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ON \{TtsAK CONTINUITY AND WEAK 8.CONTINUITY

T. I.IA'I. ICIÌ Y.A.L\¡Âç
(Anka¡a)

charrgi'g rhe topology on flre dornain and/o. trre'ange of a functionenaÌ;les us to-prove sornõ-theo""-.* easily.

l. rnt*oduc1,ion. we have not atternprecrto g.i'e th.e origi'ar sourceof alt the definitions mentionecl in ilris ñft;; frit"iìi"rl"^ay be obtainedftoln 1,he quoted references.

: -lltt : Å .+,: 0ini,C, zt : ocl:{)"

2' some co'r,irrrrif,.y t;z¡lcs oI fu'cfions. we *,ill not gi'e ilre or.iginarclefinjtions of the following:f.i;cti;"sr'b'r we 1"iri' jt,;ã Trreir. eqrir,árent

Let'.f : (*1, .) -',f y, !) be a function. ifhc follorvings a'e known.(i) / is sl,ionglv O-continuorií iff¡ r 1Í, "o¡ 
* (y, t ir"i;;g ancr frening_ton l3l conbinuous.
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con. <--- cOntinuous

2
On rveak continui and weak f-continuitvtv

779

s iff / : (X,rs) - (y, v)isNoiri antl

ru) - (Y, u) is Reiily ancl Vamana-

(Y, v,) is Reill¡' ânil Vananamurty

(v) /is almost cont-io._ous iff /: (,\, t) -, (y, v,) is Reilly ancl yamana_
rnurty conl,inuous [12](vi)./is faintly continuous iff /: (-T, r)-(T, v6) is Long arrd rrelrington
continuous [4].

.it^(tr' rJ - (Y, v) is callecl 0-cont,inuous flJl (r,esp. rveaklr' ò-con-
tittucrLs2, u'c',ahly continuous (see Baker tzl)) if ior 'e'a.ch'ø 

u Í 
"i ¿ "."r,v-olrcn set I,' containing a, there exists ãri open set u such ilrat u e U

and /(û) . Z (resp. ltij) -V, ¡g¡ -V.
fl,antarll 2.1. Clcarly 0-contilruil,5. implies rl.ealc ò_continuitv andu'eak à-c-,ontinuity implies u'eak contihuit¡i
Tnnonn¡r 2.2. LeI l, (X, t) -, ()l', v) be er Juncticttt. ?tr,e Jottowi,n,gsa,re aalid,.

l! Il ,f is 0-co,,titr,uonrs, then, f : (J, 16) - (Ii, vç) is cotttilt,uous.(ii) ry J' is ueu,li;lt¡ 8-eon'tin,uotts trhen, :f ,\'nl, ì"¡ '- lî', vr) is cotttill,uous.

. _^Def,i:11it,io,n 2.'3. Le1: f :(X, r) -,(y, v) be a functiou.(i) rf /: (;Y, t") - (Y, vo)-is coitin.,or,ù ti"í/is called sipcr faintly con-
t irruou s.
(ii) ,rf r, (x, .o))* (Y, ,o) is contin'o's ilren ./ is caliecr sl,rong laintty
continuous.

,. Cleaflyl'^: (..\1, r) - (Y, r)is super,fainil¡, continuous (str,ong faintty
continuous) iff fol ench r e .,r ancl ãach 0-oien set 'z 

"o"tri"i-"g: 
ylrj

tlrere_e-rists tn gp.el set U contain g ø such l,hal; /(t) c_ Ir(J(t) - I/).
Hence tlelinitions of a funcli lhich is cuniinúous l)iràn'th" oíigi-nal on 

"Y 
or Y are chang'ed b¡' sg¡ri-tegularizat,ion topolog.v or topologyîf

0-open scls al'e finishcd.
, _ th*-_follorving diagram is shorv r li,om Baker, [2], long ancl ]fer¡ing-ton [4], ÌYoiri ancl Kang [gl, Rerlalk 2.1., T]reor,enr'å.Z,I)et. Z.B.

stlongly 0-cr-rn 
----;, 

s¡pet, colrIJ
¿¡ltnost stlongl¡. 0-con à-co1.

strong faint continuity does not i'rply rveak continuil,y. IMe see ilrisfrom the foilorving u"r-piu----- -'
Ilnautple

, : {Ø,"';:",''ial, ' : {Ø, X, {"}l and

"oj * (Y, v6) is rY {uncbioú frójn.{J,
l(i\:;1ir"fr'iì a function such tÈat

,J. Ilelation betu,een u,eak confinuit¡. ¿rnd rvc¿rk à-colfinuit¡,

""1 -T,!Ïlnff*ort,l,:r{r:rÏ;,,;),}"ÍI' ") 
is ue&hts 8 continuotts i,fJ f :(x,

Proo!' Let.l be *eakr¡¡ ò-contin'ous functio', n e x nncr rl be v_open
set containing./(ø). 'lrhere exists a r-open set [/ such that n e uancr rùj -
;"I;"ti 

