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A NEw sullcT'ASS orì Q'ASI coNvEX truNCTIoì{s
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(r ì i., rtth)

111!!YoS) Subjccr, ctassificarion : BOCIJ2, B0CB4.

$:ITrYn"DS 
: euasi-conyex fiunctions, unir.a,rent f''ctions, coefficients

I. Intlothrct,i¡ul. l,et S bo 1,he cl¿ss of functions/, gir.en |-¡y
(1.1) Í@):z lficr,,,!,,
anal¡rNls antl'ni'aleïlll 

^Ù, 

:* 
\z : l z l.r"í. Let C,,S,o ancl /f tre ilre classesrf convex. st¿r'rike anrr crrse-[L-""riù"^ ru'ctiôLs, 

',ffi"r,i"uty. we sayfiat.f e,Sîs a convex tunctión'ot;.1;ï p, 0 < p < 1, iI
R" _Q1@):

.f '(ø)
\4/e clenote thjs class ì:¡. 91p¡.

) P, øeÐ

Also/e ,Sis astar.likefunctionof r¡r,der p, 0 < p ç 1, it

l¿ur{(4 > f¡, zeIù,
Í(ø) ¡

and. rve clenote 1;his class oT funetiorrs by S*(p).
Ler rlp, 7) rrenote the crass of cþse-to-"áor,"" functions / of orcre'fj type y n'hiclt are rLnivalent in ø anct satis{,'-'\.-\ 

r(,'ur

l¡"rüù>þ, :clt),
s(z)

u'hele ge B*(f) ¿nd 0 S p, ./ ( 1.

5 - c. 2439
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We notice that C(0) - C, ,Sr'(0) : S ancl 1l(0,0) : lí. It, is s1.*t
tha1,

C(0) - B*(9) - I1þ, "r)

We now clefine the class C*(p, ^f) of quasi-convcx functions of olcler
Ê type ^¡ as follorving :

Ðafi,nitíon I.7.. A lunction /, ar-ralytic in l? ancl given ìry (1.1), is
saicl to ìre quasi-convex of olcler p f¡rpe .¡ if ancl onl.v if there exists a func-
tion o e C(.r) such thal,

¡7"\''f'.("))-, U, z e.It,
g'(p)

ylrgr'*0 < 9,f < 1.\lreclenote t,his cl¿rss o[ functions byC*(p, ^¡). Cleally(lì'(0, 0) : Ua r lhe class of quasi--convex function intloc''luced and cliscussccl
in [7'] anct l8l.

We shall cliscuss, stirne of bhc ¡rropell"ies of the cla,ss C*(p, .¡). Tor
1,his purpose, rye neecl the follos'ing.

[¡rdrlr,r,t 1.1. [5]. Lct 0 { ), < 1, rt,nd let J bo iLe,fintd by

and r, ,is tt¿e lcasl; gtosiliue t.ooi of

(r _ o) f z{(^r _ Õ) -l_

+À(1 --.r)(o.- 2)jr ) (z^r_ o _1)(1 _2),(.1_- ð))rz:s.

i:;:,Ti,i:,:-ï:ij,,iî-:'1"fï:î:LïJ ":i:ï,I^o- (, - ,) F.(z) , , ø,.@),

2 -¿\ netv subclass of quasi convex functions t59

lo@):

(r.4)

ilrrllontlr 2.2
(i) l(r.i < {2(3 -il,j

(1 - 2p)log (l -_ c) _l
:¿(t - )z
(1 - ø) '

1
1--_

2

il

l

.l

I
I

l

2(p - j)Ioq(r __ â) + (2p _ r)t, j':1

wlt,err: X' e I((p, ./), 0 ( g { 1, 0 < i < 1. lllten, J e Il(9, o) mhere

(i) Il 0<1.< ] lrrrl À <-í q!,lltatr- 2 2().-1)
o' :or :12)'^¡ +)' - 2 -lll(4):2f 

-12À'y 
I E),r * 9À2 - 4À+11)l/4).)> 0

(ii) í -T .r.4L arrt À;]= + (',', r/irti

(1.2j

4),2^¡2 - 12).21 l- 9I
an,d,

- I .,,,,i )'-I -3)'--!3]:<7<l,rltetr o--o.1.(iii) ry , a^ 4J ttnd, trr,' a=trr.
l,rrrn'Lt L.2. I'et I e I{(p, ^¡) and let J'be giren as

(1.3) l@) - (1 - À) It'(z) | ),zx''(ø), À > 0

Tlrrcn J'eI((y., o) Jor lrl<r'n, tlhtre "í { o (1, P < p <1 unil t'o ts
d,efin,erl u,s

