,3,2.Tl ø is in r(?) ancl 11¡ c fR, tlren p(ø, 1,,[r) tlenotes 1,lre

functioli with dornain n' given b¡'

97

fttd,ication oJ prooJ. Suppose thnt a is in r(lr,) aniL p < 0 < q. Then
nrax{nrin{ "(I), Q}, p}(n(¡) + ((t)) exisrs itf for v : I or (,

rnaxfmin{a(I), e\, 1l} v(I) exists. ,,\tso,

5

96 \¡. D. L.

p(ø, Tf/)(I) : 0 iT ø.(/) = T{

1 otherrqise

U

U

ntax
{!t',ø, 

a, tF;øl)rx/)} ) Ì-Ìtiùx

t'(Pt(o-, tp; l)()(r)

{l'tr¡,", rp; qr)(x/)} <

i 
t,t, q., l,jt ; q D,,)(I) +L(þ(",, lrt; q lXn *:)X1) <

-t-
5
U

DeJin,itiott,S'3. If each of a and ò is in r(7-), then 9("' ò) denotes the

function rvith clornain -F given by

p(ot, à)(I) : P(ot, à(r)XI)'

.DeJinitiort,3.A.4. (see. ll'ìolll). If,,¡r is in '4.1-l(lR)(f')+t 
tllen t'he.si'at'e-

lneot, ti,ät ,* is ¡r-rneãuì,i*nf" n"t"äns t,liat, æ is i¡ r(f') antl if ? ( 0 ( I'
then

Irnax{rnin{o((/), q}, p}t-(I)

I
exists ancl, for P (0 (4'

f
\¿(p(", tp; q])p)(r) + 0 aß min{12ì, l} -'c'c'
J
U

Let, us note 1,ha1, if ¡r is in -ABtlRXÉ')* o is in r(-[r')' ancl r'ange union.of

a is bounded, l;hen a is in ML' \fi \,,ø'(/)¡r(f) exisl;s'

J

firnononr 3.4.2 [4]. LJ' J is s' ú+tcl'iotù ./r'orn IRn inlo lR' the'n J is-

conl¡,tn,o,s iJJ J'o*lon' pl ';,1r" Å"3(RX-Ir')+ a+rt1 se4u'en'ce {ø¡}fl:' oJ elent'ant's of

Mu, J(or, . ., "r) is in Mn.

Tnmonnu 3.1.U caclt' of 'qanil( is itt ''tlJ(RX¡'f , tlten' Mrt')|\:
: M*t and, i,J ( is-itt' A, then ÀIrçMç.

'Ihe finrll assertiot¡ oll thc i,heolc¡n ìs a,n (ì?ì.s\- coìrs()qr.c,r(.re oll 'lllrortrern3'¡\.1 anct loutilre consiclcrnl,ions oü a,bsolui,. conti'iritr'.
T,rcurlrÁ 3.Â.1 i5-1. I.;f ench, oJ õ u,*d, a is i¡t, t.(Ì') t.øn.d, is f,-btn.ndcd,ott, U^rcil,lt, rgs,p_gct to D,th,etr, ò t,o is \-botwutleil,'ou,' U u;i,th, riì,¡tect to D

and, Jor eu,ch, V in, ,11 ,

G(òXl/) * c(<,¡X1''¡ ç Éi(ò l- co)(t.') E t,(ò * o,)([') < l.(à)(]-\ þ Z(co)(}z),

so thu.t

.t(3 + or)(I,') - l,'(B -l-.XV) < 1,(ðXI) - G(òXt/) f /,(o)(f,') - G(co)(tz).

\Are notv state tn'o lemrnas rv'hose routile proolis .lve lea,r-c 1,o the r.ea-
cler.

