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0. Introduction, The problem of approximating an integrable func-
tion f on the interval 10,17 by a spline funetion is considered. The spline
fuvetion is a polynominal Spline with fixed degree and variable knots,
The multiplicities of the knots are specified. The spline approximation.
is constructed in such a way as to preserve as many initial moments of
Jfas possible. For the simple knots of the spline function the problem is
solved in [3].

We consider the two methods presented in [3] to solve our problem,
namely first when the solution of the problem is obtained by certain mo-
ment functionals and gecond when the solution is related to construct
some generalized Gauss-Lobatto quadrature formula. The econditions
which assure the existence and uniqueness of the spline approximation
are presented. The error of the approximation is obtained by the remain-
der term from generalized Gauss-Lobatto quadrature or corresponding
generalized Gauss-Christoffel quadrature formula. Finally, some numeri-
cal examples are presented.

L. Statement of the problem. Let s, ,, be a polynomial spline of degree
m with the knotg by v=1a, 0 < b, <...<1,<1and the correspond-
ing multiplicities given by 1= (1, ...,7.), rv<m 1, v=1, n. The
spline function s, ,, can be written in the form
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(11) 87,7n(t) Y pﬂl(t) _{h ‘/)] E avp,(tu _t):_n—ﬂl-
v=1 {L=0
where p,(1) is a polynomial of degree m.
This form is equivalent with the following
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where ¢, , — e, I = (i — 1) oo (m — p 1) Algso, for the

polynomial Pw(t) one considers the representation
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with e L
B = 1 puin), i = 0, m.
m!
Certainly, a spline function in the form (1.1) or (1.2) iz c;,)}mpllfxﬁ?sf
determinated “’-'hen the coetficients «,, or o, pu(f) or p;, an 1e kn

=1 are known, _ Y “
b '}he p’r(:{),lem is to construct a spline function s, ,(t) so that

1 1
(1.3) St’s,,m(t)dt = Stff(t)dt, J=0, N -+n—+m,
0
where fis an integrable function on the interval [0, 1], and N =1+ ... 4T

In other words, the spline function s, (1) rimst 1‘epro.duce all the moments
of the function f of order less or equal to N |- n 4 m.

i Taki into account that
2. Solution by moment funetienals. Taking into a

1 n am+i
(m+j 1m0 e

ti ot (tm-‘rj}l)

i int i 't we have
and using the generalized formula of the integration by parts w

1

j m ! '", ) .dm_i (tm+1.-pf) :I
Swmmh7m+j+nuﬁm[wm

{=1
0

with the above specified g, On the other hand, using the Euler function
of the first kind it results that

1 by
S(tv — tymtpde :\(tv — t)"Hdl =

0

31(m i P-)! AR

(m — p+j+ 1!

On the basis of these relations we have that (1.3) is equivalent to
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and also
i qmn-i n Ty—1 d”‘
Bl'[ . (tm-kl»pj)J _‘* — o, e (t”‘-t-ﬂl ol
ifzn() dtm..J — \,%_l] “:2:0 43 ‘dt‘”‘ ) ’:"‘
(2.1)
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One denotes

&:Mﬁziﬁi%iﬂiywmm
Jlm!

and then one defines g linear functional & on the

set of polynomials of
the form #™1-p(s), p & Py, by ”

LA V) =8, j=0, Nt ~+ m.
Using this linear functj
nomials p and ¢ with

(2.2)

onal one defines the inner product for

‘ any poly-
Prqe Py, in the tollowing manner

(Py @) = L1 — 1™ p(pq(z)).

One considers (if it exigts) the monic polynomial o, = (.53 &) of
degree N orthogonal with respect to the inner product (2.2) to all poly-
Domials of lower degree than n, i.e,

wy(t) =1¥ 4-... and (wy, ) = 0, for all qeP
THEOREM 2.1. There exists a unique - spline function of the form

(1.1) or (1.2), which satisfies the moment relations (1.3) if and only if the

orthogonal polymomial wy — qy(- i L) emists uniquely and it has n reql

2eros 1, v = 1. n, with the multiplicities r,, v — 1,m, and 0 < #HY =

< 80 <1. Moreover, in this oaso we I L, =,

the coefficients B: and o, are uniquely

H-1-

ave that t, = ¢, y — 1, n, and
determinated from the condition

Lot p() = L™ p(2)), p e P veimy

where
m 7 ’v—l

(2.3) Zo(9) = .}]O By (1) + ¥, 3 wg®™i(i,).
% = v=1 =0

Proof. Using (2.3), equations (2.1) can be written in the form

Lo ) = 5, § =0, N Fnfm,
or equivalently

(2.4) Lo(t™ - p(8)) = L™ p(1)), p e PN inim:
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From the existence and the uniqueness of the spline approximation
(1.2) which satisties conditions (1.3) we have that the linear functional
&, is well detined and (1.3) is equivalent with (2.4). Using the knots of the
spline functions (1.2) one considers the poelynomial