?'o : lnl tt ('t' t, 't' ,),

t'r'is IiLe lectsl;'ltos'i,ti,ue root oJ

t1 - (1 - 2),(L - ^í))rlt(l - v-)-F 2[(9 - r,.) -F

+ À(p+ ò+iJ.(1 - \) -2)lr i (2p - p.- lX1 - 2),(7 - 8))i'zl :0,

l'or this lesult, u,e refer to lti]

P. ÈIain rosull,s

1'lluorr';-iir 2.1 . lì1"(t'tr tltttrs.i-1,u¡¿¡pr 
JrrT¡rr,,[¡¡1¡ oJ.rt,det, B I1¡7tC ^¡ is crosc_lo-conra,,t .þntcliuu oJ, Lltt," sr'r.,,,i' ),:¡;,;,' try¿ lt et¿ce ttniruIcttl .

Proof . Since / e C,È(g, 7), it irnplies tha,t

Rn þ!'q))' -\ n ,"" l'(t') ) þ' ll e c(()' z e Iì'

l'his means, bv usinq a lcsult of Bet,nar,cli [1 ], that

n"{{1,)}þ, leu(t)g@)

Birt jt is lcnor.,n [3] that iT o e C(^¡), ilrcn.r7 e S*(,r), rvhele V : {(2^r_ 1)_j
-l l/e-=t+ 4-,] f 4. ttrence a.{g)
rhis impries rhar,'.;.;;;, i"J_-frl ì"i;,i_ îfi,"_ "

Retnctrlc. lh,orn ,re definitic¡n of C*(f), ^r), \\¡e c&, see thal;(2.7) f e C*(þ, T) + zJ., e It(þ, y)

,iä:- 
(2'J) zr'nd the'esults for the ctass /'r(g, r) in f4l,rveha'e the follow_

.f(r) - 
r ,'
)-

l- I
--t -?,. \z^ .f'(;) t1e,

.)
0

o : c,2: l2):i -l ), -V -8).1/,1i. > 0

l,et, .f e C'F(p, ^ò ancl be gLoen b,y (1.1 ). ,I.tt¿n..(n - 27)ln(r - p) -l_ G _ ÐJlln(n)!, ror an. m
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^ 
new sul¡class of quasi convex functions

ú61

1rii) -\ < "f'(z)t')
o

Also

(2.4)
lp,@)l n 2lìekp(a) pl

7_rz ,
(1 - vX1 - 2þ) -F (0 - y)[1 - (1 -- r)z-zrt-t1 , ^( *!^, Y #l

z(1 -rXl -2vX1 -z)z-zt
(r - zp¡llog(1 - r) + - 

2(1--Pl,
1' 1',

2(þ - 1) llos(r - 1) + (2(3 - 1),
r

(2.5) r+Qþ-1 )r ç Iìe p(a) E
l+(1 - 2þ)rI

l- -2

r-l-r 1--r'
see 12,91

r,:1
Using (2.3) ancl (2.4), l,e have fr.om (2.2)

Iìe > ITelp(ø) - þ) 1- 2r(I *r)
u'lrele l r l : ?', 0 ( r' < 1. The first, r'esult, antl the right side of the second.
are sharp, rvhere the extrernal funcl,ion is ,/o(e) as detirred b¡' (1.4).

lnnon¡t 2.3.Letf eS ønd, geC.trcf Re."l'(t ) þ, for zeE. 'I'lt,en
lt\!)

f eC*(þ,0) Jor lrl <,'r: + 4 þ <g14, tlrcrt, f .gt' fo't' løl :-rr:

I-12

1

:tRep(ø) - r,{j_=}
Ilencc ! e C*(p, 0) for, l;, . *
ä.i;"ö.åí"J,futtiå îî:ond 

pa't of the theoren. For, ø e ¡r, we have from

y 9f ',lf!' 2 Re 7t(ø) - 2r(L-,_ ,,¡ {IeZ(rLÅ I _g'(z) - t'\'-/ -'\' r- " 1-ì _;;:¡ :

= nc n@ft _3,,1. 3,

3-4p
ProoJ. We ca,n rvrii,e, fot z e Ir),

zl'@) - g(z) p(ø), Rop(a) ) p, n'here g e C

'llhus 1+ (2p -1 )r
t

1-3r
)*åî:lzlkÐ : r,(r) _¡

lt \ø)

gk)
g'(z)

P'(ø), 1*r 1-r
1+ 4(p-1)rlr2(B-4 B) 1-(s--+

frorn rvhich it follou's that 7-12 )r
11,

(2.2) lìe l gl'!Ð'_ _ ,,

I s'@) r-
ì
I

2l.1<',7t(ø) - I -
s(z)