€ rs ¿ìrìd r eLr - ¿i. Ilence J':(X, r,) -, (y, v) is neaìrty con_

\ou- lct ./,(-\-, r,) - (1", v) bc. .rvcakly continuous, e,e .ll arrcl J/tre v-open sel conl,airiirrgf,r').'t'úcre exists n¡í-ounn.ãiï sr,ct, LrtzL u e LIand./(u) ,- 7. since dils'""-o1ru^ ì"¿ , . a, uì*ãïrii,. , reg*ra. open
set U'suchthat nefJ,c I/. Wehar.e/((1,):l(ti,¡ - T7. So f :("y, | _,-' (lf, v) is l'eakly à-continuous.

:Ðefùr,itiutr, 8.2,..(sgg,Baker, lZ l).. jf]f;c^ g-r,aph of a funcLjon/: ,l __+ -)-issair'f Lor.¡cà-croscrr,i s,jrrr,,"*puritií-trt roì"äór,I*,'"r'i.-\.x r- _G(.[),Llre.e,cxisr. olren sefs IJ nnù' l; sii"l, ìi,oi à'ã'u'l ll'*o¿ y e y c_ !
ancl ([/ x ]/) n G(.f) : Ø.

Îur,;onl,,rr 8.8.. rl,ltc. graph ,,J I: (-]', t) * ()i, v) is g_t,losed. toitltt'cs¡teet to X iJ'! Q([) is eloietl^ in 1_t: x ,f.,' ,l'X ì)1 
, ',

I,),t¡,,1 . i,c1; t lle.e,r.aplt of /: (-\', r) _ (Ìr, v) is ò_r,Ioscrl *,iüìr .cspecfto -\ ¿r,rrrl 
"(',,', y). -\'x ï _-áùì. ',í'hnr., 

niioi ,_np.,, *"t U arrrl v_opcn
sct I sucir tliat ø e U, ,!/ e l' ¿r,ncì (ti x tr¡ 1,G(Ð: Ø. I{ence (,t:, y) e

y).ùXV,-.{xy-G().So
"Xv).

'llrln'""I ã."1";
J,i ïr:io_ ,,ï' ï,

in (.T, t) sucìr l,hat ø efJ, - Û, - U. We haye (r, ,!ì.û, *-I/) c_ LT X9-

-X l/ arttl (U:x l') nG(J): Ø. Hencc ilre graph of / is à_closed rviilrr'especl, to .T.

Conor,r,Anl.3.4...Let.l':.Jl - y be a futtctiott,. If ,y is co sent,iregulu,rspctce tlr,en, uettk, cot¿tÌnuitir¡ ,is 
_ 

equiaa,ren,t, tó ueatt, g-cånû,nt,r,ity and, G(f) isctosect i,lJ G(J) is 8-c'tosett"*ith ;;;i;;i'"to ,y.

J
cont,in-u

J
otls 

--_= 

zr,lmost

J
0- col'l ¡i faintl¡' con

I
¡'eakl.1. }-Con.-_; Srì. ltel fainl,J¡r con

I

tl,
J- con. 

--+ 
fainily colt

v
n'eal<l
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5 On weak continuity and

Conor,r,Äny 3.5. Let f : X - T be ct, fu,nction. l,(X, ".))- (Y, u)
is weøhl3¡ continttous iff f : (X, v") + (Y, v) is wealtly 8-con,tinuous.

Proof.Itis knotvnthat (r,), : .r", so (X, .r") is semir:egular Mrselict.
Reilly and Yamanamurty [6]. 'Ihe result is clear now from Corollary 8.4,

,Ä space Y is cal ed rim-compact (see Baker. t2l) if for every y in
Y and every open neighborhood. V of g, there exists an open set [/ such
Lhat y e U ,- tr and. boundary of U is compact.

We give a shoú proof of Theorem 8 of Baker [2] betorv.

'Iunor¡nm 3.6. (Theor,em B of Bakel l2)). IJ I : "l -+ Ii ,is rueu,kh1
3-c.on,tinttous; Y ris rim-cornpact and G(J) is à-c/os¿rl raitlt respect to X, then
,l' is su,per cont'intt,ou,s.

