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so that if
9(", "f(l3r( t (l - I31)II, ...,7u,r l- (l P,)fr)Xt) -7,

1,ìron ø(1) is not â subsot of uriu [ø(/), {ä}}, so l,hat, clearly ø(l) is nol, a
subset of [p ; -1{], so tltat

þ(o, ltt; I{l)(r) :1.
lhor-efore

þ(", l(9r" l- (1 - 0r)8, ..,9¡,ø. -t- (1 - p")If)XI) ( f3(o, lp; Hl(Il.
Therefore

ììf .\'l'I UitI¡\'1'Iil,! -tìIt\rtilÌ t),,\NÀt, \:Sti Nt;ÀIl!tì I et itì
li't' DE'r'rrÉoRte Dti I.,¡\I,plìoXIùI¡\,l.IoN
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ON INIÌQUAI,ITIIìS FOR INÐEFINITITI FORI\{

}IO]lCII,O BJEI-I(:,\
(Zlcnjanin)

1. In s of the A:ozel, popoviciu anrl Bsllmaninequalities form, by the mìthocl of a common
fixed point re coriecied ancl ad.cted_ the necessary
and sutficie popoviciu and llellmzr,n inequalitiei
holcl equalities.

The inclefinite form is [X],
Gr(r) :(n'Ì-n9 nll)'tr, p2I

lor values of tire ø, in the legion Æ clefinecl by
(a)n¡>0
(b) ø' > (nl* r3-1 ... + t;I1)rtn.

Tlre next thcorem clue to J. AczéI,1956. [4].
Tnnonrm A.L_ate:(!tr,:.,¡eu) and, b:(l)t,...,0o) lte two sç

quances oJ real nu,nt,bers, st+clt, tltat

u? - a3 - a,2,> 0, or bf - bZ - b?,> O.

'Ihen

(a?-,ú -(r\)(b?-b3- ¿ri) < (r¿rD, - ct,br- üobo)z,

uith, eq,uctlity iJ and, only if the sequences a a,t¿,al b o,ra proportionctl. 
,

2. 'I.he ltczél incclualil,y \vas generalised by T. popoviciu

{1) (ctT-ør, -cti)(b?-bg- bfi)4(arbr-üzb, 
-a.nbn)þ.

The conditions

L(þ(", ,:fßp --l- (1 - 9,)8, . . . , þon -l-- (1 - 0,)17))'l(1) <

U

f'(þ(u, [p; /{])'4)(I) <c.

Ilor l,he case in rvhich l'Tl is urú¡ounded belorv, \\re use ((rn¿ùxt' instead.
of "firirÌ" ; rvc loave the cletails to tho lead.er.

ilharefole, if 2) is l,rue, then b) implies a).
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(3) (a!_ ag"¡z>(a?- cú')' or ¿ -1> (¿o - 1)+ , t:(%
\øa

tr,fi ) 0, or bl - bi, - ... - óB > 0

[4] are_nol, sufficient. The couniret'example is p :
1, 1) when (l)-becomes 5.5 < 1. I¡or p > 2, ;ru:
conver'se ine quality holcls

(2) (tl; - ftÐ -
a,n:d.p2lgivenin
:3rclr:þ:(2rL,
- 2 and. a, ) art'lrc

e2
t 8:-. p
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The fnncbign y(r) --(t, -I)r/a, t 27,0 <q <1has a clelivale y,(t):
l-q: (1 - /_q)n rvith bounclaries 0 < y'(¿) < 1, so rve obtain (B).

l'rrnonulr Il. IÍ a - ((tt, ...¡cL,) and" It - (br, ...,b,) u,e seql-terl.,ces
oJ nonnegu,tiae real nu,tnbet,s sttclt, tltctt

(+) úl-u'; -ul,>Ð andti-bg -hl,Þ0,
then, for 0 <It <2,
(ú) (a,i - ø! - . . .- av,,)ut (bi - bi
q,ncl conuet'sely for p < 0.

., lf p 12 erluali,tyholrts iJ ønrt, only 'í! u:(c\,0,...,0) and, b:
: (bLO,...,0). Il p :2 erluali.ty hold,s ij ctnd, otthi iJ a'anrt'b áre propor-
tional..