1¡'@)
T¡ence g" 3!JÐ_ --- n ran t ^t - ^. 1 -

g'(ø) ) o' for l"l <t'r : ---'
TVe note ural,, for p : +., Í e C*,j; j!,.2'"
Tnrconn¡r 2.4. Let 0 < À < 1. Let { le d,efined, bg (I.2!, wheren' e c*(p, ^¡)' rhen I e c*(þ, o) where o is d'fined, in Lamnzq, r.l.
Proof. Leb tr¡loþ) : øF,(z) anct let

(2.6) 
lo",) :1 ,'-* irtr-'r,1,¡u,ÀJ

øg'(z)

!þ)

g'(z)

.l
Since ¡¡ is conr.ex r'n 14, so r.t'c have R,e

2
z e lN anil conse-

quently from a .lcnou,tl r'esult ìn [2 l, \\'c lt'¿r'o .n" {1:) > (l ]- r)-t
g@)

'I'his irnplies that

(2.31
g@) 

I

g'@) 
I

ç r(1 l- r)
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.Lrrour. (2.1) anrl Lernrna 1,1, ib lollows that /o e 1((p, o). Nou' (2.6) can
Lre x'r'it,ten as

6 ìI;\'l'IIl,trl,Ir\l l(ìr\ _ 11¡¡y
ET t)lì rr,,,,,,t,r,.t'tt 

l)''\NAI-1'Sl:l NtiivllitìIQtjttI t)ti i.,,\t)t)ROXfÀr.\.l.ION

L"{N¡TLy'H irururì.Itr{JL*ì tïr LÅ T}iEoft,E,E r,,Apl}Rox'ìtitrtroh,Tornc.Ig, No g, 1Í¡{10, I}p. ¡6J_-l6B
l,@) : !t.,

I

--1
1t^r-;: 

\ 
I X"(z) d,z, sinc,c ft'n(a) : zlt"(ø).

Inf,eglalrion [r¡- parts gives us

toø): lt'ø - l (i --)
1

I ,, I .
À \ 3L- " ü,(e) da :

.)
0

ON A SPECIAL CLASS OF
APTIMTZATION,

PARETO BICRITE IìIAI,
PIìOBI-,,li1\{S

(t l / r'- ] f l-,¡,r"l,lrìl - zf,(s\.' 'o,|f t' À 

]ø^ \ / 
)J

0,

zìncl. nol, l,he lcsulb follorvs imrnerlialely by using (2.1).

fl'ntiotrrr'r 2.r¿. Let 7' e C+(þ, y) und, I tte tÍ,efint'd, l¡a (1.3). I'ltem

.f e C^'(!, o) Jot'lul <ro, uh'ere rot lr¡ l3r õ, Y ara tleJ'in.ed' as 'i't¿ .Lem,n¡u 7.2.
This result is best possiblc'

Proof. Frorn (1,3), rve can rn'ite
zf'(ø) : (1 - Àt) z'Ú"(ø) i )"2(øtr"(z))' -

: (,t - ),r)H(z) -l )',2tr1'(z).

"å'"Í,{ta;J,,itl}i:'äiill"ä,'".;''13¿mrna, 1.2. Iìr¡uali1,¡' holcls for lír) :
can be obtained. from l,he condition

emma ,t.2 as rlefinecl tr.v (1.a).
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MúIlrcnlatics l)cpartment, cotlege of scictrce,
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opur,'iiiol'iåTtîîî';î:îï Lct us conside'tJrc roror,vi'g gene'ar mulricriter,iar

(r.1)j p@) - urk,),. . .,1^@)) + f¡. max
[sirbjccf 1o n,e O s IR,,

donrina_
the tite_

$åtjå
in : {n: (Àr, ...,),n,)¡ ¡ e [Ro,, 

,.I ^, 
:1, lÀ, > 0, (i: r, ...,rn)I.

Given À e Â let _lr(À) tienote the follo.wing problenr 
J

(7.2) 
lu',*, 

: 
Ë,^,t,r*) - max

lsubjecl, Lo uee,
l'rel, (f,\ _ t

pra¡,.'síiaèí/";lif ,Î il"åjffr"il^) ror. some À e rnr z\] anrl rer

iT r" 
j lt " " f o n Q, i . c. rh c iä " ; ïîi îåiä"r#,,Tj;_"J r*î,"rî:lï3l 

*jnlåi;
'I.he following result is well_knou,n (Da Cunha, polak, 1g6Z) :%q*@rþ,È_ (L) 

= lurng, e.
onclorninated solutions for (1.1) by means

euite lvell-,for ilre bicriter,ial case. In whator¡e method for a *p""åi;i;;s of bicrite¡ial

NTCOLA]J POPO\¡ICI
(Chrj_Napoca)