LlùMrrÄ 3.2. Il ea,ch, of y nntl Z is in r(?), )]-bou,nd,eil o,ìL U qoùtl¡
respect to D, ct,nd for ea,ch I in,It, V(I)=Z(I), ttíónjor each, Ll in ni,

G(r,)(V)< G(yxr) < ¿(y)(v) < L(z)(v).
L,r¡rvru¡. 3.3. Il eøch, of ct and a is in r(I), 0 ( l¡ range u,mionø=J-_g; gl, range unio¡ co s IR+, and <,i is f,-botih,d,ed otl'll wiilt t,espect

to D. then, o¿¿o is T-bounclerì on Li rvith respftt to JD anrl if Ç is l,'oi G,
then'for cøct¿ V iî I,',

I 0(øo)(t/) I < qL(a)(V).

TnnonpuS.2.rlgisin,/-ä(Rxlr)*, oc is in r'(l!), 0 < q cm,il ra,nge
ttníon, d.=l-(l; q), itt,en the Jortoìuingîuo stotentents aie equióalent

I ) \ "(f )rr(l ) e.rrsfs, u¿.it
J

ff

-2) 
i,f 0 ( r, then tltere_is ^¡ 'i,tr, r(F) m,íth, ra,n¡¡a uniolt, =l_q; ql sctch(r

tht,t \"r(f)y.( I) caists antt\T,(p(æ, r)pX/) < c.JJ

I

1
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Proof . It, is oJrvious that 1) irnplies 2).
l{orv sulrpt'rse tlÌat 2)is tlue anrl 0 { c. lllhen thcle is ò in r'(tr') rvith

la,rgc union c L l; qj suclr tl,al [ò(])rr(1) crisls an.f I J'(þ(a, ò)rrXl)<jì
<cl\q f 1). Let 9.: p(ø", à). ìIote tliat it J is in.ll, then" l"(1-9)l(1) c
c [à(1 - p).](1). llhus

max{mirr{^,,, Qt\, p})Q) -< p(ø, i)(i), so that l(p(nrax{rnin{ø, (Ì, p} t

rnax{rnin{1, q}, ?})p.X/) < J'(p(u., i,)fr)(/) 1 c. F-ulthermore, range uirion

[L(ø¡r)(1) -- {i(¡ra)(/)l ç
max{min lø ,g),?\ U ruux{rnin {l, rl,\,lr} =l-K;r'(l ancl- {är irr [^,,(1), q], p\,,,,(I)

exists.'I'hclefole b.,' .l Ìlet;i'c,rn .ì.2, rrrru,{iriin lø([), Ç,\,,1t] V,U ) er,isl,s

f-t(ø(1 - P)r, f- o.l3r,.)(4 - ei(c((l - 9)r, ¡ "9rr)(1)l <

W<¡ nol sltol lh¿ii frtr 2 < 0 < q, L(p(ct,, lt,; (t))v)Q)-" 0 as

lI'(u.(I - p)r,Xl) - G(a(l f¡)r,X¡)l 1- t ¿(c{9p,XI) - G (ap¡r)(I)l ç rrLin{ lp l, q} - co. i{rL
in tr[.,, such lh¿il

ppose that, t) <, c ¿tnd ?r < 0 { q. Again, ther,e is y

"5

"!
Li

¿(ò(1 g)r,X¡) - G(8(1 - l¡)pX])l l2q ¿(9r,X-¿) <
t'(þ(o,, r)p.)(1) < c/3

Let, p, -= þ(", lp;I is in 7' anrt p,(1)
in _I7, lheu

qJ),
--1

l)P2- 9( o-,

9rU)

.r,) rìn([ ?r . þ\.f , lt,; ,ll). Clear,]r," if- 0, llrr.rr pr( /) . _l . ,l'lrt,r.cf'ol,e, ili i isl/,(8p -,89r,X1) - 6(àp. - 39p)(I)l l-zqcl$q + 1) < allCì

t
l tr(òv.x/) - G(òe.x1)l +

U

lL( - òppxl) -G(-ò9pX1)l I'12 <
gr(/xl _g,u)) < p,(7).

Therefol'e if [,' is in 1rr, then
L(P'("., I t,; q l)pX l,) - L(8,fi s,,)
<1,(f3,(t - gr)rrX t') . t,(ti.'g"tt 'ú.:.

