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NETS Otr POSITIVtr J,,INEA[ì trUr\CTIONi\I_,S ON C(X)

I. IìA$r\
(CIuj-Napoca)

__ ]'ltc1c al'c llalì-1' Iiot'ovkin t)'pc results corlccr.¡i¡g- t[rc co¡vcrgc¡cc ol ¿ ¡ct ot positive
liucal frtnctiouals lo r l)ir'¿rc lrrcntiou¿rl. 'ì'llo test sct is oftc¡ of flre forrn T U {¿, : te ?}tvhore
J is a given sct ol functious. In this no[c l'c ¡l.cscnt sotnc rcsultri in this contcxt.

Lst -Y be a compaci; I{ausclorff spaco ¿ùnd lej, t(X) be the space of
all real-valued oontimrous functions on -{ endowecl ìvlih ttre suþ-norm.
Donote by lrr*(x) the set of all probability Radon rnozùsur.es on 

-.r. Let
(p') be a net in I[r+(X) ancl let ¡r e J{f (,T). f)enote

Ix : {l e C(X): lirr (¡ro(/2) - rr?(/)) == o}

Jgu_r1n-nivi. a) 7/ is a closecl su"bcr,lgebra oJ C(X).
b) tl lin ¡r.¿(/) : $(/) f or øtt f . ø, tltí,n oòery ! e It is col;stalr,t on

supp p..

Ptoof. a) Lel, veM\(X), l, geC(X).ilhen v(/-l- a), )0 forat).ct.eR1
this yielcls ,(1") > v'?(/). It follows that v(/ I ctg), > ,rU'-f ag) for al1
ø e R. Therefore

(1) (r(ls) - u(/) u(ø)), < (u(/,) - ,'(/)Xu(g,) - u,(s))

'Ihis implies

(2) rim (p"dfg) - *,(l) p¿G)l :0 for all I u E, s e C(X)

Clearly À,fe E for all ),. € l? and all / e D. Lrcl, now /, g e ll. Then

rru(/f g)'- w?(l f ø) : t',Ur) - t"off)+ vtØz) - rri(g) ** z(vdls) - pr(/)p,,(e)).

Using (2) rve see that I -l g e -Ð. Moreover,

v¿ff4) - v1$\ : lv,(ln) - rr'(/)r¿¿(/3)l *
* ur(fltpl/,) - p*(/) pl/,)l + rrt(Ír)lp.?$) - t,ff,)l

-Àgain by using (2) we infer that /z e E. Since

lg:Klj_tJ)'-¡z-sz)12
iú follows tt:at fg eE lor alL f, g eE.
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b) Let J e II. then 7'z e 7/ ancl tlrus

v.(f') - p.,$) -.liu (¡r,(/z¡ -- y"l/)) -= 0.

llor' ø e .I let us tìenole p(ar) : *(j - ,[(r))t -
: r'(l') - 2J'@)p.(.î) -l I'@).

'I'lren g e C(,Y), p 20 ancl ¡r(ç):,r(lr)-ZVr(.|) I ir(./r) =-.0.

(ii), 
l. is 

-a Dilao ììre¿ìrJure. Let, v bet) _ t(y) for aII t e !1,t. On ilre othár
I' separates ,T, l.c see ilr¿ii !/ _ n.
rich contraclicts (4).

IìliIrlìIìlrlNCiÌS

ft follou's that 9 : 0 on sulp p.

___ 
Let ,r0 € supp ¡-1. 1ìhen f-l(/- /(e'o))2 : 0, i.c,,

u. ll'hus f is corrstant on supp t-r ancl the proof iú
I - .:f(t,o
finishc¡il

):0onsulrl:

I. Altollarc, l;., Iironlièrcs al¡slrui[t:s cL cont(sttr te s utsòbrcs ¿c r;n*tctt 
"ou,rr,,tut'irì"ri,, i;,;î"l?íi,.i,ri,!!:;::;:,,1i' J,,rii,'îì"Íl,l;l :Iìa,'rrrorrd' 2rc.\r'ór' rrsr-si, Àà.-b'. j;-r,i."iii,,,. r,,,i*. iri"i.ìr"-',,r,ii,.,å,,:,,,.,",, 

LiT],,,iåà¿,,,Ii,rì,ts,r, t,, s,t, iiio'ì.,íioî,",,,.,,,,",,o,,s, ro &ppcalin,\rri so

coRor,lÀr¿r:. su'pltosc t,hat T c c(r) sepctrates x antl lim ¡r,(f) :
: pr(¿), Iim ¡rlfr) : It.r(t) for atl, t e T. lhe fotlozoi,tt,g stcr,tem,erts åre eç¡tt,íact-

lettt.

(i) lim p,(/): v,(l) lor a,tt, .f e C(X)

(ii) ¡r is ct.I)it"acm,easu;e.

I?rooJ. For ú e ?s'ehave iim (p",(úr) - ttlftD : p.r(t) -- trr(il) : 0,

lrencc T ,- Il. By the stone-weiJrstrass l,heorem it follol,s tlnzt, D : c(x)"
(i) --+ (ii). Using part b) of i,he aborre theorem ï'e infer that er.erv f e C(Xt
is constanl, on supp ¡r, hence ¡r is a l)irac meâsrlre.
(ii) -+ (i). 'r'his is a rvell-hno\yn r(orovkin 1,ype theorem. (rt is connected
with the Stone-Weierstrass theorern; see t1l, [2] and 1,he references
given there). For the sake of completeness \\,e presenl, a proof.
_ Suppose that (i) does not holcl. L,e1, ¡r bo concentrated a,t u e X.

thus, for every f e ? we have

lì cceivcd 1 ¡i. I, 1 990
L.tc parlttte tú o[ .l lutlte tnul irs
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(3) lim p.lf) : t(er) and lim vt!z) : tr(u).

lrut there exists a function g e C(Ji.) such that (frdg)) is nol, con\¡ergent,
to g(n).

It follo'lvs that thele are a,n e ) 0 and a subnel, (pr¡) of (¡r¿) such that

(4) lv,Q) - s@)l > e for all j.

!y a, comp_act_ness argument thele exist a subnet (p,,) of (¡rr) and
a v e Mt*(X) such that

(5) lim ¡r,.11¡ -- v(J) for all J e C(X).