Proof. f,et 0 <1? 4 2t

X: {(ar, ...,n,,)l*, > 0,...,ct,, ) A,

c:'i-r! -rI-aT-cß -0:!,j,
Y : {(yt, ...,!tò lat 2 o, ... t!t, ) o,

ai.- lti - U?,: b'r- bI -- I)?,j,

ancl a functional J':XxY -rR
Í(n,ll): (atlJr- nzuz -nu!!,)p -(aT- n!- ...-n'|,)@i- uî-

- u?).
Tf ø, : a,¿ or b, : bt ficl: some ¿ €^{2, ._.-. , tr,}, thett (5) is tlivial. I{ence, sup-
pose that o,) u¿ anrl ó, ) b¿ fdr all i: 2,...ru,'.

J,ct ø. _!1,þ:y ¿rnd ø- ( g. I¡ebur' I)l

(6) b' : (bi, br, ...,br-r, b,o, bo*l, ...,b,,),
where bi ancl bi arc such thai,

(7) blo - ¡'ø : b,i- b?, b'rtbí: tllt 6¿.

Conilitions (7) arc satisfiecl if
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o1'

(B)

öí :òø,, b'¿-3a,, t-{ÚT-b?'l*."' I rfl-a?)
Ineclualil,y ø,( p implies thzr,t bl { b, and bí {br.lrot us now demonstrate l}Lat f(a,, b) > l@, b) i.e.

etbt - ct,¡b¿ ) ctrb', e¿b; : $(al - al),

bi - b'i , ( ørb, - q,:bÍ\þ 1 - 0p j- -- uu_''-
ql - øT \ u! - u,i I (1 - ep)n (I __ øø)z'

r''et 9(l) --;f-+' , a ( , < I, so tnat t'(t) :p-Q"--y='-) .(l - o."t)D 1 " ' r\', 
(l _ a.t)t,.t'

I1 0<'p< I ilicn ø11S ¡t,-7,if 1lp ç2ilrcn aç at,r4¡aL,so tlrat tJ,'\t) <0,. e, { t .i7, rùit irnpliàs tsl.ln t,hc caso thrl ø. ) p, siurilrrrl.l.rl,,filrcs ì¿,.Ì[appings I.r: X X f -.I x ],., í J z, ...,r1,

ll¿ (:L', 1¡\ - 
[ (¡'' 'U')' il u¿t1' ( ûtrli

I (*' , !t), )f ,t,¡t¡ , 2 ,, fl/ t '
ale in âccrtlcl¿l,lrce ivi1,h l,he fulrctional

ï(t,, y) > Ie.,(r,y)).
I-'¡ei,

(9) .tr,, , f!.,", . , r, ,,,,,

be a seq.erce of rnrl;pi.gs !r,,...,,/1u in rvhich each of lìtese mappingsinriniteiv 1,imes appenì's-. a"ppriólriori ;í (rj s";;;;r"ï; *ii.,"r,"" or vecrois
(10) (t, b), (ø\1), bt1)) : Í!,¡,(a,, b), . . .

. . . 1 (ttl",) t bF,) ¡ : X, i,,r(r,i?', 
_ r), b{,,-- t)), . . .

the coorrlinates in (10) noninclease so 1,hat

lirn (øt,,) t b\,,)7: þ, cl) €-T X .Y

ancl

( 11) :f(u, it) 2.f(tr,i|), bo)) ) ... >
'Ilrc mapping jr'r, t,; e {2, ,..,r1) is continuous so thai

lírr;- ú1 o(n|,ù t bt 'l ¡ : n-¡þ, tl).

,Let {j,n,\ be a sequence of
sequence

inclexes such that i¡,,: l;, m e N. The

7u(irr*t), L,''' 
,r,n") .. lu,. çu,' 

i,,l , tl'i,,),r, ìn =_ r,2, . . .

is a subsecluence cf Jtol,h conr.er,o;ent seqlÌenees

{(alnù, blt,ù)} anú $,,(uvùt b(,ut¡¡, so ilrey
convcli4^e Lo tÌtc sarnc Umil,. (r, dL:1,,,,(c_,. tl).-Hc¡ce, (c, ¿) is ft colnmonfixed lroint foi' lr,ll nrairpings hr, .-. .",'1,3,,, ivt,ar, inipìiä*'"propnr.tionarityd,:rc¡r>0.