I /,(pr¡r)(l') I /,(grr,.X t'¡. '',iítr"r,e ii
anrl if p<p'<0(,q,(q, 1"

ît'
\ 1,(pta., Ut; r¿l)r,.X/) <c:l3 J cl| f_ clit : s.
Jt 

llllr"r,"fore 2) irnpties 1 ).
thelefore 1) nnd 2) arc equir,,alent.

_ . _4:,'ln a¡rllr ,si[ion lheor,em. \1¡e begin n,ith a lenmaryhich is an extr, iTication of tIé _á;"'!ärt. of the pr,oofof the plincipal
L¡r'lrr,t 4.I. rgtt,Iuosc tha,l {y ¡,}i:,, is ø s lentetús oJ À ]}(lR)(I))ru¿tl 2 4 rr. 'l,ht,rr thir;, ix 

.,,,rutl,',c,','òir. jgrlil . ,,,i" ¡i:ur,, It, .i,lo [0,71sualt tlud I.l* JrtLlrnri,y¡ r,t,isltttt,a arut àiji,',,1Ì s tluttt:
i) tr'or ertclt I i.tt, I., f:, p,(f) : 1,

I,_ 1,

< o l2tL t(9pXr) I cl2 < zrlcl\q -l 1)+ cf2 .< c.

'llhei'eliore ll,(o.,,t,)(I) - ÚÌ(ø.¡r)(f)l : 0' so t}¿rt a(1)u(.1) exists

'llhelefole 2) implies 1)
'llhereforc t) arrcl 2) u:e ec¡tlì.r':l1crtrt.

'llr'rqcrn,n¡r 3.3.Il y"is in.1/l(R)(,tl) ttt¡tl u is 'i,tt t'(tr'), tÌten' the follo-
ro,i,ttg ltuo sta'[,entenls ct't"e aqit'i t'nlcttt'

,L ) ø rs i'n, lIr., atr,cl

2) iJ 0 l-c,, th,ett, tltet'e is ^¡ in itl,:;'ttt'lt Ihut I t,,pt u, ^)p)(I) < r:'

J
ProoJ. Il is obviotLs thab 1) irnplics 2).
Non- suplloso that 2) is ilue. Su¡posie iìr:r,t 2 < 0 < q. LeL I(-:

: nrär{ lpl,lll}. Suppose t'hat 0 < t:. lhert-: is .¡ irr JIp. such llrrrt

L(þ(", f)rr)(1) < c. If I is irr l', then p(rn:x{minIo', rl,\, F},
ir) Jor l¡ -= 1, ... tt, - I,

U

þ,'(r)p"nT) : a, cm,cl
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iii) f3,F, : 7' lLr¡ rnin{¡rr, ..., F,}
l'e't

Proof. Suppose

which i* r,lE, I minl
\.,J

thateachof Iand v¡is in.4B(RXI)". Iet À : l(4' rl)' 0

U

tp(1)
I

min[¡rr("I), . . ., ¡r,,,(J)]l ancl (1 - Ê)rr",,*r :
1, "qI Bt Theorem 3.4.1,

min(((r) - i.(1), 'l(1)Ì - 0
: À( Pr¿+rr rnin{¡r., . . ., p,,}) : )r(ptn.trt min{¡rr, ..., fr,,*r})

Thele is a function p vith dornain.n' such 1,hat if I is in ltr, t,hen

By our ce {þ,,\,i:, of functions fromF into
clusion flre conclitions of the con_

Þí,¡r: ',nt, Iel þi: þþr, aIrcl iet
p(r) : 1 if a(r) < E(r) - i.(r)

0 otherwise i') l'or each I h ?, 'îltp;(t) :
IfD<{U}, 1,hen

max{f,9(r)r,(1), 
T 

(t - p(1)XE(r) - ?.(1))} < ),rnin{i(I) - i.(/)' r1(1)}.