. ProoJ'. CIealIy flom Theorern 3.1 ,J t (X, r") -., (Ii, v) is rvcalrly
continnous and Trom Theorem 3.3. G(fl is closecl ir¡ (J X y, t, ¡ vj.
From lllreorem 3 of i{oili l7f,f : (X,.r, )-( Y, v)is continuous. Il-ence ¡': IX , 4--
- (Yr v) is supel conlinuous.

h the same \yay Theor,em I of Baher [2] is a direct oollsequence
of CoroIlaIJ. 1 of r\roiri [7 | ancl 'll]reoleilr 3.3.

Tnnon¡;u 3.7.Il l: (X, r) -' (If1 v) is faintly co,ntin,tr,ous a,nd (y, v)
is u,lut,ost regttlar (regulør) then, J is ttl,tnost siron,gtlt 0-conti,tt,u,ons (stiong'l,y
0-t:o ntinttou s).

_ ProoJ'._Let, 
^J' : (X, r) *' (Y, v) be (y, v) is

almost regular'. Since /: (X, r) * (Y, v =: vd lve
have /: (.Y, r) - (Y, vu) is continuous em 1 of
Mrsevic, Reilly, Yaryananur,tv [6 ] tltat

to a t'egulat' slace.
.f , (X, t) - (Y, u,
continuous erluivale

'Ihe ol,her 
""*otT'can 

be provecl in a similar ]\,a¡,.

Cor,or-lÄny 3.8. If the rcünge spcLce rls a,lntost regulctr (reou,lar)
all types of ftntct'iorts between alrn,ost sll'otrg ï-cotttinu,itt¡ (stroirg ï-coùtinu"ityj
und, faint conlirt,tti,ty a'e equiaalen,t.

'llheorern 4.1 and corollary 4.3 of Noiri, Kang fglare rlilect conse-
quences of 'lliieolem S.?.

lh" follorving Corollar.¡' is a geuer,alization of Corollar,¡- of 'Jlheorem
9 of Baker l2).

Conor,r,.ln,¡¿ 3.9. 4 l , (.1, r) -' (Y, v) is Jain,tty cotttitt,uous antl
T is Heetsdorff a,ncl ,t'iut-co:tttl¡tcr,ct than J is s\ron,rilu 

"0-conl,it¿uou,s.

IrooJ'. Clear from theor,em 4 of ì{oiri [?] that ]Iamaclorff ancl rim-
compact space is r.egulal.

'rheorern 10 of llaher f2] is a rtirect' conseqrlence of rheorem 3.3 and
the fact that a function rvhich has clo,sed graph ancl compact r,ange is
continu.ous.

The follon'ing corollary is a genera,lizal,ion of fllheor.em 5 of llaker
t2l.

oonor,r,ar,¡r .3.1q. q 
- l, g_: x _, V are g_contill,u,oîüs Junctions and,

Y ís Hau,sdorJf then, A : {* e X : f(n) : g(n)} is ì-ctosed,.

lrqgl, Clearly 1,.{{, tu) l_(Y', u,) is cotr,tinuows, and, (y, vu) is
rlansdorff from Proposition 1 of l\[rsevic', Reilly and Vamanamuity"'¡a1.
Ilence A is à-closecl.

/r. tr're'open se[s ald rvcal< continuit¡'. A set -4 is called pre-open

(senri-open] if,rl - 11.+. ,i¡ 1.u" allam, zahran, rlasanein'). pre-open
sets ale callerl almost opcn in the paper of Rose áncr Jankovíc', [14]i

À function f : X -- Y is called almost opel [16] if for êver,¡r 613¡.11

._9t".[_il y l-\V) c ¡--t1Tz) a,nd pre-open f5] if for evely open set [/ ìnx Í(u) is ple-open. rìose [18.] shoin,e¿ ihat âlmost opennéss ìs eqlivalentto pre-openness.

Trrriolr,rclr 4J. f : J - l. us ,weal,:ly cc¡t,ttinu,ous i,fJ for euclt, ltre_
opcn set n - Yt I tØ) - J t(,T).

Pror{. Lel / : J -' l:' be rvetìtl¡' continuous ancl :1 be a pre-open set.
l'hen.{ - Å - }i-Ã,1-teI) - J 1(-4)-J-t(Å)-Í-r(Ã). Since/isrveakly

continno*s a1a å is a^ open set n,e g-et /-1(,å) e ¡-r1Å¡ c ¡1ål from ilre
fact thet J' : X - Y is rveakly contiñuous iff fof each opén beú T/ in 11,

l-'(V) - Í-t(V) Iìose ancl Janhovié [14]. I-lence¡rçT¡ - l-t(Ã) - l-tel)"
'I'he converse is clear from the property menl,ioned atrove.
Theolem 2.2. and Theorem 2.3 of Allam, Zahran ancl Ilasanein [1]is a corollafy__of rheorem 3.1 'rvhich generalizes Lemma z.r4 of Ailu*;