\ oy(t) = 1§ (¢ — ),
v=1

and by (2.4)

(©yy @) = LA™ — 1) (1)q(1)) = L (1" (1 — D" o (1)q(t)),
for any polynomial ¢ e Z,-y. Taking into account the definition of the
functional %, it results that (oy, ) = 0. This proves the necessity of the
condition. 7

To prove the sufficiency we congider a pelynomial p e Z,,,.... Then we
have p(1) = (1 — )" Ley(t)q(t) - r(t), with g e 2, ), 1 e P, and o, the
monic¢ polynomial of degree N orthogonal with regpect to inner product
(2.2) to all polynemials of degree less than n, and-which hag the real zerog
Wy v=1,m, 0 <™ < ... <t™ <1, with the multiplicities »,, v =
=1, n

One writes succesively
LA p) = LEL — 0" Lox(D)g(t)) 4= LML (1)) = LEM- (1)),

On the other hand one considers %, defined by (2.3) with 1, =

=%, v=1, n, and B, i =0, m, dy, v=1=,n, u—=0,r, —i unk

no“‘:né, then.
Lot p(1)) = Lo U — )" Lo (1)g(t) +

Lo () = Lyt (1)),

The coefficients g; and o, are uniquely determined ag solution of the li-
Ttear system

Lot - 1) = Z( 1), G — O N L,

which. has'a generalized Vandermonde determinant.

3. Selution by generalized Gauss-Lobatto quadrature. In the follow-
ing our problem ig related to the problem of constructing a certain
generalized Gauss-Lobatto quadrature and of the corresponding generaliz-
ed Gauss-Christoffel quadrature formula. One considers that fe 0"10,1]
and the values f®(1), k = 0, m, are known.

If the generalized integration by parts formula is applied to integral
from the right side in (2.1) it results that

e - dm_i \ .Z;‘ 7v:1 e !
B[ ]+ 5 S | =
B 1=t

v

1
m - I i . -\i __1 m41 ’ )
(3.1) =%y gt ) B e Jeh(g)gmsl ey,
o agm-t i m !
. 0
. —_— s -1 . ==
J=0, N n+4m v, = ~(—~'—4"J(”(1), t =0, m.

m ! '
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If one defines the measure

. (—1ymr1 :
P () = —s f O (1Yl
m !

on [0,1], then the 1‘61&11-10118 (3.1) are equivalent to

(3.2) Lot (1)) = L1 p(ry),

where p ¢ Py inwem, and Ly 1s defined as in the Previous section and

1

- m

2(g) = 3 vgi(1) +gg<c>dxm<:ﬂ)-

i=0
0

Let ¢.,.> denote the inner product defined by means of the functional & :

Py © = LT — )" p(1)q(1)) =

SR = 1 () A (1),

S o™y =

One considers (if it exi sts) the monic polynomial Ox = wyl.; 52) of degree
N orthogonal “with respect to inner product <{.,.» to all polynomials of
lower degree than Ny Le. Gy(t) =% ... and oy, ¢y = 0, tor all
(e, ;

An analogous theorem with theorem trom the previous section holds.

TueoreM 3.1, If fe gma [0,1], then there ezists a w.fs-zxaquw spline
Junction of the form (1.7) or (1.2), which satisfies the moment equations (1.3)
of and only if the orthogonal polynomial Gy = Gyl. ;.,9}‘) uniquely exislts and
@ has n veal zeros UM, v =1, , with the mulliplicities, vy, v = 1, n, and
0<it™M<. .. <1, Moreover, in this case we have that b = r:f,f"’, v=1, n,
and the coefficionts B, and Wy @re oblained from the condition ’

Lot p()) = SrELp()) p e Py,

The proof follows in the same 2 way a$ the proof of theorem 2.1,
_ Using the results of this theorem one relates the solution of our pro-
blem to construction of some generalized Gauss-Lobatto quadrature or
corresponding generalized Gauss-Christoffel quadrature.
We consider or.ieralizeq Gauss-Lobatto quadrature formula,
1