lhelcfore \\¡e lìa\¡c the follorviug existence ancl etluality

f
t_

Ë pttlp,toi

+1- p(r)

+ (1 - p(1)) :
: p(/) 

| x e'rtl I + (1 - p(r)) : p(1) .1 -1,
II )

\
U

for /¿ :1, ....)1n - 1 anct f in l¡, gí(I)frr(f) : g(I)pr(/)p*(J),
pj(/)p¡(-I) : 0, anct bySO that

0

U

0(r)'r(r) : (1 -p(1)XE(1) -À(r))
Theorem 3.Â.1, since 0:

U

þ(r)'nQ), o : 
J 

otti n (*., 
lminl¡,,, 

..., r,.)){r) :By l.ltcolcur 3.r\..1,

0:
\
U

13(/)?,(-r), p(1)p,,,(1)¡r,,(1) : ?'i,Q)p",,(r), antl

so that, since

(1 -t3)E:(1 -pXE-À) +(1 -9)ì,
il, follos's that rve have the follorvirrg existence ancl ecluality

iii') for each V in þ.¡
^(

VnrrJ,t min{pr,...,*,,+t} (V):),(8, tlXF):

v

(1 - p(r))E(.r) :
Iv

?.,i,,nrQ)v*nQ)

(1- p)E : À
'l'his establishes the lemrna

lYe nou, conl,inue by induction. Ilirst, tve note lh¿r,t the- first para-
graph 

"*tobli*lt"S 
the conclusion staternent of l,he lernrna for 1,he case

't?, :2. 'Let us no\\r suppose 1,hat n¿ is a positive inlegcr', > 2 such that for
1L -- ,ì)1,) the stal,emeñt of the lernma ¡õtds. Slpposc lJrat {¡r,,}iij1 is a s.e-

quence of elerneuts of ,4'B(R)(-F)+. Let

Obserantion 4.1.T1ø is in R, r ( 0 < s and. c is in {0, 1}, then
cmax{min{n, s}, r} : max{mín{cn, s}, r}.

L¡nrmrt 4.2. Su,gtgtose tltat p-is i,tt, iB(RXiî)+, a øs ín r(X) ønd, lor
eøch, fu, Q\ su,ch, th,at 7t < 0 < ø, I maxlmin{ø(I), I\, p} pe) enists and, is 0,

J

Tlten q, ,is in Mr. u

,r.nclicutio't?, of p.roof . The integral existence part of tho moasurabilitvasserl,ion is immediaté. tne remãinder of ilie'mer**ä-niutî*ää"¿iiiãå

ax{min{ø(I),0},r,!p(I), r ( 0 ( s;

( : p.,,.u ancl "4 : rnin{¡rr, ...,ll,u}

Ägain, b). the lilst paragraph, thele is a functi-on P fI9,1 I/ into {0' U
such ihat, \,e hâr'e ttie fottowing exisl,ence.s ar-icl eclualif ies

0:
U

(1 -P)r-),'9(1)'n(1) antl
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'I'hen (-vis lir) arLcl, cle:lr.l1., p, =- p9,

tot'reør 
zØ -![st'rl

vlll

so thal,, il J¡ is in l¡r
-lf'

3(.{)1Q)l-\ptr)v(i),l.\
fl

lrDrrt'IL 4.3. Su1tpose Lltat p'is in;l/l(iR)(f'){-, i' ts frz, t'(ftr¡ ancl þ is ct'

Jt,t,ttct'iLttt, Jt'otn Jf ittto 10,1] su,cL ti.rl I p1f ¡ 9Q) eetists rttt'tl 'is Ð. 'l'hen, þ^¡ is
J

in, Mo.
Intli.certic¡n, of 'prooJ.If I is in I, e: is in .¡(1) z',ntl 7t < 0 < q, thcnr

by Obselv¿ltioir 4.1.

rnax{min{p(I)r, q}, p} : p(l)rnax[rnin{ø, q'¡, pt¡;

this loutinel¡r ilnplies that

\ rrrr-r{rrrirr If¡(¡)'r( I), lj, 1¡\ p(I I

),

exists antl is 0.
lfhelef^:¿r by Lclnnâ 4.2, þ"¡ is itt -11'fo.

