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Abstraet. In this paper, we introduce the clagss 0%(B, v) of quasi-
convex funections of order P and type vy. It is shown that the funections in
this class are closse-to-convex and hence univalent. Qoefficient result,
Libera’s and Livingston’s problems in the generalized form and some other
basic properties of this class are studied.

AMS(MOS) Subject classification : 30082, 30034.

KEYWORDS : Quasi-convex functions, Univalent functions, Coefficients
results.

L. Introduetion. Tiet S be the class of functions f, given by
] o]
(1.1) fz) =2 3 @,
=2

analytic and univalent in B — {s . |2 <<1l. Tet O, 8* and K be the classes
of convex, starlike and close-to-convex funetions, respectively. We say
that f e 8 is a convex function of order 8, 0 < g < 1, if
Re _(zi’(?zl)i > B8, zek,
J'(2)
We denote this clags by 0(p).

Also JFe8is a star-like function of order By 0 <B <1, if

Re ‘jf(l? > B, zck,
Z

and we denote this clagg of funetions by S*(B).
Let K(B, v) denote the class of close-to-convex functions f of order
P type v which are univalent in B ang satisty

re LG B, zel
9(2)

where g e S*(v) and 0 < By v < 1.
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We notice that C(0) = C, §*(0) = § and K(0,0) = K. It is clear
that

O(p) = 8*(B) = K(B, v)

We now define the class C*(g, v) of quasi-convex functions of order
B type v as following :

Definition 1.1, A function f, analytic in £ and given by (1.1), is
said to be quasi-convex of order p type v it and only if there exists a func-
tion g e C(vy) such that

Re & @) > B, zelk,
9'(2)

where 0 < p,v < 1. Wedenote this class of functions by 0*%(g, 7). Clearly
0%(0, 0) = C*, the class of quasi-convex function introduced and discussed
in [7]) and [8].

We shall discuss some of the properties of the class C*(g, v). Tor
this purpose, we need the following. '

Lmnea 1.1 [B] Let 0 << n < L and let f be defined by

1 oiel,
(1.2) flz) = } i gzk I(z) dz,
0

where e (B, v), 0<B <1, 0<vy<1l Then fe K(p, o) where

, 1 A
D) If0 <x<— and ———— <~ <1, then
M 4 .2 2(%—1) ‘ ’

o =oc, =20+ % — 2 V(@22 —120% | 8hy | 92 —dx [ 4)]/42) > 0

r—1 _ 3% — V3

< v, then
2n 2

(34

(ii) Lf é— < x< 1 and

6= oy = [2hy ] % — VAR3E S 1203 - OnE—81 /42> 0
and

r—1 Sh— V8 A <y <1, then o= oy

1
(iii) If 5 <A< 1 and

2% 2
Limwva 1.2, Let I e (B, v) and let | be given as
(1.3) fle) = (1 — W)=+ »l(z), x>0

Then e I(p, o) for |z| <r, where v < o <1, p<u <1 and 74 is
defined o8
ro = 1min (r,, 1),

7, 48 the least positive root of
[1— (1 — 201 — )]t —w) -+ 2{(f — v) +
4+ AP Sl —vy) — 2 (28 — p— 1)1 — 2X1 — §))*] =0,
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——— =

and v, is the least positive root of

(L — o) - 2{(y — o) L
TML =)o =2k 12y — 5 1)1 2(
The result is best Possible as can be

seen by fi(2) — (1 — b ad
where FO(’?) = fo("«)/[l ey Cul ?\Z] e]{(ﬁ, a) (Mldo ( ) 0(2’) -+ 7 Fo(z),

1 — )z 0.

“L = )3 —2p) 1 (8 TOLL — (1 Lg)-en 1
(L=l = 29)(1 —epoer 0 Y E G v

n@:(lﬁwmwmadﬁggfm{ oy

(1 —z) g

2B — 1log(t —2) 4 (26 — 1) L

(1.4)

For this result, we refer to [6]

2. Main resul(s

THrOREM 2.1, Lvery

. quasi-convex function of order 6 4 S ¢
to-convex function of the j ! L~ e

same order and hence wunivalent,
Proof. Since f e C*(8, v), it implies that

(¢f(2))
Te \;’(;)’ > 187 g€ O(Y), zekl.

- ) . !
This means, by using a result of Bernardi [1], that

But it is known [3] that it g€ Oly), then g e 8*(u), where po= {2y — 1)
h i -

+V9 =iy F4v5/4. Hence Red (?) * ]
¥ +-4v% /4. Hence Re 402) > B, 9e8*), z¢e 1.
and the proof is complete.

From the definition of C*(B, )

This implies that Je (B, w

Remari;.