Il, remains i,o prove thzr,t

lþ, c) : (c1- c! - .. ._ c,?,),, _ (c? _ c! _ c.f,), > 0.

Let i e {2, ..., n),
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Itl(t) : (t' - cZ - c?,-t - t2 - cT,), -
- (t" - cP" - ... - c\_r- tP - ... - c?,)r,

t >-l[ð1 -c"r,t'-l':c? -cf, ancl so f - l'i":o.
A clerivate is

h,í(t) : -2$r - c! - in - .. . - cn) pt (¡r''z - ¡n z) ) 0t

so that
l@, ") > JQI¡(c), Ho(c)),

whele
Hr(c): ([¿=,jtt czt ...¡ci-r¡ 0, c¡+r, ... ,c,).

Therefore

(12)

0, " ', 0),

rnequalil,y |@, b) Þ f(cr, b'),.r,. ((i), is equivalent 1,o

(a, -l- br)o - (a, * b,), Þ (at I àø ¡r _ @n I ga¿)n :
(ai _ cr,l)e + à), :

or, 
(@, - ccl)ltþ + (b! - ¡y¡trr¡o

(15) (u!- a!)'tþ + (bi - bp)uþ < ((ctrl br)o _ (ct,i + f)i)p)ttþ )

rvlrat is inequality (13) for n : 2.

Iìor,the sake of cleter.nrination. let, þ a L .

'l'he function 
Q'7 b1

UØ : ((t * br), - (c¿, * bt)1')1tþ - (tu - e?)ttþ _ (bf _ Uylttt,

t ,- Lø, has a tler,ival;c
I)t

9'Q) : ((t 1- bt)' - (ar I tt,¡,¡Zç lbr)n-, -(t, - al)} p ,.
Tlre relatiort g'(t) 2 0 can be reclucedl to

(t I bt)o (t, - aÐ > ((t + br), _ (a,u i b¿)n)t,,

i.e. te(ø¿ * br), > úî(t -f ór)o and tbt ) bpt.

Irence, g(ür) > ,e.r) 0, rvhat provcs (15).

theorem, it, can be formed a se_
value for proportional sequences,

only one-vector, e.g. ö, btt) , . . .r proportional to a.
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: i(ffc?-cl- c!- - C,*, O, ' ',0)) : o.

If p <0 then

O(ø)O(D) Þ etbt Þ rLtbt- Ørb, - ü,,b,,,

antl it is obvious when equality holds. 11 p :0 conrlitions (4) are not
satisfied þr ) 2), so that theorem is valitl.

For p ( 2 in (5) ecluatity holds if and only it it holcls in sequences
(11-)and.(12), what implies a:(øu -0' '._.,0) ancl b:(bu 0,...,0). It
p :2 then /(c, c) : 0, so that equality holds only for proportional se-
quences.

3. tr'or the R. Bellman inequality (13) in l4l it is supposed same

condition (2). The counterexample is ? :3¡ 
": 

(V5,2,0,.'., 0), ¿¡ :
: (0,1,0, ...,0), u'hen (13) becomes 1f (-1) < V--1,g.In t)re origi-
nal paper l2l ancl also in [1]' the premise is sharper

(rl-üî -ae"> 0 ancl bT-b', -b?')0,
whal, is 'weaken in the nexl, theorern.

Tunonnu C. Il a: (&tt ...,e,) and' b : (br, ...rbn) are se(luences
oJ nonnagatioe real, nwmbat's tol¿iclt' satisJy

eL- &r, - aþ" 2 0 and, bT:- b', - b'^ Þ O,

then, for p>I
(13) (cÊ.-al -an)ltþ+(bi-bo,- ..-bn)''o <

( ((ør i bt)' - (qr l br)o - (a, + bòI')uþ.

Equatùtt1 ltolds if and, onlg if ø ønd' b are proport'ional.
ProoJ. I'et

(14) l@, b): Q(at b) - o(ø) - o(¿r)'
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