Obsat''uation,4.2. Suppose that p is a ilunction ù'ortr Ii'inio {0, 1} ancl

( is in an elcrnen{, ol,aB(iRXF)þ such f,hat [9(¿)F,(1)exisbs. I;r:t '¡ : (pE'
J J-

that 
i þ,Q)(p-,(t) - À(r)) exists ancr is 0, so that rr¡. Lemma 4.8, p,, a is

in l[u..,_.u. Thet'efrtrer, by 1.heor,em B.

We nol'
- Proof o.[
So ¿-¡ssume tha,
1rr, *o that by

i{ïü.äfr¿;1"#i.jï }l:;i :, :::s in 7f..
n_c] 2), b) impiies a).
I ),1'j,1. 2), ?) irrrptic; b).
satisf'ying t.he eol,rclusioír of l,elrrrrâ
(1 - pr)I/Ìf:,, satisfies tfru 

"o"åfir_Norv suDpose that 1)is t,r:ue. Irct,Tl -: sulJ,l¡. Let/clenote 1,he func_lion from [R,,-into R gii,eri b] ' "

I@r,...,nn) : urin{ø., ...,t,}.
/ is continuo's anrl, if B ç {R, then./(S")sS. If I is in -71, then

nin{pr(1)a.(1) _l (1 _ pr(/))il, ..., þ,,(r)a.(r) + (1 _ p,u))E}:
: min[{ä}, ,Q)} : o"(I).

Ther,eforc I if 1) is true, then b) implies a).
Now sttpposc 2) is true. lØ.1.o.g", assurne thab w is unl_¡ountlecl

*ï- oi,uglåso 
thar ir <c. nrere i* ã ä",i"ä'-räi,-ir,Ji p < 0 < E, D

Ir,U, c1, lp; a]).tt)e) <c.
J

Äs befo'e, let.l'cienote the function fi:o'r [R,, into [R given by
:f(ur, . . ., n,) -- min{err, . . ., frnl .

Agair:r ,/ is con'r,inuons, And, jf B ç ß1, then ./(8,) - ¡g. ff 1 is in -Zl, then
niin{p,(t)a(I) ¡ (r_ __ p,(/))H, ..., þ,,(I)a(I) l- (1 __ p,,(r))I/} :

: min{{11}, o.(I)},

in ;{B(R)(
g(r)€(1) :t

J

rrf
so tLat \ p(IXE(J) - ,(¿)) =:IBt¡i¿(1)- l, pt¡l"tr) - v(l') v(l/) == s

J J"- I

J
I

Trn,.,rn{¡t 4.4. i|ssu¡netltelta?otl¿esis of 'f'ltcot'cn¿ I.A.1. tui-t'lt' 'q as giøen'
ø 'itt, M.n, W : r'ctnge union o.f a antl .H f r¿ [R. Assttnte tp*]il:r as in' tlt'e
coctclusi,on oJ I'emmu,4..l . 'L'h,en, for lr:7r...rn,, þt,a + (t - þ)H is irt'

.IIu.t,(lY U {If}). llurtltnt'more, tlr,ere is a ;funct'ion h from 7' inlo {1, .__A
suclt, tltat if I is in tr11, then, k(I) is tit,e onl'¡¡ k' -- 7t . .tflt stt'clt' th.'at 0r'(1)::1, so that 'iJ k:L¡ ...,tr,, them

p¡(I)ø(r) +lf1 - g,Q))H : {Hlrifk#lt(I)
ø(I) if lt : lt(I),

so th,al 'iJ Q is n?,ã,n o't min,, then

Q{þrG)u.(I) I (1 - Pr(I))tr, ...,9,(1)"(1) + (1 - f3,(r))fl} :81{H\1d.(I)}l
Proof. If /¿ : 1, ... ,fl - !, then, by I=lemma 4.3, þ¡,a. is in -ltrfu,-.