(3.3) SQ(t)dxm(t) =& Z:J [Aig‘“(O) 1 B{g(z‘>(1)"+
o . =0 i
n rv——l R
T3 Y NV 4 B2 dn,),
v=1 p=0
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where d2,, is the above specified measure, and #Y, v = 1,‘ n, are the ze; }?Z
of the monic polynomial ay (if it exists and it has the real zeros in t
interval (0,1)), the remainder term verifies the relation

R%Y,’n(g', dr,) = 0, when ¢ € Pyiniomiv:

This quadrature formula is related to the following generalized Gauss-
Christoffel quadrature formula

7 —

b ; n v 1 ~
(3.4) Sgu)&lcm(t) — 3 () 4 BE(g5 dow),
vl p=0
0

’ e ' les 1¥). v — 1, m, are the same

here do,(t) = "1 — 8)"*d (1), the nodes &, v , My e

:Sh ?ne(}ailbs(szLobattE) formula, and the weights from the two quadrature
formulae are related by

— )
v ! % 'I'_ k m np =
L, N s gmil, _ mpl
oM = Y 7\2,‘,2%( i ) L — ™’
F—0

v=1, %, &. =0, 7y

ly

_ 1. The remainder term satisfies the relation
RW(g; doy,) = 0, when g€ Py

TaroreM 3.2. If the conditions of Theorem 3.1. are bsatisﬁed, then
the spline function (1.2 ) which solves the p.roblem 18 given by

b= B g, = AN, v =1, m, p=0,n—1,

and

[312 = By + Yty i= 07 m,

X 1z6d -Lobatto quadra-
@ 'y 1, m, are the nodes of the gancmhzed Gauss
;ﬂ:‘?fogj ﬂ;,evnodes, of ’cow'espondmg generalized Gauss- Christoffel quadmturve),
Bii =0, myand M, v =1, n,p = 0,7 — 1, are the weights in generaliz-
a3 ST 3
ed Gauss-Lobatto quadirature. 7
" Proof. One takes in Gauss-Lobatto quadrature formula

g(t) = t™p(t), P € P yrnim then R®)(g; dx,) = 0, and so that
i dz 1;‘ 7\,*1 9\(N) ) le- (tmvl—l (t)) .
Z B{[—‘dti (tm.plp(t)) ]tsl -+ \Z]l 1?;;;0 Vi ar y 4 i 0
=0
1

= S D (4)d Al t),

0
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which is equivalent to

" di wory 1 du 3
' B, - {mtLed : Xy )\(I\L' N B ult ( {irl4d —
}:lo [ at* ( ):ltzl * v§1 ;2!'0 g [ di )Jx:? ™)

1

= St’"“’”d?\,,,(t), § =0, N +n -+ m.

0

If one compares these relations to relations (3.1) it results the assertion
of the theorem.

Remark. It f is completely monotonic on [0,1], and the multiplities
ty, v =1, n, are odd positive integers then the measure da, and also
d o, are positive measure. In this case the existence and the uniqueness
of the generalized Gauss-Christoffel quadrature are ensured, and so the
corresponding Gauss-lLobatto quadrature [4,5].

4. Ervor of spline approximation. Further on the error term in
the spline approximation formula

f(.’l?) = 8,._.,,,(.’,6’) + er,m(m)

is studied. The error term e, ,(») is expressed inrespect to the remainder
terms of the generalized Gauss-Lobatto quadrature and Gauss-Christoffel
quadrature.

Turorem 4.1, If the condilions of Theorem 3.1 are satified, then
or any x € (0, 1) we have that

e, w{7) = Rﬁ,l,v (pes AXw) = B (o,; day),

where G and R arc respectively the remainder terms in generalized Gauss-
Lobatto quadrature (3.3) and generalized Gauss-Christoffel quadrature (3.4),
and
A1) — Homiy(pas 1
‘Ob(t) = (t il .’I?)"j._’, 0':1:(1') = _p( ) I _Hl-{_j__(_p..‘! )__ y
tm+](1 - 25)m+1

with Hy,,, the Hermite interpolating polynomial relative to the function o,
and the nodes 0 and 1 with the same m -~ 1 multiplicity.
Proof. By Taylor’s formula we have

m _L ma-1 :
w1 :
== }J % "' f(“( 1)(l l)] ‘{_S Px(t )d7‘-1n( )‘
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On the other hand it is known that