Za}rarr and Ilasanein i1l.
Conor-r,lln¡r 4.2.,(Theorern 2.5 of Allam, Zahran, Ilasanein t1]).Let f : X -* T beanølmostrcontinuous ntct7tlti,ng.'Then for'each, pre-opeia ãet

a ,= Y, f'Ø) - Í-,(Ã).
i|he follo_wing rremma is a generarizalíon of r,emma 2.rJ of Allam,

Zaltran ancl Tlasancin [1] and contains a short proof.

f_,nrul,r¡ 4.3. l: X --, Y is ueqlt;ly conlituuous iJf Jor e\ery pre_open
set A in Y, l-tØ\ ,= itttf-1Q|)

- Prool'. Lel1/ be "u'eakly continuous antl -4 be a ple-open set in y.'We knorv that /: J -- y is"l-eakly continnous iff for õachãpen set I in
y Í.-',(.Y).c- tnL(J-1(V)). Since A-Å rye haye I ,Ø)c1-r(i)cinr(/-l(l)c
c int/-1(,4)

The conver,se is clear.

Lmlr¡rÀ 4.4. Il f : X -- y is pre-olten lunction tlten for eaer,¡| sem,i-
open set B in Y, l-t@) - ¡-tçl¡.
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lrooJ. Lel,/: ,I -- T be pre-opetì a,Ld B be a semi_open set. Clearly
B - j) ¿-¡nrl B: 8.

^-- - l-'@) : Í-'(b) - ¡-\ñl - l-r(B) sincc / is pre-open ancr É isopen.

Irnltltr\ 4.5. .f : J - A'u, is'r,c_open at¿cl ølntost ct¡n,ti¡tzt,r¡us ,rll Íore,ueTy se,m,i-open, sat R in a ft@): l.tiÐ.
Pt'oof'. rt is clear from Lemma 4.4_. ttre clefinition of almost opennessrvhiclr is equivatcrt l" pT:"tr*;;;*, lr.,u Tt,;;;;;-;i i{arnata Deb (it isseen from coro.'ary z of praÈasn anh srr"ãJ"i,l-irîlliä"¿ the facl, t]ratcvcr'). open sel is scrrri_open.

Cor¿or,r,Anrr 4.6. f : X - ! is ueatcty ct¡u,titntous und, pre_openiJl !ot' arr,clt oTtctt, set V it¡ y I.t(V) _ I tü;.
Proof .It is clear fr.om ilre fact

each open
2.2 of Alla
orollary n,

Conorr,.rRy 4.7. I: X __> y zs øtntost-l contintt,ou,s cuu,tl 1tt,e_oyieu, iJflor auch o?cn sc; 1, itt, y,¡nl : "f 
.F).

co co_ntinuous function is almost
o1i d Singal.flSl and Lemrna 4.+l

fir. unction isl.eakly continuous.

ITEMMA +.8. If A.is a pre_open, subs.et oJ I then, r,f A (i.e. ind,uceiltoltology ott, X by ,,¡ is u s:tcbset' oÍ ("1¿,1" ' - ""' 's/i

itt (-.1i, t) thcn .4, n Il is lesular
a 2.8 of r\llarn, ln)n'an, Hasínci n

ll;.^ttr", 
Zaht-an, I{asanein l1l,

flllr';onl':lr 4.9. ('rìrreo'errr 2.g. of Alran, .zahtan, rlassanein lrl). lfl: (X, c) --+ (Y, v) r's E-rurtir,uor,s anù l' ts 7tia"i:frl-t,r'1j:, ii,t,itrrlflA: (,4, rA) + (ll, v) r,s 3-co¡¿ti.nuou,s.

n, o . /),',,!.,Sircc/r.t, 
ù-co¡rtirruorLs.,/ : (-ll, ,"): (y, v")is corrtirrrons. Clear.l.yJl! :14, ':-lA) * (Y, v") is crrrbinuo.s ant'L fr.om'Lelnlna a.e .flA : (Í,

Ll,.lìil,;J.,ll ',, i¡; cóntinrLous. I rcncc IIA , (a,' 
';-lÀl 

_, tii "i 
,'iJ

'I'rrnonrc¡l 4.10. 
. 
If [ : \Ji., t) __+ (y, v) .is suTter collti,tùuor.Ls (su_pcr Juintlu uotttitr,uotts) yyyit 't i's 7tí'e-oi"ett' ,.rí ir, ,X incn ¡¡A, ()t, r¡l,i\- (Y, v) is sttpei. continr,ous lsu¡ter'!nùr,fl.y ,ooilrr"oii¡i

-.._ . ProoÍ' rt is similar.to the p'oof of rheorem 4.9. Theo'ern 6 of sakei[2] is a corollary of .Iheorern- +.10.
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