We now consicler m. I{rom Theorem 3.1 i1, follows thal, ø i's in Jl4^,

rvhere À : À(¡r,¡ .4).By Obselvatio n 4.2, 
^ -[P"^, so i,hat {rom Tlteorem

J

3.þ".2,9, ø is in Mp Again, ì:y Observation 4.2, since þ,þn : 7,, it follo'ws
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so that if
9(", "f(l3r( t (l - I31)II, ...,7u,r l- (l P,)fr)Xt) -7,

1,ìron ø(1) is not â subsot of uriu [ø(/), {ä}}, so l,hat, clearly ø(l) is nol, a
subset of [p ; -1{], so tltat

þ(o, ltt; I{l)(r) :1.
lhor-efore

þ(", l(9r" l- (1 - 0r)8, ..,9¡,ø. -t- (1 - p")If)XI) ( f3(o, lp; Hl(Il.
Therefore

ììf .\'l'I UitI¡\'1'Iil,! -tìIt\rtilÌ t),,\NÀt, \:Sti Nt;ÀIl!tì I et itì
li't' DE'r'rrÉoRte Dti I.,¡\I,plìoXIùI¡\,l.IoN

LIINALYSIì NUI{|ìRIQUXì ET LA THÉOnIB DE L'AttROXIIIIA:IION
Tr¡rne 19, No 2, 1990, pp. 105-109

ON INIÌQUAI,ITIIìS FOR INÐEFINITITI FORI\{

}IO]lCII,O BJEI-I(:,\
(Zlcnjanin)

1. In s of the A:ozel, popoviciu anrl Bsllmaninequalities form, by the mìthocl of a common
fixed point re coriecied ancl ad.cted_ the necessary
and sutficie popoviciu and llellmzr,n inequalitiei
holcl equalities.

The inclefinite form is [X],
Gr(r) :(n'Ì-n9 nll)'tr, p2I

lor values of tire ø, in the legion Æ clefinecl by
(a)n¡>0
(b) ø' > (nl* r3-1 ... + t;I1)rtn.

Tlre next thcorem clue to J. AczéI,1956. [4].
Tnnonrm A.L_ate:(!tr,:.,¡eu) and, b:(l)t,...,0o) lte two sç

quances oJ real nu,nt,bers, st+clt, tltat

u? - a3 - a,2,> 0, or bf - bZ - b?,> O.

'Ihen

(a?-,ú -(r\)(b?-b3- ¿ri) < (r¿rD, - ct,br- üobo)z,

uith, eq,uctlity iJ and, only if the sequences a a,t¿,al b o,ra proportionctl. 
,

2. 'I.he ltczél incclualil,y \vas generalised by T. popoviciu

{1) (ctT-ør, -cti)(b?-bg- bfi)4(arbr-üzb, 
-a.nbn)þ.

The conditions

L(þ(", ,:fßp --l- (1 - 9,)8, . . . , þon -l-- (1 - 0,)17))'l(1) <

U

f'(þ(u, [p; /{])'4)(I) <c.

Ilor l,he case in rvhich l'Tl is urú¡ounded belorv, \\re use ((rn¿ùxt' instead.
of "firirÌ" ; rvc loave the cletails to tho lead.er.

ilharefole, if 2) is l,rue, then b) implies a).
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(3) (a!_ ag"¡z>(a?- cú')' or ¿ -1> (¿o - 1)+ , t:(%
\øa

tr,fi ) 0, or bl - bi, - ... - óB > 0

[4] are_nol, sufficient. The couniret'example is p :
1, 1) when (l)-becomes 5.5 < 1. I¡or p > 2, ;ru:
conver'se ine quality holcls

(2) (tl; - ftÐ -
a,n:d.p2lgivenin
:3rclr:þ:(2rL,
- 2 and. a, ) art'lrc

e2
t 8:-. p