(2.1)

;, We can see that

fe C:k(ﬁy Y) < 2f EIK(B; )

From (2.1) and the ‘esults for th I in

e (2.1) and the results for the class I((8, v) in [4], we have the follow-

0 ,[;I—nc(f)gEM 2)2 Let fe OB, v) and pe given by (1.1). Then
el < {23 —2v) ... (n — 2v)[n(l — B) 4 (B — VIHn(n) !, for all n
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i) — ek L S T T
7 (L 4+ )P - (1 — 2B)r)
0
1 — )1 — 2p) - M1 — (1 — py2-2v -l 1
(L) —26) 1 (B — D[l —(L—m=*r] Ly
(1= — 2 — 2> 2
1 | 2(1 — 1
< 41 —2p)—log(l — 7)1} »J#@l, v o=
i 7 9
1
2(p — 1) log(1 — 1)+ (26 — 1), v =1
where | 2| =7, 0 < < 1. The first result and the right side of the second

are sharp, where the extremal function is fy(2) as defined by (1.4).

2] (7

TuworM 2.3. Let fe S and g e C. Let Re ~rE; > B, for ze K. Then
g2
fe C¥(B, 0) for |z] <r, :%_ If p <34, then feC* for |z] <r =

Proof. We can write, for z e I,
zf'(z) = g(=) p(z), Rep(z) > p, where g¢eC.
Thus

from which it follows that

_g__z_) -p'(&) .

o | (Bf(2)) } R
2.2 Re J2M ¥ . gl 5 Re B
(2.2) e { ; Bt = Rep(z) — P ()

g'(#)

o 2g(z 1 , ,
Since ¢ is convex in K, so we have Re _Q{_())_ > 5 z € 1 and conse-
gz
. " . E 1% [ g Zg’(Z) 1 Yy —1
quently from a known result in [2], we have Re ,(5 = (1 4 r)yl.
gz

This implies that

(2.3) ‘—‘
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Also
(2.4) 19'(e)| < 2Help(z) — )
1 — 42 {
~ 128 — 1)y
(2:5) *—Tﬁ——)— < Rep(z) < 20 —28)r
7 1_ 5
see [2,9].

Using (2.3) and (2.4), we have from (2.2)

Re {(ﬂz)_l = (3} > Re[p(2) — p] {1 4 ffﬂi_ﬁ} -
~[Rep(e) - ¢ { -%133}.

Hence fe 0%, 0) for || <i-
3

We now prove the second part,

f th o1y , ;
(2.2), (2.3) and (3.4). o ¢ theorem. For » cE,

we have from

(2f(2))’
Re 2L\ > Re — o1 gy | BeDp(z) —
7o) > Rep(z) — 2r(1 4 1){—\1 _)7-2 B}:_-
= Rep(z [1 —ﬁﬁ] ~ﬁ
) 1—y» K 17 1
1428 —1)r y1 — 3¢ 28y
> - i
1y (1~7-)+f_7:
_ AU %3 4p) 13 4pyr
1 —p2 o 147 .
Hence Re iz_f#ﬂ >0, for |o| <p, . 1
g'(2) BEETY
We note that, for p :i, feC* for ze g
2 ’ '

THEOREM 2.4. Let 0 < ) < 1 Le
o 4. < 1. L f be defined by (1.2 3
F e C*B, v). Then f € C*B, o) where ¢ s defined in Lewinof 11), e

Proof. et Fyz) = 2F'(z) and let

1—

> =

(2.6) Jo(z) = —1;\ 2 Sz‘i"zlﬂo(z),dz
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“

From (2.1) and Lemma 1.1, it follows that f, € (B, o). Now (2.6) can
be written as

1 -—1 gl ) . 4 .
fol#) = — _ Sz 1(z) d, since Fy(z) = 20"(2).
0

Integration by parts gives us

P ) T
7\ 7\ }\ ,J :
6]
Qi1 p-tp Lee,
— X, —_— A Z;‘ jf‘ » dz — ’ z
L e ) | = e,

and now the result follows immel('{iabely by using (2.1).

TurorEM 2.5. Let F'e C*(B, v) and f be defined by (1.3). Then
fe C¥lu, o) for |zl <7, wherery, u, B, o, varedefined as in Lemma 1.2.
This result is best possible.
Proof. From (1.3), we can write
of (2) = (1 = 2y) 20(2) " Na(aF(2)) =
= (1 — 2 H(z) -+ M= (2).

Now, from (2.1), it follows that I — 2" ¢ K(B, vy). Ihus, from Lemma 1.2,
we see that zf” € K(p, o) for | 2| < 7, and consequently f e 0*(u, o), where
B, v, o, . and 7, are as given in Lemma 1.2. Kquality holds for fy(z) =
—= (1 — ) (2) + 72FY(z), where Iy can be obtained from the condition
(2.1) and the extremal function of Lemma 1.2 as defined by (1.4).
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