m 1 5 * ,’%‘ TVj‘l o ¥ile Iy
87',m(m) =% p(m)(l)(m T— ]) ‘I“.};_“ }4 7‘\"rJ- a{,j (t - $)+
L "

ad 7, =3 (M)
A=0 ]1/' v==1 u=0 t=1

and sc that

| 1

67',m(w) = % P:u(t)d 7‘;la(t) %*
0,
mooap! " ¥, 1 i -4
A (! 1 B (B )BT R (1),
M k=0 k! - ,L!—il
But
! : Cl m! , BKLE
Br — Ys = Bugy  oP(0) =0, and o®(1)=-_ L L gmin
(m — k)!
and therefore
1.
em4m>=gp4ndxﬂw»~
b
w | o 7‘}—1 4
= Y [p(0) - ByaP()] ~ % 5 240pi0) =
s vl 150

= B (ps; A0

If one denotes h(t) = p,(t) — Hyuuy(pss 1), then A®(0) == AM(1) =

=0, k =0, m, we can write
h(t)

4.1 R ddgy) == R’('M ( . i o d Om)'
( ) ) ( ) ) T,'"*l(_l . t)m+1 i :

But we have that

T omadhe) & s — Ha nlpas 05 dhy)=

(4.2)
= REN(L; AR,

From (4.1) and (4.2) it results that

Cr,m @) == *R();\)( 055 doy).

5. Numerieal examples. We have considered the same examples
from [3], namely the exponential function e, ¢> 0, and trigonometric

. . 1 y . ) . 3 .
funetion sin —, fe [0, 1]. In all cases quadratic spline approximation
2

is presented.
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Table 5.1 contains the elements of the quadratic spline function
with a single knot 1, of the multiplicity 3, which is written in the form

Sa.2(t) = 2B - 20,(1 — 1) 4 By(1 — 2)% -
+ ety — )% -+ 20‘11”1 — b + Doyt — t)i-

Table 5.1

16 f o 1 M
| et 0.45242(-4-0) 0.28907(—3)
11 10 0.45235(—1) —0.43930(—6) 0.497727 0.30427(-5)
) 0.46139(--2) (.30202(—3)
i 0.40937(4+0) | 0.22083(—2)
¢ O 0.81824(--1) —0.66888(—5) - 0.495455 0.23335(—4)
0.17034( 1) 10.22902(—4)
_t 0.30328(4-0) 0.20856(—1)
c 2 0.15105(--0) —(.22554(—3) 0.488041 0.32164(—3)
| 0.83810(-=:1) 0.31000(—3)
0.18404(-4-0) 0.18954( 4-0) ]
¢t 0.18064 -+0) —0.28394(--2) | 110.477308 0.20085(—2)
_0.22598(40) 0.19515(~2) {
0.68048(—1) 0.99067(+0)
e L 0.12203(4-0) 0.28710(—1) 0.454829 0.11307(—1)
0.41763(+0) 0.98568(—2)
ol 0.50026(+0) 0.81049(--0)
ST 5 - 0.78003(—2) --0.17189(— 1) 0.460812 [ .0.84100(—2)
- |' —0.11375( |- 1) 0.75443(—2)
R e A ! e !

Tables 5.2 and 5.3 contain the elements of the gquadratic spline appro-
ximation function with two knots i, o€ (0,1), ¢ < t,, first when #, has
the multiplicity 3 and the knot ¢, is simply, and thenithe knot ¢, is sim-
ply and ¢, hag the multiplicity 3. Tu the first case the gpline functionh is
written in the form o

Sea(t) = 280 1 26,1 < 1) 4 B0 5 02

A= ooty — )3 g (4 — 1) oty — 1% b gty — £)
and in the second 7 i
Se1gy.0(t) == 284 4 281 =) - Ba(li— 1)

= ool — 13 + ago(ty — )7+ agy(ly — 1)y |- aao(ly — 1)5.

I a1, Lravey . O r 3 ~II' mll A I3 15
Inthe three tables we denoted p = (Boy Biy R2)y M = sup {1f(t) —
—86(1) ]y 0 <t < 1} vand also in:Table 5.1 we denoted o == (ctr9y 11y
), While in Tables 5.2 and 5.3 o« = {a,,, U11y Oygy Ugp)t Tespectively o =—
{
= (g, sy %21y "Jzz) . " o .
All numerical experiments had been effectuated in double Pprecision
on the Romanian computer CORAL 4030. '
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